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Introduction.

It is known that a diffusion process on a domain D with smooth boundary
is determined by a pair of analytical data (A, L), where A is a second order
differential operator of elliptic type (possibly degenerate) and L is a Wentzell’s
boundary condition which consists of the sum of a second order differential
operator and non-local terms. (For the precise definition see §1.) The problem
of constructing the diffusion from a pair (A, L) has been discussed by many
authors. Analytically, K. Sato and T. Ueno laid a fundamental route and
following it, Bony-Courrége-Priouret [2] and Taira succeeded in very
general cases. In their manner, one constructs a Feller semigroup (and hence
the transition function) on D via Hille-Yosida semigroup theory to dispose the
diffusion,

On the other hand, the construction of a semigroup can be carried out directly
by probabilistic methods, which have an advantage to permit the degeneracy of
A. That is, by using stochastic calculus or the martingale method. See lkeda
[9], Watanabe [17], Stroock-Varadhan [13], Anderson and Cattiaux [5, 6].
Apart from this, a direct construction of path functions (and hence the diffusion
process) by using the notion of Poisson point process of Brownian excursion
was succeeded by Watanabe [1I8]. See also Ikeda-Watanabe and Takanobu-
Watanabe [16].

Although we can construct diffusions as the functionals on Wiener-Poisson
space as above, we have another task left to verify regularity results, for ex-
ample, statements about transition functions. Returning to the viewpoint of
analysis, one way to treat this problem in the case with non-local boundary
conditions will be the use of the theory of pseudodifferential operators developed
by Hoérmander [8], Boutet de Monvel et al. It is natural to make such a
study since the class of pseudodifferential operators includes a wide class of
significant non-local operators (cf. Cancelier [4]).

Here we shall afford a concrete example in this framework. That is, the
pair (A, L) is given by a second order differential operator of uniformly elliptic
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type and a Wentzell’s boundary condition having “non-local” terms of the form
the generator of stable processes. In fact, we discuss the case where the
boundary condition L possesses two non-local terms, one corresponds to the
Cauchy process on the boundary and the other to a stable process of order S
0, 1)N@Q having inward jumps from the boundary (see Section 1). The reason
why we confine ourselves to the generator of stable processes is that it is a
typical example in the class of stationary Lévy processes and that the form of
its symbol is simple and well-known through several studies (e. g. Komatsu [11]).
Under a supplementary condition and a transversality condition, we shall show
analytically the existence and uniqueness of the Feller semigroup, and hence
the diffusion.

We sum up the content of this paper briefly. In Section 1, we state a
general existence theorem for a Feller semigroup on D (Theorem 1), and by
utilizing it we state our main result under a supplementary condi-
tion (A). Note that our assumption (A) is a natural extension to the non-local
case of the corresponding hypothesis in Taira [15]. In Sections 2 and 3, we
prove our main theorem. We mimic the way of proof in [14]. That is, the
existence of the semigroup is reduced to the hypoellipticity of a boundary
operator and we solve it via index argument. Uniqueness follows from the
maximum principle for operators A and L. The fundamental a prior: estimate
(Proposition 2.1) is proved separately in Section 4 because of the length of its
proof.

The author wishes to express his hearty thanks to Professor K. Taira for
having a seminar.

§1. Statement of the result.

Let D be a bounded domain in R with smooth boundary éD. D=DUdD.
Let

2y ou

Au) = 3 ax)s
u(X)_i,jz=la (x)axlaxj 0x;

be a differential operator in D whose coefficients satisfying
Jl" at & C=(D), a¥ =@’  and

0+ 2 b0 5 +exu(x)

3 (e = ClelY,  xeD, EeRY, C>0,
1.1) i,7=1

12° bt e C“(ﬁ),
3 ceCc=D), c¢x)<0 in D.

Let L be a “Wentzell’s boundary condition” on 0D given by
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u

’ A u TR =Py N
L) = 3,20 g, O B B g,

+7r(xu(x’)

+pe(x’)%%(x’)—ﬁ(x’)Au(x’)JrS(x’)SaD[u(y’>—u(x’)]m
20| )= =
ot |y—x' |8

where x'=(xy, -+, xy_1)E0D, satisfying

1° a% are the components of a C* symmetric contravariant
tensor of type ((2)> on 0D satisfying
:,Vj_z:aff(@sgs; >0, x'<aD, E':jg}:éjdxjeT’;,(aD)

where T%* (0D) is the cotangent space of at x’.
(1.2) 2° Bt e C=@D).

3° rye C=aeD), 7(x")=0 on 0D.

4° pe C°0D), p(x")=0 on aD.

5° 6= C=(@D), d(x)=0 on aD.

6° 4, s C=@D), A(x)=0, s(x")=0 on aD.
7 Be=(0,1).

Here v denotes the unit interior normal to D at x’, and |y'—x’| denotes the
length of y’—x’ with respect to the metric induced on 0D by the Riemannian
metric (a¥) of R¥Y.

The terms X;,;a*(0*u/0x:0x,;)+>:f*(@u/0x;), yu, p(@u/dv) and 6Au of L
correspond to the diffusion along the boundary, absorption, reflection and vis-
cosity phenomena respectively. The sixth and the last terms of L correspond
to jump phenomena governed by the generator of Cauchy process on D (a
symmetric stable process of order 1), and the generator of the stable process
of order 8 which possesses the inward jump from the boundary respectively.

We assume that S<=@Q. This assumption is necessary so that the pseudo-
differential operator T'(a) induced by L and A can be written as a pseudodiffer-
ential operator of polyhomogeneous type (cf. below).

DErFINITION 1.1. A Wentzell’s boundary condition L is said to be transversal
on aD if
w(x)+o(x')>0  on aD.

Intuitively this implies that either reflection or viscosity phenomenon occurs on

aD.

We can prove the following

THEOREM 1. Let the differential operator A satisfy (1.1) and let the boundary



174 Y. IsHIKAWA

condition L satisfy (1.2) and be transversal on 0D. Suppose that the following
conditions are satisfied:

[IT (Existence) For some constants a=0 and A=0, the boundary value prob-
lem
{ (a—A)u=20 in D
A—Lyu=y¢ on 0D
has a solution usC=(D) for any o< C=(dD).
[II7 (Uniqueness) For some constant a>0, we have

(%)

{ueC(D-), (a—A)u=0 in D, Lu=0 onaD
= u=0 in D.

Then there exists a Feller semigroup (T)i=o on D whose infinitesimal gen-
erator a is characterized as follows:

(a) the domain D(a) of a is
(1.3) D) = {ucsCD), AucC(D), Lu=0}
(b) au = Au for ueP(a).

We omit the proof, since one can lead to the result easily following the
way of proof of in and referring to results in [12]. The main
point of the proof is that, under the conditions [I], [II], one can construct a
Feller semigroup (7}:):zo on D by making use of a Feller semigroup (S¢):z0 0n
0D, and that its generator 5: C(@D)—C(dD) is bijective if the boundary condi-
tion L is transversal. (See [14, Section 3.3].)

Next we shall state our main theorem.

To state a hypothesis on the boundary condition L, we introduce some nota-
tion. We say that a tangent vector v=2X¥5"9(0/dx;)T ,(0D) is subunit for
the operator L°=3¥71,a%(0%/0x,0x;) if it satisfies

N-1  \2 N-1 N-1
(Bvm) = Z a6, 1= 3 7dx = THED).

The fundamental hypothesis (A) we impose on the boundary condition L is

(A) There exist constants e<(0, 1] and C>0 such that for all sufficiently small
>0
Bg(x', ) C Brox’, Cp®)

on M={x'€0D; p(x")=0 and s(x")=0}.

Here Bg(x’, p) denotes the ordinary Euclidian ball of radius p about x’, and
Brox', p) denotes the set of all points y=dD which can be joined to x’ by a
Lipschitz path: [0, p]—0D for which the tangent vector (t) of dD at v(?) is
subunit for L° for almost all ¢.
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The notion of subunit trajectory was first introduced by Fefferman-Phong
[7]. The intuitive meaning of (A) is that a particle starting at any point of
the set M, where no reflection nor jumps along the boundary occur, can exit
M in finite time.

Now we can state our main result.

THEOREM 2. Let the differential operator A satisfy (1.1) and let the boundary
condition L satisfy (1.2) and be transversal on dD. Suppose that hypothesis (A)
is satisfied. Then we have the conclusion of Theorem 1.

REMARK 1.2. It is known that the infinitesimal generator a coincides with
the minimal closed extension in C(D) of the restriction of A to the space
{usC¥D); Lu=0}.

§2. Preliminaries.

We start by formulating the local coordinate system. Choose an open neigh-
borhood W of D in D and a C=-diffeomorphism (a collar) ¢ of dDX[0, 1) onto
W. Choose for each point x’ of dD a neighborhood U of x’ in R¥ and (under
the mapping ¢) a local coordinate system (x;, -, xy-1, x5) On U such that

1° xeUND == xe U, xx(x)>0,
x € UnoD & x e U, xy(x)=0.

2° The functions (x,, -+, xx-1), restricted on UNoD, form a local coordi-
nate system of D on UNadD.

We may take xy(x)=dist(x, dD), xR¥. Then we have

N 9_ 0
grad xy(x’) = v(x’) and hence 3 drn

We divide the last term of L (the inward jump term)
106 Ll =ue) =g
into the two sum
1) L6 w(3)~(0. w1
1= A K u(x")+Ax")Ku(x')  (say),

: dy
e+ 3] (A= O =

where (6. u)(y)=0(y)u(y). Here 8=C=(R") is a function such that supp §CW,
0(x")=1 on 0D and supp(1—8)C{xxy=1/2} in the local coordinate. We remark
that K, forms a compact operator on C(D) in view of the Ascoli-Arzela theorem.

As stated in Section 1, we shall reduce the problem (x) to that of an operator
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on the boundary. It is known that if the differential operator A satisfy (1. 1)
and «=0, then the Dirichlet problem

{(A—a)uzo in D
ulsp=¢ on 0D

has a unique solution u= HYD) for any ¢ = H*~'/*(0D). Here H(D) (resp. H*(@0D))
denotes the Sobolev space of order s on D (resp. D).

Put the harmonic operator H,: H'"'*(0D)—H'D) by u=H,¢. Then (cf.
[14]) H. is an isomorphism

H*-12@D) — {ucsHYD); (A—a)u=0 in D}
and its inverse is the trace operator on aD.
Put the operator S(a): C*(@D)—C=(@D) by ¢—LH,p. Then S(a) can be

written
S(a) = Q(a)+pll(a)+s5 (a)+ A5 () + A5 (a) ,

where
Qla)p = i%ia”{x’)af.gx.+Z§l/8i(x’)%€+(7’—a5)go ,
. i0x; =1 i
a jard ’ ’ d '
H@p = 5T Hapllon,  Eiadp = | Lo(y) =0 e
and

Hya)p = Ki\H,p,  Eila)p = K:H,p.

We put T(a)=S(a)—E;(a). Then T(a) is a second order pseudodifferential
operator on @D (cf. Bouted de Monvel [3, p. 32]), and its symbol is given by

o(T(a) = o(Q)+pa(Il)+sa(&,)+210(5,).
Here,

1I° o@)=— _%la”(x’)&& +4/—1 Elﬁi(x’)éi+terms of order < 0.
i, j=1 1=1

2° o(Il) = ~/—1&}+terms of order <0, where

—a,\(x’, &) —v—1[4A4,(x)a(x’, &) —ay(x’, &)P]*
24,(x") )
Here, writing the operator A in the form

& =

A(x, D) = Al(x)D¥+Au(x, Do )Dy+Adx, Do),

ai(x, &), ax, &) denote the principal symbols of A.(x, D) and A.x, D) re-
spectively.

We write v —1&5=p.(x', &)+~ —1g\(x’, &), where
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’ AN 7 ar\2T1/2 _ ropr
Dy, &) = [4A4,(x )ao(leqi()x,)al(x , &)1 o, & = 20;1(:(;,')5 )-
Note that p,(x’, &)<0 on T*@D)—{0}.

3° g(8,)=—C|&'|. Here |&’| denotes the length of &=(&,, --, &x-,) With
respect to the Riemannian metric induced on @D by the Riemannian metric (a:;)
(the inverse matrix of (a%)) of R™.

4° o(&,) = —Cglé(x’, §')]+terms of order < 0.

Here ¢(x’, &’) is a symbol derived from the last term of L and given by
¢(x’, §N=(&’, Ex(x’, &),
&) = &', &) = |

(cf. Komatsu [11]). Note that Red(x’, £&)>0 on T*@D)—{0}.

Since T(a): C*(@D)—C=(0D) extends to a continuous linear operator T(a):
H*0D)—H**@0D) for all seR (cf. [15, Section 10.2]), we extend T(a) to a
densely defined, closed linear operator z(a) as follows;

(a): H*-%2*%(9D) —> H*-%*(aD),
{ De(@)) = {peH****@D); T(a)p=H*-**dD)}
(@) =T(a)p, =D(z(a)),

1€8, &1 #(l—~/—1(tan Br/2)-sgn<b, £))d 6

SN =118 ;>0

where £ is a constant and will be fixed later on.
Then we have

PROPOSITION 2.1. Let A and L be as in Theorem 2 and suppose that hypo-
thesis (A) is satisfied. Then there exists a constant 0<k=1 such that for any

s€R we have
< 9'@D), t(a)p < H@D) == ¢ = H**@D).

Furthermore, for any t<s-+k there exists a constant Cs >0 such that

ol astrepy < Co, (| T(a)@| msopy+ 19| mecony)
holds.

Proposition 2.1 is the essential step in the proof of and will be
proved in the last section.

Lastly, we remark that Z,(a) extends to a compact operator on C(@D) as a
composition of continuous and compact operators, which also extends to a com-
pact operator

Eya) natural
Eg(a): H"’5/2+‘(3D) — Hc—5/2+x(aD) - s Hs-5/2(aD)
injection

if s>2—« (cf. [3, p. 25]).
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§3. Proof of Theorem 2.

Due to we have only to show that existence [I] and uniqueness
[II] results follow under the given condition.

3.1. First we prove the uniqueness [II].

PROPOSITION 3.1. Let the differential operator A satisfy (1.1) and let the

boundary condition L satisfy (1.2) and be transversal on 0D. Then for any a>0
we have

{ ue C¥D), (A—a)u=0 in D, Luz=0 on oD
= u<0 on D.

PRrROOF. If u is constant in D, then
0f(A—a)u =(c—a)u
and hence u is =0 in D, since ¢<0 in D and a>0.

Thus we may assume that u is not constant in D. Suppose that max,c5u(x)
>0. Then it follows from the weak maximum principle for A—a (cf. [14,
Theorem 2.77]) that there exists a point xj; of dD such that

u(xg) = max u(x) >0, u(x) < u(xp) in D
ou , ,
5;’(950) < O -

Further note that

gi.(%) =0 (I<igN-1),  Au(xy) = au(x;) >0

and that 3¥71,a%%(x4)(0%u/0x:0x;)xy)<0, since the matrices (a*(x;) and
(—(0%u/0x;0x;)(x})) are nonnegative definite.
In the expression

Lu(xy) = E a”(xo)a (xo>+7(xo)u(xo)

I

(e, Tty )= e s + o)a (x4)

— (e AuCx)+Ax)| [u()— u(xd)]

—;Tm’

the first and second terms are <0, since 7(x¢)<0. The third term is =0 since
u(y")—u(x)<0 for y’=dD and s(x;)=0. For the fourth, fifth and sixth terms,

we note that (du/dv)(x§)<0, —Au(x5)<0, and SD([u(y)—u(x{,)]/]y—xé]"+ﬁ)dy<0-
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Hence we have that the fourth4-fifth4sixth term<0 since p(x’)+d(x")>0 on
90D, and hence Lu(x{)<0. This contradicts the assumption Lu=0 on dD.
The uniqueness [1I] follows immediately from this proposition.

3.2. Next we prove the existence [I7.
Let S=R/2z7Z. We consider the following boundary value problem

2
(A+5@—2 #=0 in DXS
¥
Li=g¢ on dDXS.

Put A=A+0%/0y*. As before we define a harmonic operator H, as follows:
The Dirichlet problem

*)

{ AW =0 in DxS
Wlop =& on dDXS
has a unique solution WeHYDXS) for any =H!"'2@DxS). Define H,:
H2@DXS)—»H (D xS) by #w=H,3. Then H, is an isomorphism H:-'%6D X S)
—{ucsHYDXS); A#i=0} and its inverse is the trace operator on dDXS.

We put the operator

T(@): C=(@DXS) —> C=(@DXS) by ¢+ (L—K)H,p.
As in Section 2, T(a) is a pseudodifferential operator on 0D XS of second order
with symbol ¢(T'(a)) given by
o(T(@) = a(@)+po(l)+sa(E)+a(5,).
Here
@)= ~,NZ—TIIa”(x’)&fj—5(X')772+\/Zﬁlfjlﬁi(x’)&—l—terms of order=0,
1, J= =1

oI =[p(x", &, v, N+~ —1a(x', &, y, n)]+terms of order<0,
where
(4A,(x"Naox’, §)—n")—as(x’, §))'/?
2A5(x")

pux’, &y, =
and
Gi(x', &, 3, ) = —au(x’, §)/24,(x"),
a(8) = —C(¢'1Q1),
0(8y) = —C4[d(x’, &)Q1]+terms of order < 0.
We observe p,(x’, &, v, 9)<0, 0(5,)<0 and —Csld(x', §)R11<0 on T* (@D XS)

—{0}).
As before we extend ’T’(a) to 7: HS 52 @D X S)—H**?*@DxS) as follows:

{ DE) = {geH 523D xS); T(@)¢g=H*-5*@DXS)}
76 =T(@e, ¢ F).
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As in Section 1, we put L°=31¥31,a'#(0%/0x,0x,)+6(3%/8y?) and M={(x', )
€0DXS; p(x)=0 and s(x")=0}=MXS. Since d(x')>0 on M={x'€dD; p(x")
=0 and s(x’)=0}, we observe that if the condition (A) holds then the condition

(A) There exists a constant C>0 such that for all sufficiently small p>0 we have

Bg((x', 9), p) C Brl(x', 3), Cp®),  («', )€ M
holds.
Then just as that Proposition 2.1 follows under the assumption (A), we
have the following

PROPOSITION 3.2. Let A and L be as in Theorem 2 and suppose that hypo-
thesis (A) is satisfied. Let k be the same constant as in Proposition 2.1. Then
for any s€R we have:

¢ D(ODXS), T € H*0DXS)== ¢ € H*5**@Dx5).
Furthermore, for any t<s—5/2-+k there exists a constant 53,t>0 such that

|Gl g5+ Gpysy = és, +(| T(a)@“ | 25-52pxsy+ | @ | mtopxsy)
holds.

, Hence, since the injection H*~52+5(9D X S), H (0D XS) (t<s—5/2+k) is com-
pact, it follows from a version of Peetre’s lemma (cf. [14, Lemma 4.8]) that
the dimension of the kernel J1() of 7 is finite and that the range R(%) of 7 is
closed in H*®"%2@DXS).

The codimension codim R(%)=dim 71(*) of the range of ¥ is calculated to
be finite by considering the adjoint 7* of ¥ and use the similar estimate,

Hence we conclude that the index ind (F)=dim 71(F)—codim R(%) of 7 is finite.
It is known (cf. [14]) that;

If the index of T is finite, then for any a=0 the index of t(a) is equal to zero.

Hence we have ind(z(a))=0. And so ind(¢(a))=0 by the stability theorem
of index, where ¢(a)=t(a)+E,(a). By the uniqueness [II] we observe that
dim 91(¢(a))=0 for any «>0, and this implies codim R(¢(a))=dim J(c*(a))=0.
Combining this with the regularity result (Proposition 2.1)) and the remark
given at the end of Section 2, we have the existence result [1]. The proof of

is now complete.

§4. Proof of Proposition 2.1.

Consider again the pseudodifferential operator T(a). Its principal symbol is
—2V-Lat(x')6:&; and the subprincipal symbol on the characteristic set
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X = {(x', §)=T*OD)—{0};, 3, a(x")6:6,=0}

is equal to
w(x")pi(x’, §)—s(x")C|E]
-1 ot

=T, 0+ B BE—(1/2) 3 T ().
yJj=1 j

The reason for the appearance of the term —+/—1(1/2)2¥72, (0at//0x ;)(x")¢; in
the subprincipal part is deeply related to the theory of Weyl calculus of pseudo-
differential operators. See [8], pages 83, 161; see also [15], p. 213.

For a pseudodifferential operator P with symbol p(x’, &), we shall denote
by P¢“% and P (1=<j<N-—1) pseudodifferential operators with symbols
(0p/0&,)(x’, &) and D;p(x’, &) respectively. Here D;=(1/+/—1)0/0x;.

We first prove a localized version of [Proposition 2.1,

PROPOSITION 4.1. Let A and L be as in Theorem 2 and suppose that hypo-
thesis (A) is satisfied. Then for any point x§ of 0D, we can find a neighborhood
Ulxg) of x§ such that for every compact set KCU(x;) there is a constant £=k(K),
0<k(K)Z1, such that for any s=R and t<s+k we have

N-1 ,
“4.1) ]g (I T(@) PP Hs+e20py+ | T (@) | 7o~ 1+5"2ap0)+ | Pl 5+ com>
S Cr.o.|T(@) s op+ 1Pl on) e CHK)

with a constant Cg, s, >0.

PROOF OF PROPOSITION 4.1.

1° Let x; be a point of M={x'€dD; u(x’)=0 and s(x")=0}. Then the
assumption (A) implies that one can find a neighborhood U(x{) of x; such that
for sufficiently small p>0 we have Bx(x’, p)CBro(x’, 2Cp*), x'< U(x}).

In view of the form of the boundary condition L, we see that we are in
just the same situation on K as in [15, Proposition 10.2.4], provided the estimate

N=-1 aakm

N-1
4.2) le( o2, oy, DaDnd

< Ck (I T(a))l Fecopy+ | Pl Trasony) » P CHUK)

for some constant Cx >0, where s=0. This estimate follows as in the
proof of [15, Proposition 10.2.3], if we note that non-local terms pll(a), s&,
and A&, are pseudodifferential operators of order 1, 1 and 8 respectively whose
real parts of principal symbols are all nonpositive, and use Garding inequality.
And so follows with x(K)=e.

2° Secondly we prove [Proposition 4.1 in case that x{&M by using the fol-
lowing result due to Hérmander.

N-1 2
la”Dz‘(/’ -+

HS(D)

enscom)
i= HS=1(3D)
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THEOREM 4.2 (Hormander [8, Theorem 22.3.4]). Assume that P is a pro-
perly supported, polyhomogeneous (cf. [8, Definition 18.1.57) pseudodifferential
operator in XCRY™ of order m, and that the principal symbol pn is nonnegative
in a conic meighborhood of (x,, E)ETH*(X)—{0} but vanishes at (x,, &). Let Q
be the Hessian of pm/2 at (x., &), and assume that the subprincipal symbol DS,
satisfies pim-1(%o, E)+Tr Q& {t<R; t<0}.

Then ucD(X), PucsH?® at (x,, &) implies usH*™! at (x,, &). Here Tr*
stands for the trace with respect to positive eigenvalues.

Let us apply this theorem to P=—T(a). It is seen that the principal symbol
po(x’, §N=2055a'(x")E:&; satisfies po(x’, §)=0 on T*@D)—{0}.
On the other hand, the subprincipal symbol p$(x’, &) on 2 is equal to

— i)', 8+ s(xCIE
N -1 -1 gt
~V (g, €04 D BOE (/D) 3 G0k

Here we observe that the condition of is satisfied, since
—p(x")pi(x’, §)4s(x")CIE'| =0 on T*@D)—{0}. Furthermore, if x;&M we can
find a neighborhood U(xg) of xg such that p(x")+s(x’)>0 on U(x{), and hence

Repi(x’, &) >0 in Ux)XRY-1—{0}).
Therefore applying [Theorem 4.2 to —T(a), we obtain that for every com-
pact KCU(x})
4.3) g1 % s+1m = CUT ()P rsomy+ Pl Etom) ,

¢ CT(K) holds (t<s+1).

Consequently, in case p(x{)+s(xs)>0, the estimate [4.1)] with £#(K)=1 follows
from and in the same way as in case g(x{)=s(x¢)=0. This completes
the proof of [Proposition 4.1l

The argument to lead [Proposition 2.1 from the estimate is the same
as in [15, Section 2-3)] and so we omit the proof. This completes the proof
of [Proposition 2.1,

§5. Concluding remarks.

In Section 1 we confined ourselves to the case when the fractional order
of the last term of L to the rational numbers in (0, 1), so as that the sum of
their symbols are of polyhomogeneous type. The reason is that when it is
irrational we do not know whether the conclusion of applied to
—T(a) holds or not.

The arguments above can be applied if we replace the boundary condition
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L with W=P+sT,+1Ts, where P is a second order differential operator, T,
and T are polyhomogeneous pseudodifferential operators of order 1, 8 (f<1)

respectively.
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