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0. Introduction.

This paper deals with the problem of the realization of a given Lie algebra
as transverse algebra to a Lie foliation on a compact manifold. ’

Lie foliations have been studied by several authors (cf. [4], [5], [6] [12],
[17]). The importance of this study was increased by the fact that they arise
naturally in Molino’s classification of Riemannian foliations (cf. [14]).

To each Lie foliation are associated two Lie algebras, the Lie algebra ¢ of
the Lie group on which the foliation is modeled and the structural Lie algebra
4. The latter algebra is the Lie algebra of the Lie foliation & restricted to
the closure of any one of its leaves. In particular, it is a subalgebra of 4. We
remark that 4 is canonically associated to &, but ¢ is not.

Thus two interesting problems are naturally posed: the realization problem
and the change problem.

The realization problem is to know which pair of Lie algebras (g, 4), with
40 a subalgebra of &, can arise as transverse and structural Lie algebras,
respectively, of a Lie foliation ¥ on a compact manifold M.

This problem is closely related to the following Haefliger’s problem (see
[9]): given a subgroup /' of a Lie group G, is there a Lie G-foliation on a
compact manifold M with holonomy group /'?

The present formulation of the realization problem in terms of Lie algebras
was first considered in [10], and made a very detailed study of Lie flows
of codimension 3. But a complete classification was not obtained because of the
following open questions :

i) Let g% be the family of Lie algebras for which there is a basis {e,, ¢, @3}
such that

[81, 92] = 0) [el; eﬁ] = &, [827 es] = ke?: k S [—1: O)U(O} 1] .

For which % is there a Lie g% -flow on a compact manifold with basic

This work was partially supported by the grant DGICYT PB90-0686.



770 B. HERRERA, M. LLABRES and A. REVENTOS

dimension 17

ii) Let g7 be the family of Lie algebras for which there is a basis {e;, e, e}
such that

[eh e2:| - Or [el) eB] = @, [ez, e3] - _el+he2y h e (07 2)’

For which & is there a Lie ¢2-flow on a compact manifold with basic
dimension 1 or basic dimension 2?

We solve these problems here, for basic dimension 1, and give a complete
characterization in terms of % and A for a given Lie algebra of the families g%
and ¢} to be realizable in the above conditions.

The change problem is to know if a given Lie ¢-foliation can be at the same
time a Lie ¢’-foliation, where ¢ and ¢’ are two non isomorphic Lie algebras.
An example of this situation, given by P. Molino, can be found in [7]. As far
as we know this problem has not been treated for non-trivial basic dimension.
The only a priori restriction is that the structural Lie algebra 4 must be a Lie
subalgebra of both ¢ and &’.

As a first step in the study of these two problems we consider the case of
codimension 3 (the cases of codimension 1 and 2 are trivial). We expect that
this study becomes useful in order to attack the general case.

We begin this paper with some results on abelian and nilpotent Lie foliations,
that we shall use later. We first prove:

PROPOSITION 2.2. Every Lie abelian foliation of codimension 3 without dense
leaves on a compact manifold M is also a Lie G2="-foliation.

We also give an example to show that the converse is not true. But the
converse is true for Lie flows of basic dimension 1 or 2:

COROLLARY 2.4, Let F be a Lie G2=-flow on a compact manifold M with
basic dimension 1, then & is also a Lie abelian flow.

COROLLARY 2.7. Let F be a Lie G}="-flow on a compact manifold M with
basic dimension 2, then F is also a Lie abelian flow.

This corollary enables us to construct a pair of Lie groups (G, I"), with I’
a finitely generated subgroup of G, I uniform, such that there are no Lie
G-flows on a compact manifold with holonomy group /'. But [’ is realizable as
the holonomy group of a Lie G-foliation of a compact manifold.

We also prove (Proposition 2.9) that if a given Lie foliation is transversely
modeled on two nilpotent Lie algebras, then these algebras are isomorphic.

In §4 we study the realization problem and we obtain:
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THEOREM 4.1. There is a compact manifold M endowed with a Lie G%-flow
F, h+0, of basic dimension 1 if and only if
h—_ 2nd
T V4e?+1n?d
where A and w are two real numbers, with 2>1 and w+kr (k= Z), such that 1,
(cosw+isinw)/~/ A are the roots of a monic polynomial of degree 3 with integer
coefficients.

THEOREM 4.4. There is a compact manifold M endowed with a Lie Gi-flow
G of basic dimension 1 if and only if
Inb
where a, b, 1/ab are the positive real roots of a monic polynomial of degree 3
with integer coefficients.

We devote §5 to the change problem. We obtain a quite surprising result,
essentially that each Lie flow of codimension 3 on a compact manifold with
basic dimension 1 is transversely modeled on one, two or countable many Lie
algebras. Concretely, we prove (see § 1 for the description of the algebras &;):

THEOREM 5.4. Let & be a Lie flow of codimension 3 on a compact manifold
M with basic dimension 1. Then only three cases are possible :

i) & is transversely modeled exactly on one Lie algebra. This occurs if and
only if the transverse Lie algebra is Gy or G%.
ii) & is transversely modeled exactly on two Lie algebras. This occurs if and
only if these two transverse Lie algebras are G, and GF=°.
iii) & is transversely modeled on countable many Lie algebras. This occurs
if and only if F is transversely modeled on GF*°.

In this case

a) There exist two real numbers A>1 and o such that
h= ol

b) & is also transversely modeled on G} for each

2Ind

W= e eEny i

Ve Z).

c) If F is also transversely modeled on G then G=gF for some of the
above h’.
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1. Preliminaries.

Let & be a C=-foliation of codimension # on a compact orientable manifold
M given by an integrable subbundle LCTM. We denote by TG the Lie algebra
of the vector fields which are tangent to the foliation, i.e., the sections of L.
A vector field Yex(M) is said to be F-foliated (or simply foliated) if and only
if [X, Y]eTg for all XeT%. The Lie algebra of foliated vector fields is
denoted by £(M, F). Clearly, T% is an ideal of .£(¥, ¥) and the elements of
XM/F)=L(M, F)/TF are called transverse (or basic) vector fields.

If there is a family {X,, ---, X} of foliated vector fields on M such that the
corresponding family {X,, ---, X,} of basic vector fields has rank n everywhere,
the foliation is called transversely parallelizable and {X,, ---, X.} is a transverse
parallelism. If the vector subspace ¢ of X(M/F) generated by {X, ---, X,} is
a Lie subalgebra, the foliation is called Lie G-foliation and we say that & is
transversely modeled on the Lie algebra 4.

We shall use the following structure theorems :

THEOREM 1.1 ([14]). Let F be a transversely parallelizable foliation on a
compact manifold M, of codimension n. Then

a) There is a Lie algebra 9 of dimension g=n.
b) There is a locally trivial fibration ©: M—W with compact fibve F and

dmW =n—g =m.
¢) There is a dense Lie J(-foliation on F such that:

i) The fibres of © are the closures of the leaves of 4.
ii) The foliation induced by F on each fibre of w: M—W is isomorphic
to the J-foliation on F.

4 is called the structural Lie algebra of (M, &), = the basic fibration and
W the basic manifold. The foliation given by the fibres of = is denoted by &.
Note that the basic dimension (i.e., the dimension of W) is

dim W = codim F = codim & —dim % .

THEOREM 1.2 ([61). Let G be the connected and simply connected Lie group
with the Lie algebra G. F is a Lie G-foliation on a compact manifold M if and
only if there exists a homomorphism @ : m,(M)—G and a covering p: M—M such
that

i) There is a locally trivial fibration D : M—G equivariant under the action

of m, (M), where Aut(p)=Im Q.
ii) The fibres of D are the leaves of the lifted foliation ¥=p*F of .
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Condition i) means that if g;,=®@([y]) and 7 is the corresponding element to
[y] in Aut(p), then

D((x)) = g;-D(x)  Vx & M.

The subgroup /'=Im @ is called the holonomy group of the foliation.

For a Lie G-foliation the structural Lie algebra 4 is always a subalgebra
of &.

A geometrical characterization of the fact that 4 is an ideal of ¢ is the
following

LEMMA 1.3 ([10]). Let & be a Lie G-foliation of codimension n on a compact
manifold M. The structural algebra % is an ideal of G if and only if there exists
a Lie ¢ parallelism {Y ., ---, Y} such that the foliated vector fields Y,, ---, Y,
(t=dim %) are tangent to F at each point.

The basic cohomology H*(M/F) of a foliation ¥ on a manifold M is the
cohomology of the complex of basic forms, i.e., the subcomplex 2*(M/F)C (M)
of the De Rham complex given by the forms a satisfying iya=0 and L ya=0
for all vector fields X&TZ.

For a Riemannian foliation it is well known (cf. [3]) that H"(M/F)=0 or
R, where n is the codimension of the foliation. We have the following result :

THEOREM 1.4 ([11]). Let & be a Lie G-foliation of codimension n on a
compact manifold M.

i) If HM/F)=R then H*(@)=R and H?(Q)CT H*(M/F). In this case F
will be called unimodular.
ii) If H*(@)=R and the structural Lie algebra is an ideal of & then

H"M/F)=R.
Given a basis {e,, ---, ¢,} of ¢ with structure constants {c%;}, we say that
a family of foliated vector fields Y,, ---, Y, L£(M, &) is a foliated realization

of the basis {e,, ---, e¢,} if the Lie brackets of these vector fields are
[V, Y,]= kz ¢tY, mod TF.
=1

We shall use the following classification of the 3 dimensional Lie algebras:
. G, (Abelian): Lei, ;] = [ey, es] = [es es] =0.
« G, (Heisenberg): [ey, ¢] =1[ey, ¢s]1 =0, [ey 5] =e.
« Gy (s0(3)): Le, esd = e5, [y, es]=1e,, [e5 ¢, ]=e,.

o G, (sl(2)): Ley, es] = s, [es es]1= —e;, [es ¢] = e,.
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* G5 (Affine): [e, es] =e;, [ey, es]=1[e, ] =0.
s Gyt Lei, es] =0, Les, es] =e, [e, es] = e +e,.
- The family g5: [e), e.] =0, [e, e]=¢e;, [es es] = ke, k+0.

The algebras ¢% and g% are isomorphic if and only if k=%’ or k=1/k’. From
now on we consider that the family is parametrized by 2e[—1, 0)U(0, 1].

« The family ¢2: [e, e.] =0, [e, es]=es, [es es] = —e,+he,, h* < 4.

The algebras ¢ and g2’ are isomorphic if and only if hA=h’ or h=—h’. From
now on we consider that the family is parametrized by h<[0, 2). Notice that
for h*=4 we obtain an algebra isomorphic to &,.

The Lie algebras &,, G, @i, @, are unimodular. The Lie algebras g;, 4. are
not unimodular. The only unimodular Lie algebra of the family g, is ¢%*="' and
the only unimodular Lie algebra of the family &g is g&=°.

In §3 we shall need an explicit description of the connected simply connected
Lie groups corresponding to &;, G% @¢k. These groups are given by

et 0 x
Gs=43|l0 1 y)];x,y,teR
0 01
et 0 x
Gt={10 e* y|;x,y,t=R
0 0 1
c(t)cos(p+t) —c(t)sint x
Gl = c@t)sint c(t)cos(p—t) y |; x, ¥, tER
0 0 1

where c(t)=2ef*/a, a=+/4—h® and B=tangp=~h/a.
These groups can also be thought as R*=R?*X R with the product

(p, B)-(p’, t') = (p+e™p’, t+1)

where A depends on the algebra:

For g, A:(ﬁ(l) 8), et = %c 2)

por gt A=(} 0), e = (% 0.

01 _ cos(p+t) —sint
n _ /T R—
For ¢, A= (_1 h>’ ¢ = c(t)< sin ¢ cos(<p~f>)'
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The above basis of these Lie algebras are given by:

e, = e" a
T Ox
0
for g ey = dy
_ 0
“T T
e; = e“t—(z
T ox
0
for g% ey = e"“a—y»
_ 9
= ot
_ 2 0 e
e, = ae cos(p+1) ax +smz‘ay>
2 0 0
— Ze B _gint.— —
for g¢ 0 =€ ‘( smtax +cos(¢p t)ay)
_ a9
“= T 6

2. Abelian and nilpotent Lie foliations.

Many of the problems about Lie foliations are, in fact, problems on Lie
groups. For instance, as a consequence of the following proposition, every Lie
abelian foliation without dense leaves is also a Lie ¢2=°-foliation:

PROPOSITION 2.1. Let H be a proper closed uniform subgroup of the abelian
group (R®, +). Then there is a product © on R® such that the Lie group (R, ()
is isomorphic to G2=° and

h+g=h0g Yhe H, Vg e R°.

Proor. The proper closed uniform subgroups of (R% <) are isomorphic to
R*xZ7Z, RXZ*®* or Z°.

Thus there are vectors vy, -+, Vo, Wi, '+, W linearly independent in R® with
a+b=3 and a+#3, such that H is exactly the set of vectors that can be written
in the form

xlvl‘{":"'z_‘_xava“_ylwl"}‘ R )
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where x,, -, x,€R and y,, -, y,€Z. With respect to this new basis we
define

(x, 3, O, ¥, 2) = (%, ¥)+Renx', '), 2+27)

Yix, v, 2), (x/, v/, Z)ER®, where R,,, is the rotation of angle 2r7z.
Then (R?, () is clearly isomorphic to G2=°.
Moreover, since ze Z for each (x, y, z)&€H, we have

(x, y, 20", ¥y, 2) =(x, 3, 2)+x', ¥, 2)
Vix, v, 2 H, V(x', v/, ) & R. [ ]

PROPOSITION 2.2. FEvery no dense Lie abelian foliation of codimension 3 on
a compact manifold M is also a Lie G}="-foliation.

PROOF. Since & is a Lie abelian foliation we have, by a
homomorphism @ : z,(M)—(R? +) and a locally trivial fibration D:M—R®
equivariant under the action of n,(M). Put /'=Im @.

Then H=1I"is a proper closed uniform subgroup of the abelian group (R®, +).

Proposition 2.1] implies that @ also defines a homomorphism #,(M)—(R?, ©)
with respect to which D is again equivariant.

Thus & is a Lie g2=°-foliation. [ |

This proposition is a generalization of the following example given by P.
Molino (cf. [7]) in which the change of the parallelism was explicitely given:
Let us consider the flow given by the fibres of the trivial bundle

T'XT? — T°.

Let #° 6%, 0% 0° denote the canonical coordinates in T'X7T? The parallelism
given by 0/06°, 0/06%, 0/06° shows that the fibres of this bundle are the leaves
of a Lie abelian foliation. At the same time, the parallelism given by the
vector fields

L 0 ., 0
e, = cos 0 Tﬂz—Hm 0 507

. 0 0
¢; = —SIn 01TW +cos 01_603
0
06"

€3 =

is a Lie parallelism with [e,, e,]=0, [e,, es]=es, [@; es]=—e,, that is, the flow
is also transversely modeled on &2=°.

The converse of Proposition 2.2] is not true in general. That is, there are
Lie g}=°-foliations which are not abelian foliations.
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For instance, take the uniform discrete subgroup

I'={m, n, t)|m, n, t € Z} < GF=".

Let M be the compact manifold /'\G2=°. Then the trivial fibration M XxS"*
—»M is a Lie ¢2="-flow with basic dimension 3 that can not be abelian. In fact
any abelian parallelism of the above flow would induce three linearly independent
vector fields on M which pairwise commute, i.e., M would be a 3-dimensional
torus 7°. But this is impossible because the fundamental group of M is the
non abelian group /.

The converse of Proposition 2.2 is, however, true for Lie flows of basic
dimension 1 and for Lie foliations of basic dimension 2.

For basic dimension 1 it is a corollary of the following :

PROPOSITION 2.3. Let G be a umimodular Lie algebra of dimension n. If F

is a Lie G-flow on a compact manifold with basic dimension 1, then F is also a
Lie abelian flow.

Proor. It is well known that the structural Lie algebra 4 of a Lie flow
is abelian (cf. [2]). In this case it is a subalgebra of dimension n—1 of a
unimodular Lie algebra ¢ of dimension n. Then 4 is an ideal of ¢. By [Lemmal
1.3, one can find a g-parallelism YV, ---, Y, such that Y,eT% for :=1, ---, n—1
and, hence, Y,&Td at any point.

In this situation & is a unimodular Lie flow, that is H*(M/F)+0 (cf. [11]).
By there exist foliated vector fields X,, ---, X,_, such that [X;, Y]€T4
for all foliated vector field Y (i.e., the commuting sheaf has a global trivializa-
tion). Thus, X,, -+, X,_, Y, is a Lie abelian parallelism. |

COROLLARY 2.4. Let F be a Lie G="-flow on a compact manifold M with
basic dimension 1, then I is also a Lie abelian flow.

In the case of basic dimension 2, we have

PROPOSITION 2.5. Let F be a Lie G °-foliation on a compact manifold M
with basic dimension 2. If the basic manifold is orientable, then ¥ is also a Lie
abelian foliation.

The proof is based on the following lemma:

LEMMA 2.6. Let F be a Lie Gt="-foliation on a compact manifold M with
basic dimension 2 and let Y., Y, ¥V, be the Lie Gt="-parallelism corresponding to
the basis {e,, e, es} given in §1. Then the foliated vector field Y, is not tangent
to & at any point and there exists a global foliated vector field Y tangent to F
which commutes (modulo T'F) with every foliated vector field (i.e., the commuting
sheaf is globally trivial).
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PrROOF. For each point x&M there exists a foliated vector field Zy in a
neighbourhood U of x, such that Zy is tangent to #, no tangent to &, and
commutes (modulo T%) with every global foliated vector field. Here we are
considering a local section of the commuting sheaf (cf. [8], [14]). Moreover if
Zy is another vector field in a neighbourhood V of x with the same property
then Zy=aZy; (modulo TF) where a is a locally constant function.

We can assume that the vector field Zy can be written as

Zy = ayY 1+byY ey

where ay, by, ¢y are basic functions on U.
Since [Y;, Zy1T9 we obtain the equations:

Yi(ay) =0 Yiay) = ¢y Yilay) = —by
Yi(by) = —cy Yo(by) =0 Y 5(by) = ay
Yiler) =0 Yolcr) =0 Yilew) = 0.

We deduce from these equations that ¢y is constant on U.
Since Zy=aZy (modulo TF), with a a locally constant function, if c¢y;=0
then ¢,=0. Then there are only two possibilities :

iy for any point yeM and any neighbourhood W of y we have c¢p=0 or
ii) for any point yeM and any neighbourhood W of y we have cyp 0.

Let us prove that ii) is not possible:
In this case Y,, Y, are not tangent to & at any point. We take a riemannian
metric and we define Y¥ as the normal component to & of Y,. Then Y?¥ is a

combination of Y¥ and Y¥ at each point, i.e., there are basic functions f, g
such that

Y = fOY)p+e()YY), VYpEM.

We obtain
V=Y, Y1I"=Y.(HYV+Y(o)Y¥

—YV = [V, Y =Y (HY V4V, (g)V¥

and, hence, Y,(g) is the constant 1 and Y,(f) is the constant —1. This is not
possible because f and g are continuous functions on a compact manifold.
Thus ¢y=0 in each neighbourhood W and this means that Y, is not tangent
to ¥ at any point. This proves the first part of the lemma.
Now we consider a=iy,n*w, where = is the basic projection and w is a
volume form on the basic manifold. We take the global basic functions

A=iy,a, B=—iya.
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As A%+ B?+#0, we can consider the foliated vector field Y=aY ,+bY, where

_ H_L b= _{BM
C=JAaTE VT VALB

Using that a(Y)=0 it is easy to see that Y is tangent to & everywhere and
not tangent to ¢ at any point.

It remains to prove that Y commutes (modulo TF) with every global foliated
vector field. Since YT it suffices to prove that [V, Y]eTZ.

From3ithe fact that [V, Y1=T& we have [Y,, Y]=A4;Y +TZ and we obtain
the equations

Y.(a) = Aa Y.(a) = Aa Yi(a)+b = A:a
Yib) = A:b Yo(b) = A:b Y(b)—a = 4sb.
From these equations we deduce
k= 2@ B = aY (@) +0Y (b) = 5V (@ D) = 5V (1) =0,
Thus we obtain the result. |

PROOF OF PrROPOSITION 2.5. By the above lemma there exists a foliated
vector field Y=aY,+bY, tangent to F at any point with a, b basic functions

such that a®*+b*=1 and Y commutes (modulo T¢) with every global foliated
vector field.

Let us see that X,=Y, X,=—bY ,+aY,, X,=Y, give a Lie abelian parallel-
ism. Clearly these vector fields are transversely independent. Using now

Yoa)+b=14a =0, Yyb)—a=2b=0 and [V, V,]1=4Y =0
we have
(X, X.1=1[Y, —bY,+aY,] = —b[Y, V.1+alY, Y,] = (—bli+ai)Y =0
(X, Xo] =[—bY ,+aY, Y] = —0b+Yi(a)Y -+ (Vb)—a)Y,=0
X, X:1=1Y,Y,]1=0.
This ends the proof. [ ]

COROLLARY 2.7. Let F be a Lie Gt="-flow on a compact manifold M with
basic dimension 2, then F is also a Lie abelian flow.

Proor. It follows from the above demonstration that it suffices to show
that the commuting sheaf admits a global trivialization. In the case of flows
this condition is true if and only if the flow is isometric (cf. [15]).
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If the basic manifold W is not orientable we take a double covering D over
the orientation covering of W. Here, by the above proposition, the commuting
sheaf is trivial and, hence, the flow on D is isometric. This implies that the
initial flow is isometric. |

Next corollary is closely related to the Haefliger’s problem.

COROLLARY 2.8. There is a pair of Lie groups (G, I'), with I' a finitely
generated subgroup of G, I" uniform, such that there are no Lie G-flows on a
compact manifold with holonomy group I.

PROOF. Let G be the Lie group G2=° and let I" be the Lie subgroup
I'=<(1,0,0),(00),(0,10), 00 &Q.

We have Fdé&RX Z* because the elements of I are of the form (a, m, nx) with
a=R and m, n=Z. Moreover [ is a uniform not abelian subgroup of G2=°.
Assume that there is a Lie ¢2~°-flow F on a compact manifold with
holonomy group [/ (this implies that 4 has basic dimension 2). Then, by
F would be also a Lie abelian flow and then /” would be abelian,
which is not possible. n

Note that the pair (G, I) is realizable, i.e., there is a Lie G-foliation of a
compact manifold with the holonomy group I'. The reason is because G§=° is
solvable and [” is polycyclic (cf. [13]).

In order to generalize this kind of results to Lie foliations of arbitrary
codimension we consider the case of Lie foliations with nilpotent transverse Lie

algebra. In this category the transverse Lie algebra is canonically associated to
the foliation :

PROPOSITION 2.9. Let F be a Lie foliation on a compact manifold transversely
modeled on two nilpotent Lie algebras ¢ and 9. Then G and ¥ are isomorphic.

PROOF. Again, this is a consequence of a result on Lie groups.

In fact, if p:M—»M is the universal covering of M and we fix points
xoEM and J?OEM with p(%,)=x, the developing diagrams are given by the
canonical projection

D: M —> M/p~(F)

and the holonomy morphisms
@1 : 7[:1(M, xO> I G y ®2: ﬂ](M, x0> _—> H

where G and H are the connected simply connected groups corresponding to ¢
and 4 respectively. Note that as differentiable manifolds we have:
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G = M/p“(ff) = H.

Since
D(#(%)) = O([y]D)- D(%) = Do([y]) * D(X)

the holonomy groups I',/=®@,(x,(M, x,)) and I',=@.(n,(M, x,)) are related by
I = (rH)epz

where (ry). is the right translation in H with respect to the unit element ¢ of
G. In fact, (ru), restricted to [, is a morphism of Lie groups. This implies
that the closures /", and [, are isomorphic.

As they are also uniform subgroups of the nilpotent Lie groups G and H
respectively, these two groups are isomorphic as Lie groups (cf. [16]). |

The foliation by points of the quotient of the Heisenberg group 91/I" (cf.
[7]) is a good example of this situation.

3. Lie flows of basic dimension one.

Let ¢ be a Lie ¢-flow of codimension 3 and basic dimension 1 on a compact
manifold M. There is a matrix A=SL(3, Z) with an eigenvalue 2>0 and an
eigenvector v, whose components are rationally independent, such that M is
diffeomorphic to the manifold 7%x R (usually called 7%) described as the
quotient of T*X R by the equivalence relation (p, {)~(Ap, t+1). The flow &F
is the induced by the linear flow &, (cf. [1], [2].

The basic fibration corresponding to this Lie flow is a 7T'® bundle over T':

TP — M — T,

The homotopy sequence of the basic fibration gives the exact sequence of
fundamental groups

0—>2—~——>naM)—Z—0
from which we have that =, (M)=Z3*X ,Z, i.e., m,(M) is Z*X Z with the product

(x, )y, s) = (x+Aty, t+s).

This implies, in particular, a certain kind of uniqueness for the matrix A:
If A and B are two elements of SL(3; Z) such that the fibre bundle 7% is
diffeomorphic to the fibre bundle 7% then A is conjugated to B or to B~

On the other hand, the only possibilities for the Lie algebra ¢ are

=G, G=G;, ¢=06¢ (k& Q) or = Gk,
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In fact it is evident that the algebras ¢, G, are not possible because they do
not have any abelian subalgebra of dimension 2. That the algebras &, &, and
g% (k=@Q) are not realizable as transverse algebras of a Lie flow of basic
dimension 1 is proved in [7].

When & is a unimodular Lie &-flow then the Lie aigebra ¢ is also
unimodular. Hence the only possibilities for a unimodular Lie ¢-flow of basic
dimension 1 are ¢=¢, or ¢=g%#° and it follows from [Proposition 2.2 and
that & is transversely modeled on both algebras.

For a non unimodular Lie ¢-flow ¢ of basic dimension 1 the Lie algebra ¢
is not unimodular (Theorem 1.4), hence the only possibilities are ¢=¢;, 2=a% or
g=g%*° Notice that in all these cases the connected simply connected groups
associated to these algebras are diffeomorphic to R®. Moreover the matrix A
used in the construction of 7% is not the identity matrix because the flow is
unimodular if and only if A=Id (cf. [1].

The following theorem proves that the matrix A is closely related to the
matrix defining the group structure.

THEOREM 3.1. Let F be a non unimodular Lie G-flow of codimension 3 and
basic dimension 1 on a compact manifold M. Then the matrix A€SL@3; Z)
defining M s conjugated to:

AP0 0
B=101 20 for G = G5,
0 0 2

A
B={0 2 0 for ¢ = g%,
0

and
cos(p+4) —sin 4 0
B=1c¢(A)| sinid cos(p—A4) 0 , A€ R, for G = gk,
0 0 c(A)~*cos™?p

PrROOF. Recall that =, (M) is Z*X Z with the product

(x, )y, s) = (x+A'y, t+s)

Thus the holonomy representation of & is a morphism @: Z*X,Z—G,
where G is G;, G¥* or G2*° and, hence, it is diffeomorphic to R®.

The image of @, ['=0(Z*X +Z), is the holonomy group of F and, since the
basic manifold T is diffeomorphic to I'\G, we have dim ['=2.

In spite of the fact that the identity component, I, of I" is abelian, I is
not abelian because A=Id and @ is injective.
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For G% and G} it is easy to prove (cf., for example, [7]) that for every
abelian subgroup H of the holonomy group /', either H is contained in R?X {0}
(the only subalgebra of dimension two is, in both cases, the subalgebra generated
by e, e,) or there is an element a=(a,, a, a;), as#0, such that H={a"|neZ}.

For G; every abelian subgroup H of I is contained in R?*Xx {0} or there is
an element a=(a;, a; as), a;#0, such that

HC {(C(l—e‘), v, HIC = T:aé—s}

Using now that the subgroup @(0XZ) can not be contained in @(Z*X0)
(because [ is not abelian) and that @(Z*x0) is an abelian normal subgroup of
I, an easy computation shows that in the three cases (G; G¥*!, G2*°) we have

D(Z*x0) R*x {0}.
Let @(Z*X0)={(py, 0), (P2, 0), (ps, 0)> and O(Z)=<P(0, 1)>=K(p, $», $>0.
Then the normality condition is
(D, Dps, 0)p, I = (p, Nps, 0)(—e?p, —§) C O(Z*X0).
Thus
e Mp,=2Mp;, MeZ. (1)
Let us consider g;= Z® such that @((g;, 0))=(p;, 0). Then
(p’ ”‘9)(1’0” 0)(_6/“)1'): _"9) = Q«O) l)(% OXO; 1)—_1)
= @0, 1)(gs, —1)) = DP(Algy), 0) = (X A g, 0)),

i.e., the matrix (&) is the matrix A in the basis ¢,.
Next we consider the vectors vi=(a,, a5, as) and v,=(b,, b,, bs) where p,=
(a,, by), pe=(as, b)), ps=(as, bs). The equation (1) can be written now as:

i) For G=Gy

(5 D) =2 +()
that is Av,=e%, and Av,=v,.
ii) For G=G* '

(g o)) =G () ()

that is Av,=e %, and Av,=e *v,.
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iii) For G=G&*°

O g costp0)) = )4 G)+4(5)

that is Av,=c(9)(cos(p+P)v,—sin Jv;) and Av,=c(H)(sin v, +cos(p—I)vs).

Set 2z=e~?. Completing v,, v, to a basis {v;, v, vs} the matrix A is equiv-

alent to
A0 0
B = ( 0 1 0) for ¢ = G
0 0 2
A 0 0
B=1|0 2* 0) for ¢ = G
0 0 At
and
cos(p+4) sini 0
B =¢(A)| —sind cos(¢p—A4) 0 ) for ¢ = G2.
0 0 c(AD)~2cos™%p

Hence the result.

COROLLARY 3.2, Let F be a Lie G-flow of basic dimension 1. Assume that
F is also a Lie @'-flow.

i) If G=G; then ¢'=g;.
ii) If @=g% then ¢'=g¥.
iii) If G=gG? then ¢'=gl'.

PROOF. The manifold M is diffeomorphic to T% by the existence of a Lie
G-flow, and is also diffeomorphic to 7% by the existence of a Lie ¢’-flow. Then
A and B or B! are conjugated matrices of SL(3, Z). By the above theorem
we have the following 3 cases:

i) The matrix A has three real eigenvalues 4, 1, 2. Then 1 is also an
eigenvalue of the matrix B. The only possibility is ¢’'=g&;.

ii) The matrix A has three real eigenvalues A, 1%, A~**Y with 1#1. Then
the matrix B has also three real eigenvalues not equal to 1. The only
possibility is ¢’'=g¥.

iii) The matrix A has two complex eigenvalues. Then the matrix B has
also two complex eigenvalues. The only possibility is ¢'=g2'". [ ]

We improve this result in §5.
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4. The realization problem with basic dimension one.

The realization problem that we consider is the following :

Given a Lie algebra ¢ of dimension 3 and an integer ¢, 0<¢<3, is there a
compact manifold endowed with a Lie ¢-flow of basic dimension ¢ ?

This problem has been studied in and [7], but two cases remained
open: namely the cases corresponding to the family of Lie algebras ¢%, h+0,
for g=1, 2, and to the family ¢% for ¢=1.

In this paper we solve the case ¢g=1. In fact we give, for ¢g=1, a necessary
and sufficient condition, in terms of A (resp. k), for an algebra of the ¢}-family
(resp. g% to be realizable. '

THEOREM 4.1. There is a compact manifold M endowed with a Lie G}-flow
F, h+0, of basic dimension 1 if and only if

_ 2ln2
T Ve +In?A

where A and ® are two real numbers, wz'th A>1 and w#kn' (ke Z), such that A,

(cos w+i sinw)/v A are the roots of a monic polynomial of degree 3 with integer
coefficients.

Observe that +w is determined except an additive multiple integer of 2x.

PrROOF. First assume that & is a Lie ¢2-flow, 2~+#0, on a compact manifold
M with dim W=dim M/ =1.

Let {e,, e, es} be the basis of ¢? described in §1. Since & is a Riemannian
flow its structural Lie algebra 4 must be abelian (cf. [2]) and it is a subalgebra
of ¢}. The only abelian subalgebra of ¢} is the generated by e,, ¢;, which is
an ideal. Then, by we can find a transverse Lie parallelism
{V, Y, Y3} associated to the basis {e;, ¢, ¢} such that YV, Y, are tangent to
g at any point. Hence Y; is not tangent to & at any point.

Recall that there exists a matrix A=SL(3, Z) with an eigenvalue A>0 and
a eigenvector v, whose components are rationally independent, such that M is
the manifold 7% and the flow & is the induced by the linear flow &,. If
necessary, we take the matrix A~ for A to be >1.

It follows from that the roots of the characteristic polynomial
p(x) of A are A, z=(cos w+i sinw)/+/ 1 and Z=(cos w—i sinw)/+/ 1.

We can find a basis {v, u;, u,} of R? such that Au,=u, and Au,=—(1/Au,
+au, where a=(2/+/ 1)cos w.

We define the vector fields of T®X R

Xioo = (s, 0), Xop o = (s, 0) € T,T*DT.R.
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The transverse vector fields YV, Y,, Y, are the projections of the transverse
vector fields of T*X R given by:

Zl(p.t) = a(t)Xl(p,t)‘l”b(t)Xﬂp.t)
Zz(p,z) = c(t)Xl(p.t)+d(t)X2(p,t)

Zapvr = (0, k—%) (k € R, constant).

The reason is as follows.
Observe that each transverse vector field Y, is the projection of some

transverse vector field Z, of T*XR, and these transverse vector fields are of
the form :

_ - = 0
Zip.o =Fi(p, O Xip. 0o +Gi(p, ) Xocp. 0 +1i(D, t)‘a?-

The fact that Y, is a foliated vector field implies that the functions F;, G, f;

does not depend on p. Since Y, Y, are tangent to &, the corresponding vector

fields Z,, Z, must be tangent to 7° in 7T°*X R, this means that f,=f,=0.
Therefore the transverse vector fields Z, are of the form

Zl(p, ) = a(t)Xup,c)-*‘b(t)XZ(p,n
Zso vy = cOXip, 0 +dOXscp. 0
_ - - Icl
Ly, = F®)X1(p, t>+Ga(t)X2(p.z)+f(t)”a—t“

with f(¢-+1)=f(t) (because Z, is projectable) and f(#)+0 (since Y, is not tangent
to & at any point).
Observe that

(2, 20=[2, 0l =1,

Then Y,=n4(Z)), Y.=n(Z,), nx(f(t)0/01)) are also a realization of the basis
{es, e, es}.

Finally, if f is not constant, we can take the reparametrization of R given
by: '

e D1
st) = % where k= So 70 dx

to obtain f(t)(@/0t)=k(/ds) and s(t+1)=s()+1. \

The identification (x, t)~(Ax, t+1) is equivalent to (x, s(t))~(Ax, st)+1)
and the projections of the transverse vector fields Z,p, »=a(8)X:(p,»+5(8)Xs(p. 9,
Zz(p.!)ZE(s)Xl(p,s)+J(S)X2(p,s) and Zs(p,s):((), km) give 71, ?z, 73-

It can be shown that the constant £ is always #1 (cf. Remark 4.3).
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Thus we can assume that the transverse vector fields Z,; are of the form:

Zl == a(t)X1+b(t)Xz, Zg - C(t)X1+d(t)X2, Z_s - k%.

The condition that the Z; are projectable is equivalent to

a(t+1) = —%bm bt+1) = alt)+ab(t)
(1)

c(t+1) = ——%d(t) dt+1) = ct)+ad(@)

On the other hand,
cOX+dWOXo=2Z,=[Z,, Zs] = —ka’ )X, — kb’ ()X,
he@®Xi+hdO)Xo—a®)X,—b)Xo = hZ,—Z, = [Zy, Zs]
= —ke'O)X,—kd'(1)X,.

Then a(t), c(t) and b(¢), d(t) are two independent solutions of the system of
differential equations:

y(t) = —kx'(t) }
hy@)—x(t) = ky'(t) }

Therefore, a(t), b(t) are solutions of the differential equation
RiEx"()+khx'(t)+x =0.

Then
a(t)y =e /20U A, cos i+ A, sin 6¢)

b(t) = e~ *2h (B, cos Ot + B, sin 0t)

ct) = —ka'(t) = %a(t)—ke*(’”“”(—ﬁfl, sin ft+6 A, cos 1) (2)
dt) = —kb'(t) = —g—b(t)— ke~ 2y (— G B, sin 8t-+60 B, cos 01)
where A, A,, B, B, are constants, §=+/4—h?/2k and A,B.,— A,B,;+0.
By substituting these values in (1) we obtain:
e (r (A, cos@—A,sinf) = __,II—BZ
1
- (h/2k : _ =
e Y(A;cos 0+ A,sin§) = xB1 . (3)

e (B cos @+ B,sin ) = A,+B,a
e~ "M (B, cos @ — B, sin ) = A,+ Bsa
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Then (A, A,, B, B,) is a non trivial solution of the homogeneous system
whose matrix of coefficients is:

. 1
_e"(hlzk) Slnﬁ e"(h/Zk) COSB 0 7
. 1
e~ cos§ e */*F)sin g = 0
A . (4)
1 0 a—e (2B cogf  —e” (RI2E) gin §
0 1 e (h/2®) gin f a—e~ (/28 co5

The determinant of this matrix must be zero.
Therefore

1 Iye 1
~(h/k) 2 - (h/2k) ~(h/ky | =(htky __ —a—(htk) 20 —
e a’—2e cos 0(e + 2)a+(e l) +4Ze cos?@ = 0.
Then «a is a real root of the polynomial:
g(x) = e~ (/) x2_De~(h/2b)cqg 0(e—<n/k)+l)x+<e-(h/k)_i>2+4}_e—<h/k)coszg
A A A

whose discriminant is —sin?@e~*/®)(e~ /¥ -1 /212 <0,

Since sinf+#0 (otherwise A;B,—A,B,=0), the only possibility is 1=e®/®
and, hence, a=2e~*/2¥)cos 4.

Then we have

2
2e" (2o ) = a = 7—l=cosw = 2e" 2" cos @

hence cosw=cosf#. Since 1=e™*® and §=+/4—h?/2k, taking the argument of
the complex roots w=§6§ we have

b= 2Ink
T V4e?+In?2
as stated in the theorem.

Finally, we prove the converse:

Let p(x) be the polynomial x*—mx?*+nx—1 (m, n=Z) with only one real
root 2 (A>1). Recall that p(x) has only one real root if and only if

mi+nd _ min? _nm
27 108 6

1
+Z>0;

and this root is %1 if (m, n)#(0, 0), (1, 1), (2, 2).
One can consider the matrix
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0 0 1
A={1 0 —n
01 m

whose characteristic polynomial is p(x). A computation shows that the root 4

is irrational and the components of an eigenvector v are rationally independent.
If we define k=h/Ini, 0=w and a=2e */*F¢cos @, then the determinant of

the matrix (4) is zero and the system (3) has non trivial solutions. Let A,, A,

B,, B, be one of these solutions. Observe that A,B,— A,B,+0 (because sin § #0).
We consider the functions a(?), b(t), ¢(t), d(¥) as in (2). Note that

a@®)-dt)—b@)-c(t) = —kfe 20 (A, B,—A,B;) + 0.
Let {v, ui, u,} be the basis of R?® such that
Av =2 Au, = Au—ui +-2~ S @
v=Av, L= U, 2 = it pcosva.

The vector fields

0
Zip.o = a®u+bus, Zip.n = cOui+dOus, Zsp.o = k‘éi"
are projectable by construction and their projections give a foliated realization
of the basis {e,, e, e} of GE.
Observe that if we make the same construction taking §=w+2kx then the
same flow is also a Lie ¢}'-flow with

e ~2In4
T VA(w+2k7)E+1n%A

* h. [ ]

COROLLARY 4.2. Only a numerable set of algebras of G} are realizable on
a compact manifold as transverse algebras to a basic dimension 1 Lie flow. =

REMARK 4.3. Let 9 be a Lie gi-flow, h+0, of basic dimension 1. We
have seen in the proof of that for a foliated realization Y,, YV, Y,
of the basis e,, ¢, e; the vector field Y, is the projection of the vector field
(0, k(@/01)) of T*xR. The constant k is always #1.

The reason is as follows.

Assume that k=1. Following the proof of and using the
same notation we see that there is a basis {v, u;, u,} of R® such that

Av =2, Au, = u,, Au,= ——%u,-i-aug

with A=e"* and a=2e "*/®cos §. Therefore the characteristic polynomial of A
is equal to
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1
p(x) = xs—(/‘t+a)x2+(al—|-—l—)x~l
= x*—(e?+2e"*?cos @) x:+(2e**cos f+e M) x—1.

Hence e* (h&(0, 2)) is a solution of the system

m = e"+2e'<’”2’cos(3/A2 )

4—h?

n= 2e’”2cos(3/2 )+e"‘
But it can be shown, after a quite long computation, that this system has no
solutions for A<[0, 2].

THEOREM 4.4. There is a compact mam'fold M endowed with a G%flow F
of basic dimension 1 if and only if

Inb
kalna’ and k & Q

where a, b, 1/ab are the positive real roots of a monic polynomial of degree 3-
with integer coefficients.

PrROOF. Let & be a Lie ¢%*flow of dimension 1 on a compact manifold M.
Then M=T*x ,R. By [Theorem 3.1, the matrix A=SL(3, Z) has the three
real roots

a=e¢? b=e% c=¢'¢0 9>0

and k&Q (cf. [7T).
‘ Conversely, let x*—mx®+nx—1 a polynomial with real roots a, b, ¢ such
that

Inb
k—m—ﬁéQ.
Let us consider the matrix
0 0 1
A={1 0 —n|le SLE, Z).
01 m

As the eigenvalues of A are not in @, the components of the eigenvectors of
A are rationally independent.

If we define 9=—Ina, then the roots of the polynomial p(x) are

2—19, e—19k’ e&(k+1).
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Let {v,, vs, vs} be a basis of eigenvectors of A:
Awy) = e vy, AW, = e, Alvg) = " * iy,
Then the linear flow on 7% parallel to the vector v, gives rise to a flow ¢ on
M=T4.
The vector fields on T*x R
X(p, t)=e(v, 0)
)N(z(p; t) - entk‘9<v2; 0)
1 0

AT

are projectable on M because Xi(p, t—l—l):A()?i(p, t)). The projections X;, X,

X; of these vector fields are foliated vector fields transverse to the flow such
that

[X1, Xalop.o = [e7(vs, 0), e™**%(vy, 0)] =0

14
(X X0 = |0, 0, 5 57 | = €0, 0 = Xigpo

1 0
[Xo Xslpo = [e"k’q(vz, 0), g *a‘t‘*} = kXop. v . ]

COROLLARY 4.5. Only a numerable set of algebras of G% are realizable on a
compact manifold as transverse algebras to a Lie flow with basic dimension 1. ®

5. The change problem.

The aim of this section is to prove that a Lie g-flow of codimension 3 on
a compact manifold with basic dimension 1 can be transversely modeled on one,
two or countable many Lie aigebras.

PROPOSITION 5.1. Let F be a Lie @%-flow of basic dimension 1 on a compact
manifold M transversely modeled on another Lie algebra G. Then G¢=g% and k'
is one of the values

1 1 k 1+k

e Tl v T

FER R Ci

PrOOF. By the Lie algebra ¢ is ¢%¥. Then the matrix
AeSL(3; Z) defining M has the eigenvalues a, a*, a™*"* and b, b*', b™'7%".
As they are the same, we have 3!=6 possibilities that imply directly the
result. -
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REMARK 5.2. If 4 is a Lie g¢%flow on a compact manifold M, then we also
have on M a Lie ¢;'"*-flow and a Lie g7*/“*®_flow.

To see this, let u,, us us; be the eigenvectors of A with eigenvalues a, a*,
a"'"* respectively.

The vector fields on T*XT*

1 d

5 5 S s 5
Xi=a'u,, Xy=a*u,, Xy=a ", X, = “na dt

are invariant for A, so they induce vector fields on M=T*X ,T*, that we denote
by X,, X, Xs X, respectively.

The foliation induced by X, admits X,, X;, —X,/(1-+£k) as transverse paral-
lelism and

__ 1
14k

1

1+F e

Xy X =0, [X, —p X|=X., [Xo =11 x)=

i.e., it is a Lie g7¥*/*® _flow.
The foliation induced by X, admits X,, X, X, as transverse parallelism and

[Xn Xs:] =0, [le Xo] = X1, [Xs, Xo] = ”‘(1+k)Xs’

i.e., it is a Lie g7 *-flow.
The foliation induced by X, admits X,, X,, X, as transverse parallelism and

[XI, Xz] =0, [Xl» Xo] = Xlr [Xz; Xo] = sz;
i.e., it is a Lie ¢%flow.

It follows from this remark that it is not possible to deduce from [Theorem
3.1 if a Lie g%flow of basic dimension 1 is at the same time a Lie g¥-flow with
k+k.

A priori the six cases of Proposition 5.1 are possible. Nevertheless we have

PROPOSITION 5.3. Let & be a Lie flow of basic dimension 1 on a compact
manifold M transversely modeled on two Lie algebras, G% and G¥, of the family
G.. Then gk=g¥,

PROOF. Assume that the flow is transversely modeled on two Lie algebras,
¢* and g¥, of the family @,. Since the structural Lie algebra is abelian and the
only abelian subalgebra of &, is the ideal generated by e, ¢, we have two Lie
parallelisms Y, Y,, Y, and Z,, Z,, Z, with products

(1) [71’ 72] =0, [?1, ?3] = ?1, [72, 73] = k)_;z
(2) [ZI) Zz] =0, [ZI) Zs] = Zl) EZ-?, Zs] = klzz
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such that the foliated vector fields Y, YV, and Z, Z, are tangent to & every-
where.
The transverse vector fields Z; are

Zl - f}Vr{“f%?z
'_2 = féVH—f%?z
Za = fé)—/l+f§72+f373

with f{ basic functions.
By substitution of these values in the equations (2) we have the equations:

fi= fifi—13Ys(fD
f1=kAR—1Y(D
k' fi = fafi—f3Yo(fD)
k' f3 = Rf3fi— 13V 4(f3)
(observe that as Y,, YV, are tangent to &, then Y ,(f)=Y,(f)=0).

Note that f% is not zero at any point. Then all these equations are of the

form y’'=g(x)y.
By interpreting this system of differential equations on the basic manifold
S*, we have the solutions :

T 1

fi= Cle’”e'gtofi

de

= Cze“e'gtof:s’
T pr

| am) T
f2 —_ Cge e Slof3

f% = C4ekxe_gcof§

Then there exist periodic solutions with f1f3— f%f3=0 if and only if k=4’
or k=1/k". n

Now we are in the position to prove the main result of this section.

THEOREM 5.4. Let & be a Lie flow of codimension 3 on a compact manifold
M with basic dimension 1. Then only three cases are possible:

1) G is transversely modeled exactly on one Lie algebra. This occurs if and
only if the transverse Lie algebra is G5 or G%.

il)  is transversely modeled exactly on two Lie algebras. This occurs if and
only if these two transverse Lie algebras are G, and G}=".

iiiy & is transversely modeled on countable many Lie algebras. This occurs
if and only if F is transversely modeled on G}*°.
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In this case

a) There exist two real numbers 2>1 and w such that

= 2In4
T VAe*+In?

b) & is also transversely modeled on G} for each

2InA

= VHw+2km)+ 1’2

Vke Z).

c) If G is also transversely modeled on G then G=G} for some of the
above h'.

PROOF. Assume that & is a Lie ¢-flow of codimension 3 on the compact
manifold M with basic dimension 1. Then ¢ is one of the following Lie
algebras: &, g5, G% or gt.

i) If ¢=g; then by F is not transversely modeled on any
other Lie algebra.
If ¢=¢*% then by [Proposition 5.3, ¢ is not transversely modeled on any
other Lie algebra.

ii) If ¢=g, then by [Proposition 2.2, & is also transversely modeled on

g'=gk=",
Conversely if ¢=g2=° [Corollary 2.4] proves that & is also a Lie abelian
flow.

iii) It only remains the case that ¢=g2*,
a) We have, by [Theorem 4.1, that

2In4

h= Vit

where 4 (41>1) and (cosw=i sinw)/+ A are the roots of a polynomial
of integer coefficients.
b) also proves that & is also a Lie ¢2'-flow with

. 2Ina -
T VA{w+2k ) +InA

c¢) If & is also a Lie ¢’-flow, it follows from [Corollary 3.7 that g=g2'.
Again, by we have that

y—_ 2l
= Vi@

h' for any k = Z.

But using is easy to see that A’=4’ and w’'=w+2kx. ]
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