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1. Introduction.

Let R be a finite bordered Riemann surface which is a regular subregion of a Rie-
mann surface. The genus of R is finite and the boundary dR of R consists of a finite
number of contours. Let & be the class of holomorphic functions # on R satisfying
|h| <1 on R. LetPbeapoint on R. Iff e § satisfies

[(f o 0™) (0(P))] = sup{|(ho o™') (0(P))| : h € &}

for a fixed local parameter ¢, then we call f the Ahlfors function at P on R. 1t is
known, by Ahlfors [1], that the Ahlfors function exists at each point of R and is uniquely
determined up to a constant multiple of absolute value 1. We note that the Ahlfors
function does not depend on a choice of a local parameter ¢.

We summarize some basic properties of Ahlfors functions. We define the subclass
T of Fas F, ={heF:|h| =10n0R}. Then each Ahlfors function is an element of
&), and gives a complete covering on the unit disk, that is, it covers each point of the
unit disk the same number of times, provided that the branch points are counted as many
times as their multiplicity indicates. The number will be called the degree of the Ahlfors
function. Each Ahlfors function f is prime in &, that is, if f = ab(a,b € §,), then
either a or b is a constant of absolute value 1. The Ahlfors function at P vanishes to
order 1 at P.

Let p be the genus of R and let ¢ be the number of contours of R. Let N be the
degree of an Ahlfors function on R. Then Ahlfors [1] showed that g < N <2p+g4. If
p =0, that is, if R is a planar region, then N =gq. Let N(R) be the set of degree of
Ahlfors functions on R. Then N(R) = {q}, if p=0. In this case, Ahlfors functions
can be expressed by theta functions (see Fay [3] Proposition 6.17). On the other hand, if
p > 0, then it is not well-known what is N(R). There is only one example constructed
by Yamada [4] (section 4. Example). Let Y be the example of a finite Riemann surface:
the genus of Y is one and its boundary consists of two components. Yamada [4] (sec-
tion 4. Example.) showed {2,4} < N(Y) in the example.

In this paper, we deal with the Ahlfors functions on non-planar Riemann surfaces
whose double are hyperelliptic. In Section 2, we shall show that the double R of such
Riemann surface R can be expressed as

g+1

¥ = []G— )1~ ), (1)
j=1
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where g =2p+ ¢ — 1 denotes the genus of R, loj| <1 (j=1,...,9+1) and o; # o
(j#k), and R={PeR:|x(P)| <1} (Lemma 2 and its followings). By using the
equation (1), we shall show that an Ahlfors function on R is of degree 2 or g+ 1
(Proposition 3), that is, N(R) = {2,g+1}. Yamada [4] (Theorem 2) showed that
{g+1} = N(R). In Section 3, we consider the relation between Ahlfors functions and
conformal automorphisms of Riemann surfaces. As the consequence of this section, we
may not move points on fixed Riemann surface, but we move the branch points «;
(j=1,...,g+1). It will give the same results obtained by moving points. Thus we
fix the point O with x(0O) = 0 and we consider the Ahlfors function at O on the Riemann
surface defined by the equation (1). In Section 4, we consider necessary and sufficient
conditions that the Ahlfors function at O € R with x(0) = 0 is of degree 2. We define
the parameter space S = CY"!. Each point in & corresponds to the branch points
aj (j=1,...9+1) in (1). We say that a point of & is of degree 2(or g + 1), if the
degree of the Ahlfors function at O on the Riemann surface corresponding to the point
of . Let &, be the set of all points of degree 2 and let ©,,; be the set of all points
of degree g+ 1. We shall show that &, is closed in & and &, is open in & (Theorem
8). In the proof of Theorem 8, we shall construct a Riemann surface R with N(R) =

{2,9+1}.

2. The degree of Ahlfors functions.

LEMMA 1. Let R be a finite Riemann surface and let R be the double of R. Suppose
that R is a hyperelliptic Riemann surface of genus g > 2. Then the hyperelliptic involution
J of R and the anti-conformal involution ¢ of R satisfy goJo g =J.

Proor. By Farkas and Kra [2] (Proposition II1.7.9 and its corollaries), a conformal
involution of R which fixes 2g + 2 points is the hyperelliptic involution J. For a mero-
morphic function f of degree 2 on R, by Theorem II.7.3 of [2] we have fogoJ =
fo¢g. Hence fogoJogdg=fogogd=/f. In particular, for any Weierstrass point
WeR, fopoJog(W)=f(W). Thus the conformal involution ¢o J o ¢ fixes 2g + 2
Weierstrass points and it is the hyperelliptic involution J. O

LEMMA 2. Let R be a finite bordered Riemann surface of genus > 1 with contours
and let R be the double of R. Then R is hyperelliptic if and only if R can be expressed as
a two-sheeted unlimited covering surface of the unit disk {z € C : |z| < 1}.

Proor. If R is a two-sheeted unlimited covering surface of the unit disk, then, by
reflection principle, R can be extended to a two-sheeted unlimited covering surface of the
Riemann sphere C. Thus R is hyperelliptic.

Suppose R is hyperelliptic. We shall show that J(R) = dR and J(R) = R. Let
P e 0R and let ¢ be an anti-conformal involution which fix the boundary 0R. Since
poJogp=J, J(P)=¢oJo¢d(P)=¢oJ(P). Hence J(P)edR. If PeOR, then P=
JoJ(P)eJ(OR), and so J(OR) = 0R. Let Pe R and let y = R be a curve joining from
P to a Weierstrass point in R. We note that Weierstrass points do not exist on JR (see
Yamada [4] Theorem 2). Assume that J(P) € ¢(R). Since J fixes Weierstrass points,
we must have J(y)NJR # &. This contradicts the above assertion that dR = J(JR).
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Hence J(P) € R. On the other hand, we obtain P = JoJ(P) e J(R) for Pe R. Con-
sequently J(R) = R.

For a meromorphic function f of degree 2 on R, we know that f =foJ and f is a
locally conformal mapping around dR. These imply that f maps R onto a connected
domain in € and f (OR) consists of a finite number of analytic curves. Similarly f maps
#(R) onto the complement of f(RUJR) in C and f(#(R)) is connected. Hence f(R)
must be simply connected and the boundary of f(R) is equal to f(0R). By the Riemann
mapping theorem, there exists a mapping # which maps f(R) onto the unit disk. Hence
R can be expressed as a two-sheeted unlimited covering surface of the unit disk. O

The functions f and s appeared in the proof of Lemma 2 satisfy |hof| =1 on
dR. We put x=hof. We can extend x to a meromorphic function on R of degree
2. There is a meromorphic function y on R such that R can be expressed by

g+1

¥ =] = o)1 —%x),

j=1

where |o;| <1, aj #a, (j#k) and g the genus of R. We note that R={PeR:
|x(P)] <1}. We also note that 2g +2 Weierstrass points {Pj,...,P,;11} < R and
{¢(P1), e ,¢(Pg+1)} < ¢(R) satisfy x({Pl, e ,Pg+1}) = {061, ceey 0(g+1} and x({¢(P1), ey
¢(P9+1)}) = {1/-&-1_7 sy l/m}

PROPOSITION 3. Let R be a finite bordered Riemann surface with contours such that
its double R is hyperelliptic. Then every Ahlfors function on R is of degree 2 or g + 1.

ProOF. Ahlfors [1] proved that the degree N of an Ahlfors function on a finite
Riemann surface R satisfies g < N < 2p + q =g+ 1, where p is the genus of R, g is the
number of boundary components of R and g is the genus of R. Ifg=0or 1, thenp =10
and N=g=g+1. Ifg>2,then N # 1, and so

2<N<g+1

It is known that the degree of the Ahlfors function at a Weierstrass point on R is equal
to g+ 1 (see Yamada [4] Theorem 2). Assume that Q; is not a Weierstrass point and
take x as a local parameter around Q;. Since each Ahlfors function on R can be ex-
tended to R meromorphically, in what follows we regard it as a function defined on
R. By Farkas and Kra [2] (Proposition II1.7.10), on a hyperelliptic Riemann surface of
genus g any function of degree < g must be even degree and a rational function of a
meromorphic function x of degree 2. Assume that the degree of the Ahlfors function f
at Q) is less than g+ 1. Let 2n be the degree of f. The Ahlfors function f has zeros
Q; (j=1,...,2n) and has poles ¢(Q;) (j=1,...,2n), because |f| =1onJdR. Since
f is a rational function of x, we put {y;,...,7,} ={x(Q1),...,x(Q2:)}, especially
71 = x(Q1). Clearly we have |y;| <1 (j=1,...,n). Thus f can be expressed as

" B X —p;
e H——:’- for some 0 € R.
i 1 —7x
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The absolute value of the derivative of f at Q; (i.e. |f'(Qi)]) is equal to

1=
1- |71I2H1—y_jh’

where we take the function x as a local parameter. On the other hand, the absolute
value of the derivative of

X—N
1 -y
at Q) is equal to
1
1—|n|?

This value is greater than that of f, because clearly

Yi— "N .
P a— <1 _]22,...,".
1 -7 ( )
This shows that n = 1. Hence we have N =2 or g + 1. O

We see that if g > 2 and if the degree of the Ahlfors function at P € R is equal to 2,
then the Ahlfors function is of the form
o8 X = X(P) (0 € R).
1 —x(P)x

According to Yamada [4] (section 4. Example), we write the Ahlfors function at
Weierstrass points Pje R (j=1,...,g+ 1) as of the form

oif ﬁﬁ‘(—_ly_—_) (0eR),

where x(P;)) = o (j=1,...,9+1).
3. Conformal automorphisms and Ahlfors functions.

LeMMA 4. Let Riemann surfaces R and S be conformally equivalent and let & :
R — S be a conformal mapping. Let fp be the Ahlfors function at P € R and let gg be the
Abhlfors function at Q€ S.  Then we have fp = €“g4 y o D for some 0 € R.

Proor. This follows from the fact that the Ahlfors functions do not depend on the
choice of local parameters. O

Let $; and S, be hyperelliptic Riemann surfaces of genus g ( > 2) defined by

g+1

$1: 7 =[x — o) (1 —%x)
j=1
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and
g+1

S : Y2 =[(x - B)(1 - BX),

j=1
respectively. Put S} = {Pe S : |x(P)] <1} and S, = {Pe S, : |[X(P)| < 1}.

LeEMMA 5. The Riemann surfaces S| and S, are conformally equivalent if and only

if there is a linear transformation T of the unit disk such that T({ai,...,a41}) =
{ﬂl’ e aﬁg+l}‘

PrOOF. Suppose that there is a linear transformation 7' of the unit disk such that
T({or, .. 0441}) ={B1,---, 8441} Then T maps {1/a,...,1/a;7} to {1/B,...,

1/B,+1}. Thus, if we write the linear transformation 7 as the form T'(x) = e®(x — a)/
(1 — ax), then we have a birational relation

X =e" x— 2
1 —ax
. VI (€ + 6)(1 + o)
B (1 — ax)?*! y

Thus S, and S, are conformally equivalent and a point P of S; with |x(P)| <1 is
mapped to a point Q with |X(Q)| < 1. Hence S; and S, are conformally equivalent.
Conversely, suppose that S; and S, are conformally equivalent. Then $; and S, are
conformally equivalent, too. Let @ be the conformal mapping. By Farkas and Kra [2]
(Theorem II1.7.3), X o @ is a linear transformation of x. We denote it by T'(x). Then

T maps {a1,...,041} to {By,..-, 8,41} O

For any point P e S; with x(P) = «, we put ; = (o — «)/(1 — %a). Then S; and
S, are conformally equivalent and P is mapped to O € S, with X(0) =0. Note that
there are two points 0; with X(0;) =0 (j = 1,2), in general. Assume that the Ahlfors
function fo, = ri(X)Y + ry(X), where rj(X) (j=1,2) are rational functions of X.
There is the hyperelliptic involution J of S, by Lemma 4, we have that fp, =
froy =fo,0J = —=r(X)Y +r(X). Thus the difference between fo, and fp, is small.
We may take any one of them O. Hence we do not consider the Ahlfors function at an
arbitrary point. Instead, we consider the Ahlfors function at O with X(0O) =0 on an
arbitrary Riemann surface.

4. Distribution of degree of Ahlfors functions.

We shall investigate necessary and sufficient conditions that the Ahlfors function at
O is of degree 2. Let R be the compact Riemann surface defined by

g+1

¥ =] - a1 - a), (2)
=1

where |oj] <1 (j=1,...g+1) and &; # ox, and let R={Pe R: |x(P)| < 1}. We may
assume that & #0 (j=1,...,9+1). By Yamada [4] (section 4. Example.), the func-
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tion x is the Ahlfors function at O if and only if there is a meromorphic differential
¥ such that ¢ is real and non-negative along JR and its divisor D(y) is equal to
-0+ J(0O) + B+ ¢(B) — ¢(0) + J o §(0), where B is a positive divisor of degree g — 1
such that O ¢ B < RUJR.
LEmMMA 6. Let Dy =—-0+J(0) — ¢(0) +J o ¢(O) and let Dy = J(O) + J o ¢(0).

Then we have

dimA(D;)=g—-1
and

dim A(D;) =g -2,
where A(D1) = {w : w is a meromorphic differential with D(w) > D;} U {0}.

Proor. By the Riemann-Roch theorem, we have
dim A(D;) = dim L(D;) — deg(D;) + g — 1
= dlmL(Dl) +g-— 1,

where L(D;) = {f : f is a meromorphic function with D(f) > —D;}U {0}. Since J(O)
is not a Weierstrass point, there is not a meromorphic function of degree 2 which has
a pole only at J(0). Thus dim L(D;) =0. Hence we have dimA(D;) =g — 1. Simi-
larly, we have that L(D;) = C and dim L(D;) = 1. Since deg(D;) =2, dim A(D;) =
g—2. O

By Lemma 6, we see that there is a meromorphic differential y; such that y, €
A(D1)\A(D;). The equation (2) can be written as

g+1

v =1 —a)(1 —x)
j=1

_ﬁ aj)—ﬁ( a])irf( +ock>

+1 g+l ,

g+
H =) Z(“" + ) 2o+l 4 H(—Ec})xz-"“. (3)

j=1 j=1

We put ap = 1/Hg+1(_°‘j) and q; = —a0/2 Z“’“(l/dk + @), where we take a sign of the
square root so that Yy =ap+ ax+ --- in a neighborhood of O.

LemMA 7. The differential

Y +ao + a1x + aix? + agx*! dx
ix y

Y =

satisfies the following conditions:
(i) ¥, € A(D1) and Y, ¢ A(D>).
(ii) y is real along OR.

ProOF. Since y =a¢+ajx+--- in a neighborhood of O, by the equation (3),
y = —ap — ajx — --- in a neighborhood of J(0), y = agx9*! + ayx? + - -- in a neighbor-
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hood of ¢(0) and y = —@gx?*! — a;x9 — - -- in a neighborhood J o ¢(0). Thus the dif-
ferential i, has simple poles at O and at ¢(0). Clearly ¥, does not have poles at the
other points and has zeros at J(O) and at J o ¢(0O). Hence we have that ¥, € A(D))
and y, ¢ (D). A _ -
For the anti-conformal involution ¢ of R, we have that xo¢ =1/x and yo¢ =
y/x9t1. Hence we see that ;o ¢ =,. This implies that the differential y, is real
along OR. O

By Farkas and Kra [2] (II1.7.5. Corollary 1), the g differentials
x/ dx
Y

form a basis of the space of the holomorphic differentials on R. By Ahlfors [1] (Theo-
rem 2 and its corollary), we see that the space of holomorphic differentials which are real
along JR is real g-dimensional. Simple calculation shows that we can take the following
as a basis of holomorphic differentials which are real along JR:

{(xj + x971) dx} {(xj — x971) dx}
ly j=0 n._l Yy Jj=0,...,n—1

.....

(j=0,...,9g-1)

for even g, where g = 2n;

{(xf + x971) dx} {(xf — x91) dx}
ly j=0,...,n Yy j=0,...,n—1

~~~~~

for odd g, where g =2n+ 1. Thus the subset of the differentials above which corre-
spond toj=1,...,n—1 (or n) form a basis of A(D2). Lety; (j=2,...,9— 1) be the
basis. Then we know that the function x is the Ahlfors function at O on R if and only

if there are cy,...,c;—1 € R (c1 # 0) such that
g-—1

V=2 oy
=1

is non-negative along dR.
Put S = {(y1,---,7,41) 1 1] <L, ; # »(j #k)} for fixed g >2. We regard S as
a topological subspace of C?*!. For any (y,, ... »Vg+1) € S, there is a Riemann surface
S defined by
+1
yr =116 = )1 =7x).

Q

~
Il
an

We consider the Ahlfors function at O on S={PeS: |x(P)| <1} and we say that
(P15+-+»7g41) 1s of degree 2 (or g+ 1) if the degree of the Ahlfors function is 2 (or
g+1). We denote by S, the set of all points of degree 2 and by &, the set of all
points of degree g+ 1. Clearly, we have S, NS 1 = & and S, UGS, = &.

THEOREM 8. Let ©,, S,.1 and S be defined as in the above. Then S, is closed in
S, and so 441 is open in S. Neither S, nor Sy, are empty.
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Proor. We shall show that S, is not empty Take a point (0,7,,...,7,41) €
S. Let S; be the Riemann surface defined by y* = x HgH(x (1 = 7x) and let O be
the point of S; satisfying x(O) =0. Then S; = {P e S; : |x(P)| < 1} corresponds to the
point (0,7,,...,7,+1) and O is a Weierstrass point. Thus the Ahlfors function at O on
Sl 18

ei? Y
1550 - 7%) (6 e R)

and is of degree g + 1. Hence Sy, is not empty.

We shall show that S, is not empty. Put { =e®)/+])  Assume that (1/2,
1/2¢,1/28%,.. 1/2("‘1 1/2{%) € & is of degree g+ 1. Then there is the Riemann sur-
face R deﬁned by y* = Hg+1(x 1/2¢7)(1 — 1/2¢ x) and the Ahlfors function f at O on
R, where R={PeR: lx( )| < 1}. The function f has g + 1 zeros on R and one of
them is the point O. On the other hand, there is an automorphism @ of R which maps
(x,y) to ({x,y). The order of @ is g+ 1 and @ fixes the point O. Thus functions f,
fo®, fod? ... fod? must be the Ahlfors function at O. This contradicts the
uniqueness of the Ahlfors function. Hence (1/2,1/2{,...,1/2(%) is of degree 2.

Next we shall show that &, is closed in ©. Put x = e(@ e R). Then the function
y is a continuous function of @ and «; (j=1,...,9+1). We note that the function y
is a multi-valued function of §. We may assume the differential dx/ix = df is posi-
tive. For a basis {w};’:’f of A(—O + J(0) — ¢(0) + J 0 ¢(0)), put

wj:ﬁ(g,dl,...,ag+1)d0 (_121779_1)‘

Then the functions fj(0,ai,...,a4541) (j=1,...,9—1) are (multi-valued) continuous
functions. Accordingly, the point (ay,...,0441) is of degree 2 if and only if there are
(c1,.--,¢4-1) € R(c1 # 0) such that

g—1
inf Z ¢ifi(0,01,...,0941) = 0.
feR =)

Since ¢ # 0, we may assume Zg c =1, thatis (c1,...,¢4-1) € S92 where S92 is the
(9 —2)-sphere. Suppose that a sequence { (afk), . gjr)l)},:o , of (52 converges to a point

@« ;221) € S. Then, for each k, there is a pomt P, M) es2 whlch cor-
()

responds to (oclk>, ..,aé’fl) Slnce S9-2 is compact, the sequence G +1)}k 0
has a cluster point (C§0)’ e ) € S92, The continuity of the functions f (j=1,.

g — 1) shows that

) g+1

0 0
61’16111; c< 50,00,...,09) = 0.
j=1

Hence the set &, is closed. O

From this theorem, we see that on each Riemann surface R the set of points of
degree 2 is closed on R and the set of points of degree g + 1 is open on R.



Ahlfors functions on non-planar Riemann surfaces 693

5. Examples.

In this section we assume that the genus of R is 2. Then we can write R as

3
v =[x - -ax)
j=1

and R={Pec R: |x(P)| < 1}. In this case, dimension of 4(D;) and A(D,) in Lemma 6
are equal to 1 and 0, respectively. Thus the differential , in Lemma 7 forms a basis of
A(Dy). We can calculate explicitly the necessary and sufficient condition that x is the
Ahlfors function at O, where x(O) = 0. As in the proof of Lemma 3 of Yamada [4], we
see that y; is real and non-negative along 0R if and only if

¥ — (a0 + a1x + a@ix? + Gox?)?
3
Put s; =a; +ay + a3, s2 = oo + a0z + a3y and 53 = ajopa3.  Then ag = —s3 and
2apa; = 5153 + 52. In the numerator of the left-hand side of the inequality (4), the terms
of x of order 0, 1, 5 and 6 are equal to zero. Put 4 = —(571s2 + 253 + 81 + 2aea; + a%)
and B = (1 + 5151 + 525, + 5353 — 2apay — 2a1a;). Then the inequality (4) holds if and
only if

>0 forall x| =1. 4)

%+B+.Zx20 for all |x| = 1.

When x = —e'?®4 4/x+ B+ Ax takes a minimum. Thus A/x + B+ Ax > B— 2|4]|
for all |x| = 1. Hence x is the Ahlfors function at O if and only if

B-2|A4| > 0.

We show some figures below. Points contained in black regions of figures corre-
spond to the projection of points of degree 3. Points contained in white regions of
figures correspond to the projection of points of degree 2.

First, we put o; = r, 0y = re®/3 and o3 = re®)/3,

Fig. 1.
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Second, we put a; =r, 2y =0 and a3 = —r.
//\
: P ©
r=20.1 r = 0.23 r=0.24 = 0.3

@@0190

r=u. r=2=u. = u. =

Fig. 2.

Finally, we show another types.

-
Y

a, =0 a; =0.5 a; =0
a; =0.1 as = 0.5t as; = 0.8
az = 0.5¢ az = —0.5 az = —0.5 az = 0.9
Fig. 3.

As in the case of r = 0.1 in Figure 1 and 2, if the three points «;, oy and a3 are suf-
ficiently close, then the region of degree 3 is very small. We shall show this. Take a
real number r (0 <r < 1). Then

2 _ =2 | =32 -1 3
lim 4 (ao+a1x-|3-a1x +@x’) =(r ) (3rx+4r —2r+4+ r)
oty ,02,03——F x 4
The right-hand side of the equation takes a minimum when x = —1. So we have

=(r-1°>0.

x=—1

4
(r=1) (3rx+4r —2r+4+3r>
4 X
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This implies that for any fixed r (0 < r < 1), for any «; (j = 1,2,3) which are sufficiently
close to —r, the point O is of degree 2. This completes the proof.

6. Conjectures.

In this final section, the author gives two conjectures. First, in the case of g = 2, as
in the figures above, the region of degree 3 consists of three simply connected compo-
nents and the region of degree 2 is non-empty. The author could not settle this. More
generally, it is plausible that the region of degree g + 1 consists of g + 1 simply connected
components and the region of degree 2 is non-empty. Second, in the case of g =2, we
have seen that if the branch points o; (j =1,2,3) are sufficiently close, the region of
degree 3 is very small. The author guesses that if the g+ 1 branch points «;
(j=1,...,9+1) are sufficiently close, then the region of degree g + 1 is very small.
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