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§90. Introduction.

It is known that compact surfaces which admit Anosov diffeomorphisms
are tori, and that such diffeomorphisms on tori are topologically conjugate to
toral automorphisms (see J. Franks [3]). The purpose of this paper is to prove
in topological setting the following

THEOREM. Let M? be a compact surface and f: M*—M? be a homeomorphism.
If f is expansive and has POTP, then f is topologically conjugate to a hyperbolic
toral automorphism.

REMARK. Let M2 be as in [Theoreml It is known (see T. O’Brien and W.
Reddy [9]) that if M? is orientable and has positive genus, then M? admits an
expansive homeomorphism. Thus the assumption of POTP in our theorem can
not drop.

Let (X, d) be a compact metric space and f: X—X be a homeomorphism
(every homeomorphism means bijective). We say that f is expansive if there is
¢>0 such that when x#y, d(fYx), f(y))>c for some icZ (c is called an
expansive constant for f). A sequence {x;}icz in X is a 0-pseudo-orbit of f if
d(f(x1), x441)<0 for all 7€ Z. A point x in X is said to e-trace {xi}icz if
d(fi(x), x;)<e for all i€Z. We say that f has POTP if for every >0 there
is 6>0 such that every J-pseudo-orbit of f is e-traced by some point in X. We
remark that expansiveness and POTP are independent of the compatible metrics
used, and preserved under topological conjugacy. For materials on topological
dynamics on closed manifolds, the reader may refer to A. Morimoto [8].

For x= X, define the stable and unstable sets W*(x) and W¥(x) as

Wex) = {yeX: d(f*(x), fM(3)—0 as n—oo},

WHx) = {yeX: d(f*(x), /*(3)—0 as n——oco}
and put
FUX, f)={Wox): x€X} (c6=s, u).
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Then g°(X, f) is a decomposition of X. For >0, let W¥x) and W¥(x) be the
local stable and unstable sets defined by

Wix)={yeX: d(f*(x), f(y)=e, n=0},
Wix) = {yeX: d(f"(x), f*(y)=<e, n=<0}.

R. Mafié proved in that if f: X—X is expansive (with expansive constant
¢), then for every >0 there is N>0 such that

PWix) CWH(f™(x)) and [*W¥(x) C W/ ™(x))
for all n=N and all xX. From this result we can easily see that
Wex) =\J FWM), Wix) =\ fW ()

for all xX and all ¢ with 0<e=c.

Throughout this paper, the term surfaces will be applied only to connected
2-manifolds without boundary. For materials on foliations on surfaces, the
reader may refer to G. Reeb and G. Hector and U. Hirsch [5].

The conclusion of our theorem will be obtained in proving the following
two propositions.

PROPOSITION 1. Uuder the notations and the assumptions in Theorem, the
families F°(M?, f) (6=s, u) have the following properties;

(1) FM? f)is a C° foliation on M?,

(2) every leaf W (x)eF°(M?, f) is homeomorphic to R,

(3) F(M?3, f) is transverse to F*(M?, f).

If holds, then from Poincaré-Kneser’s and Kneser’s
together with [Proposition 1, we can easily prove the following

COROLLARY. If M? is not a 2-torus, then M? does not admit expansive
homeomorphisms with POTP.

PROPOSITION 2. Under the notations and the assumptions in Theorem, if M*
1S a 2-torus, then f is topologically conjugate to a hyperbolic toral automorphism.

§1. Proof of Proposition 1.

Let (X, d) be a compact metric space and f: X—X be a homeomorphism.
Hereafter we assume that f is expansive (with expansive constant ¢) and
has POTP. The following results (1), (II) and (Il) are proved in [6].

(I) Fix ¢>0 and put g,=c/4. Then there is §,>0 such that if d(x, y)<d,,
then Wi (x)NW¥(y) is a single point. We denote the point by [x, y].
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(II) Let 6,>0 be as above and put
4(00) = {(x, y)e XX X: d(x, ¥)<d,}.

Then [, -]:4(6,)—X is a continuous map and

[x, x1==x, [[x, 3] 2z]1=1[x,2], [x [y z]]1=1[x, z]

whenever the two sides of these relations are defined.
(o) For every ¢ with 0<d<d,/2, we define

Wis(x) = {yeWi(x): dx, y)<d} (o=s, u),
Nz s =[W¥ s(x), Wi, s(x)].

Then there are 0<d,<d,/2 and p,>0 such that for every x€X

(@) N5, is open in X and diam(N,,;,)<d,,
() [e 1 W s, (x)XWE, 5,(x)—N; 5, is a homeomorphism,
(¢) Nz 5,DB,(x) where B, (x) denotes the closed ball of x with radius p,.

Let ¢, and 0, be as above. We denote by D¢ the connected component of
x in W¢,;,(x) for ¢=s, u, and put

Ny =[Dz, D:].

ProPOSITION 1.1 (Local product structure). If (X, d) is a compact connected
locally connected metric space and f: X—X is expansive and has POTP, then for
every xeX

(a) N is connected and open in X and diam(N,.)<d,,
(b) [+, :1:DtXDi—N, is a homeomorphism,

(c) there is 0<p<eo such that N, DB,(x) for all x€X,
(d) DI2{x} for o=s, u.

ProoOF. Let d,>0 be as above. Obviously D¢xD?$ is the connected com-
ponent of (x, x) in W¥ 5 (x)XW}{ ;5(x). By (Il)(b) we have that N, is the
connected component of x in N ;. Since X is locally connected and N, is
open in X ((I)(a)), N, is open in X and therefore (a) holds. (b) is obtained by
(I)(b). Let po,>0 be as in (II). Then there is a finite open cover {U;: 1<7/<k}
of X such that diam(U;)<p, (1<i<k) and each U; is connected. Let p (<ég)
be a Lebesgue number of {U;:1<7<k}. Then for x= X there is U; such that
By(x)CU;. Since U;CB,(x), we have U;CN,; (by (l)(c)) and so U;CN,
since U, is connected. Therefore B,(x)CN,.

It remains to prove (d). Let X*={xeX:D!={x}} and take x=X?® Since
N.=[D%, D;], we have N,=D3CW¢(x) and so N,CW¥ (y) for yeN,. Since
f is expansive and e,=c/4, we have
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¥y € DyNN, CWE(INWE () = {3}

and so Dj={y}. This implies that ye X* for yeN,, i.e., N,CX*. Therefore
X* is open by (a). (c) ensures that X* is closed. If X*+# @, then X*=X since
X is connected. In this case we can choose a finite set {x;: 1</</} in X
such that :

Since D%, CW¥(x;), using the result of Mafié stated in Introduction we can
find N>0 such that f-¥(X)&X. But this is impossible since f is surjective.
Therefore X*=¢. In the same way, we have that D¢2{x} for all xeX.

Let X and Y be non-trivial topological spaces and XXY be the product
space with product topology.

LEMMA 1.2. Under the above notations, if XXY 1is a connected 2-manifold,
then X and Y are l-manifolds.

ProOF. Since XXY is a manifold, X and Y are Hausdorff spaces and
satisfy the second axiom of countability. To obtain the conclusion, it is enough
to prove that X and Y are locally homeomorphic to either the line or the half
line. We shall show this for X. Then the conclusion for Y is obtained in the
same way.

For simplicity we denote by I, I° and I' the intervals [0, 1], (0, 1) and
[0, 1) respectively. If x#y (x, yeX), then there is a continuous map a:I—X
corresponding to a path of x to y since XXY is connected. It is clear that
a(l) is a Peano space. Hence a(l) is arcwise connected ([4]). So we can find
an arc of x to y in a(l). Since x and y are arbitrary in X, X must be
arcwise connected.

Let Ay (resp. Ay) be defined as the set of all injective continuous maps
from I to X (resp. Y). For ac Ay, a:[°->a(l’ is a homeomorphism since «a
is injective. We shall show that a(/°) is open in X. To do this, take and fix
BeAy. If (U, ¢) denotes a chart of XXV, then the map ¢-(aXp)

X
I°><I°/\(a></3)‘1(U)a i U ? R?

is injective and continuous. By Brouwer’s the image of @e(axp) is
open in R?. This shows that (aXB)(I°XI° is open in XXY since (U, ¢) is
arbitrary, and so a(/°) is open in X.

Put VX:UaeAXa(I"). If Vy=X then we have that X is a l-manifold
without boundary. For the case when Vy#X, we prove that X is homeo-
morphic to I or I
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Take and fix x X\V x and define
Y={a€Ax: al0)=x}.

Then we claim that there is the implication between a;(I) and a,(I) for
a,, a,€Ax. Indeed, assume that a,(J)Z a,(I). Then we have that a,(I)Ca;(I).
For, let J=a,(I)\a,(I). Since a;(0)=a,(0)=x, JSa;(I) and so ar*(J)SI. Since
J# @, there is a boundary point b of a;*(J). Since J is open in e (I), ar*(J)
is open in I. Hence b&a7'(J) and so a,(b)¢J. This implies that a,(b)Ea,l).
But a,(I°) is open in X. Since b is a boundary point of a;(J), we have that
a,;(b)=a,(0) or a;(b)=a,(1). If a,(b)=a,0), then we must have b=0 (since
a;, a,€A%). In this case there is c=(0, 1] such that a,([0, c])Nay([0, 1D={x}.
This shows that there is in X an arc of a;(c) to a,(1) through the point x.
By the definition we have x&Vy, thus contradicting x&Vy. Therefore
a,(b)=a,(1). Since b is arbitrary in the boundary set of a;’(J), the boundary
set of ar}(J) is a single point. Therefore a7!(J) is an open interval in I and
a7i(/)=1, from which we see that a7*(/)=(b, 1] and hence a,([0, b])C a,([0, 1]).
Since a;(0)=a,(0) and a;(b)=a,(1), obviously a,([0, b1)=a,([0, 1]) and therefore
a,()Ca,(I). We proved that {a(l): a=A%} is a totally ordered set under
inclusion.
On the other hand, since X is arcwise connected, we have
X= U ad).
aEA'X

These two facts show that X is homeomorphic to either I or I*. The proof
is completed.

Assume that f: M*—M? is expansive and has POTP.

LEMMA 1.3. Under the above assumptions, for every x=M?, DZ is homeo-
morphic to R (c=s, u).

ProOOF. Let p be as in Proposition 1.1] (c). First we prove that for every
x s M?

1.1 Wix)C D (o=s, u).

We give the proof for ¢=s and then the case when o¢=wu is easily obtained in
the quite same way. Since Wi(x)CB,(x) and B,(x)CN, by [Proposition 1.1 (c),
we have that yeN, when yeWj(x). Since N,=[D% Dj] by the definition,
clearly y=[u, v] for some uc D% and veD$. Hence [x, y1=[x, [u, v]]=[x, v]
by (II). Since p<e, (see [Proposition 1.1), we have Wi(x)CW;(x) and hence
yeWi(x). By the definition of [-, -], y=[x, yleWi(x)NWE(y). Since
ve D{CW; (x), we have also [x, v]=v. From the above calculation we have
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y_—_veD;.

Combining [Proposition 1.1] (a), (b) and Lemma 1.2, we see that each D} is
a connected 1-manifold without boundary. Hence D} is homeomorphic to R
or S

To obtain the conclusion of the lemma, assume that D$ is homeomorphic
to S*. Since DiCW? (x), by using Maiié’s result we have that f¥(D3)CWi(f¥(x))
for some N>0. Hence f¥(DE)CDjn¢, by [1.I). Since every l-manifold has
no circles as proper subsets, we must have f¥(Df)=Djn¢, and so Djin¢s,
CWf¥(x)CTB,(f¥(x)). Since p is chosen small enough, we can choose ©>0
such that B,(f"(x)) is homeomorphic to the unit disk. For simplicity we
identify B,(f¥(x)) with the unit disk, and define

F: D;N(x)X[:O, 1] — D;N(:c)

by putting F(z, t)=[f%(x), tz]. Then F is a homotopy between a constant
map and the identity map. Hence Djfwn(, is contractible. But this is a con-
tradiction since Djw¢zy=f¥(D?) is homeomorphic to S*. Therefore each D} is
homeomorphic to R.

PROOF OF PROPOSITION 1. We first show that each W?(x) is connected
for 6=s, u. Using Mafié’s result, we have

(1.2) Wex) = \J f W), W) =) fWE ()
and N>0 such that
(1.3) fADHCTWYfY(x), B V(DY) T WE SN (x)).

Put g=f? and define
sn(x) = g™ Dinpy)l[and  un(x) = g*(D¥-ncx) (n=0).

By and [1.3)] we have

Sa(x) C g7 TWHE™ (X)) C Snea(x),

un(x) C g"“W};‘(g"”"l(x)) C Uns1(%).
So W (x)=\Unz00a(x) (¢=s, u) by (1.2). Using we have that each
o.(x) is homeomorphic to R for ¢=s, u. These facts ensure that for every
xEM?® there is an injective continuous map jZ:R—M? (¢=s, u) such that
73R)=W?(x) and for every n=0, j2:(—n—1, n+1)—0a,(x) is a homeomorphism.
Therefore each W?(x) is connected.

For o=s, u, denote by hZ a homeomorphism of R onto DZ and define a
continuous map ¢, : R*->N, by

¢z =1L+, -1(hEXh3).
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We see by [Proposition 1.1] (b) that ¢, is a homeomorphism. By (I), ¢3! is of
the form

(1.4) 0z (w) = (AH X (hH N [w, x], [x, w]).

Remark that x=N, and by [Proposition 1.1] (a) each N, is open in M2, Hence we
see that {(N,, ¢z")}zenz i an atlas of M2
We first claim that Nz;=\U.epz D2,. where D} ,=N,N\W{(z) for z€D3.
Indeed, for weN,, we have w=[z, v] for some zeD* and veD}. Since
w=[z, vleW; ()NW¥(v), we have we N,N\W (z)=D} , and so N.C\U.ept Dz,
Put D% ,=N,NW¥(z) for zeD§. Then we have N;=.eps D%,. as above.
We next claim that [D?,, x]={z} and [x, D$,]=D$. Indeed, since we
have

[D:. x1= \U WiwNWi(x) (by the definition of [-, -1)

wEDs_z.‘z
C Wi (NWE(x) (since Wi (x)CWi.(2))
= {z} (since 2¢,<¢),

the first assertion holds. If weD}$ ,, then [x, w]leN, and so [x, wl=[u, v]
for some u D% and veD. (II) ensures that

[x, wl="[x, [x, wll=1[x, [u,v]] =[x, v] =0,

so that [x, w]eD$. Consequently [x, D, JCDS. If weD§, then [z, w]EeN,
and [z, w]eW:(2). Hence [z, wleD}, Since [x, [z, wl]l=[x, wl=w, we
have [x, D$ ,1DD§. Therefore the second assertion holds.

Combining the above claims and [1.4), we have

(1.5) ¢z(D2,2) = (W) ' X (h)™)D3,., x1, [x, D3, 1)
= ((h1)7*X(h)™)({z} X D3)
= {(hD) ()} XR.

This implies that ¢;' sends D3 , onto a vertical line {a} XR for some acR.
We can easily show by the above way that ¢z' sends D%, onto a horizontal
line RX {b} for some b= R.

From now on, we prove that F°(M?2, f) is a C° foliation on M? for ¢=s, u.
Remark that {(N,, ¢3")}yexu= is an atlas of M* and ¢3'(D§ .)={a} X R for some
a€R (and also ¢3'(D},,)=RXx{b} for some b&R). To obtain that FI(M? f)
is a C° foliation on M?, it is enough to show that each connected component
of W?(x)N\N, is of the form Dg ,.

Let weW(x)N\N,. Since Ny=\U.ept D;,., we have weDj, for some
zeDy. Since Dy ,CWi (2), there is n(z)>0 such that g"®(D} )CTW3,(g"®(w)).
On the other hand, since weW?*(x), by the definition of W3(x) we have
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g (w)eWs (g™ (x)) for some n(z). Therefore
gr®(Dy,,) CWEE"®(x)) C Din o

and so D} ,Csacy(x). Since Saey(x)CWH(x), we have weD] ,.CW(x). We
showed that there are the index set A and a subset {z;:A€ 4} of D% such that

W (x)N\N, = ILEJAD;,ZZ (disjoint union).

We claim that 4 is at most countable. Indeed, since D} .;CSnep(x) and both
Dj..; and sa,(x) are homeomorphic to R, D ., is open in S$aq,(x).  Since
J#:(—n(z))—1, n(2))+1)—=Snu(x) is a homeomorphism, (53)*(Dj,.,) is open in
R. Since {(j;)‘l(D;,zx):ZeA} is mutually disjoint, we have that A4 is at most
countable.

Therefore each Dj ., is a connected component of W*(x)N\N,, from which
we see that F3(M?, f) is a C° foliation on M2 It follows from the quite same
technique that F%(M?, f) is a C° foliation on M?2.

Obviously the topology of W9(x) induced by jZ coincides with the leaf
topology. Therefore each Wo(x)eF(M?, f) is homeomorphic to R. As saw
above ¢3' sends Dj , onto a vertical line {a}XR and D%, onto a horizontal
line Rx{b}. Therefore *(M?, f) is transverse to F*(M?, f). The proof is
completed.

§2. Proof of Proposition 2.

Before starting the proof we shall investigate some properties of C° foli-
ations on R:Z

LEmMA 2.1 (G. Hector and U. Hirsch [5]). If ¢ is a C° foliation on R*
then the following hold;

(@) every leaf of F is homeomorphic to R,

(b) & is orientable,

(¢) if % is a C° foliation on R?® transverse to F then for every L%, L
intersects all leaves of F% in at most one point,

(@ if L is aleaf of F then R*\L is decomposed into two connected components.

Hereafter we denote by P: R*—-T* (=R?/Z*) the natural projection. The
following plays important roles in the proof of

LEMMA 2.2. Let F and F? be transverse C° foliations on T®. Denote by &
and F?% the lifts of & and F* by P respectively. Assume that every leaf which
is in § and F? is homeomorphic to R. Then every leaf of F intersects all
leaves of % in exactly onme point.
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PROOF. We orient & and F? according to (b) and denote by
s(x) (resp. u(x)) the leaf of % (resp. Z) through xR2. Let y,, y,€a(x) for
o=s, u. We write y,<,y, if either y,=y, or the arc in ¢(x) from y, to ¥,
has the same orientation as that of o(x). If y,<,y, and y,#7v, we write
¥1<,Y:.. For the case when y,<,»., the subsets of ¢(x) are defined as follows.

[y, Yelo = {yE€0(x): 3:15,9=,3:},
(Y1, Yoo = {3€0(x): 3:1Z,9<0Y:},
[V, +0) ={y€0(x): y:1=5,9}.

Such subsets are called here intervals under the relation <,.
We define
4= {(x, ER*XR*: s(x)Nu(y)+D}.

By (¢) we have that s(x)Nu(y) is a single point for (x, y)€4, and
denote the point by a(x, y). Since F? is transverse to &, we have that
a:4—R* is a continuous map. The following is obtained easily; Let x, yc R2.
If I is an interval of s(x) such that {y}XIC4, then we have

(1) a(y, +):I-s(y) is injective and preserves the relation <,,

(2) a({y}xI) is an interval of s(y).

If I is an interval of u(x) and satisfies I X {y}C4, then we have

3) a(-, ¥):I-u(y) is injective and preserves the relation <,,
(4) a(IX{y}) is an interval of u(y).

If 4=R?xR? holds, then the conclusion of the lemma is obtained. Thus
we prove that /=R?*XR% To do this, put
X,={xeR?: sNnux)=@} (s€F?.

If we establish that X,=R? for all s&€J?, then we have 4=R*X R?. Therefore
we assume X;S R? and prepare some claims to derive a contradiction.

CoamM L. Let I,=X,Ns(x) for x&€X,. Then I, is an open interval of s(x).
ProOOF. By transversality condition we have that
2.1 X, is open in R2.

Hence I, is open in s(x). If bes(x) is a boundary point of I, then b¢& I, and
so b X,. This implies that sNu(b)=@. We remark that R®\u(b) is decom-
posed into two connected components U; and U, by (d). Since
sNub)=@, we can assume that sCU,. Then I,CU, since sNu(y)+@ if
yel,CX, Since I,Cs(x)=s(b), we have I,CU,Ns() where U,Nsd) is a
connected component of s(x)\{b} (=s(b)\{b}). Since b is arbitrary, I, is an
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interval of s(x).
Claim I implies that I, is of the form
Ix = (a(x): b(x))s-

Since X, R* by the assumption, there is a boundary point b of X;. But b X,
by (2.1). By transversality condition we have (x,, b)€4 when x,€ X, is near b.
By the definition of a, a(x,, b)%stsince b&X,. And we have I, Ss(xo).
Hence we can assume that b(x,)Es(x,).

Now put {x.}=sNu(x,). Then I,,=s since s(x;)=s and so Xo# x,. Hence
we have either x,<,x, or x,<ux,. We deal with the case x,<,x, since the
case x,<yx, is done in the same way. Since u(x,)CX,, if

J={x€u(x,): b(x)=+c0},

then x,&/J and x,=/. We see by transversality condition that u(x,)\J is open
in u(x,), and so J is closed in u(x,). Hence there is x;E(x,, x2].J such that
b(x)es(x) for every x€[xo, X1)u.

CLaM II. [, x1JuX[x0, b(xe)1sN\(x1, b(xo))C 4.

PRrROOF. By the definition of 4 we have that {x,}X[x, b(x,)1,C4 and
[xo, x1]uX {xo}C 4. First we check that (xo, x1)uX (%0, b(x0));C 4. Let xE(xo, x1)u
and ye&(xo, b(x,))s. We remark that R2Z\s(x) is decomposed into two con-
nected components by (d). Then one of the components contains
s(x,) and the other one contains s(x,)=s since x,<,x<yx.. Since yel, CX,,
we have u(y)Ns# @ and since yes(x,), s(x)N\u(y)#*@. Hence (x, y)ed4. The
inclusion {x;} X(xo, b(x,));C4 is obtained in the same way.

It remains to check that [x, x1)u X {b(x0)}C4. If xE[xo, x1)u then b(x)<s(x).
By transversality condition b(x")< u(b(x)) when x'€[ x4, X1)» IS near enough to
x in u(x,). This shows that b(x)eu(b(x,)) for all xE[xo, %1)u.

If xe[xo, x0u, then alx, x,)=x and a(x, b(x,)=>b(x) (since b(x)eEu(b(x,))
as saw above). By Claim II we have

2.2) a({x}X[xo, b(x0)]s) =[x, b(x)]s (xE[x0, X1u).
If y=[x,, b(xo)),, obviously a(x,, ¥)=y. By Claim II we have
2.3) a(lxo, x:JuX{3}) =L, c(3)]u (yEL[x0, b(x0))s)

where c¢(y)=a(x;, ¥). Since a(x,, xo)'——-xl, by Claim II there is des(x,) or
d=+0c0 such that

2.4) a({x1} X[xo, b(x0))s) = [x1, d)s.
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Cram IIl.  d is plus infinite (d=-+o0).

Proor. If des(x,), then [x;, d],CX; since x,=J. Hence X, is a neigh-
borhood of [x,, d]; in R? by (2.1). If x<[x,, x,), is near enough to x; in
u(x,), then we have [x, b(x)],C X, by (2.2), (2.4) and transversality condition.
This contradicts b(x)ée X,.

Let G denote the group of all covering transformations for P: R*—T?2 It
is clear that 8(F)=7 and B(F¥)=3? for B=GC.

CLamM IV. If Be€G is not the identity, then B(o(x)Na(x)=@ for a=s, u.

Proor. If B(s(x))Ns(x)# @, then B(s(x))=s(x). In this case B is a cover-
ing transformation for P:s(x)—P(s(x))e%. By the assumption of
P(s(x)) is homeomorphic to R, from which we see that 8 is the identity. We
obtain the conclusion in the same way for ¢=u.

Let G° denote the set of B=G which preserves the orientations of & and
%, 1t follows then that G° is a subgroup of G with finite index. Hence we
have the orbit space R?/G°® which is a finite cover of T? (=R?*/G). We denote
by F° (resp. F°?) the foliation on R?/G° induced by lifting & (resp. $%). By
the assumption of we have that all leaves of F° and F°? are
homeomorphic to R. Let Q : R*-R?/G° denote the natural projection. Obviously
the lift of F° (resp. °?) by Q coincides with & (resp. F?).

Now we give the proof of under the above preparations. Since
R?/G° is compact and every leaf of F°* are homeomorphic to R, by recurrent
property of leaf we can choose {n;}3C[x;, +), and a compact interval I of
u(n,) such that n;—+o0 (7—o0) and Q(n;)e@Q() for all ;. Combining (2.4) and
Claim III, there is {m;}7=eC[xo, b(x,))s such that a(x;, m;)=n; for all 7. Since
a(x,, my)=c(m;), by (2.3) we have

(2.5) a([xo, x1JuX{mi}) = [my, niu.

From the facts that n;—+o (7—oo) and {m;}7, is bounded in R?, it
follows that

(2.6) diam([m;, n;]y) —> 00 as 1—oo

where the diameter is taken under Euclidean metric. Hence we can assume
that x,=m,, x;=n, and I=[x,, r], for some rcu(x,). Since Q(n,)sQU)=
Q([xo, 7]u), there is {B;}3.CG° such that Bi(ni;)s[x,, r]s for all 7. Then
Bi([ms, nilu)Cu(x,) since By(F)=%. Since P; preserves the orientation of Z,
we have

2.7) ,Bi([mi; Nilu) = [,Bi(mi): ‘Bl(nl)]u
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Since f; is isometry under Euclidean metric, by (2.6) we have
diam(B:([ms, n:]u)) —> c0  as i—co.

Since Bi(ni) =[x, 1y, this fact ensures the existence of 7, such that

(2.8) xo € Bi([miy, nigJu).

Since 7, is taken sufficiently large, we see that B;, is not the identity.
Remark that B (ni)€u(xe)=u(xy). If x:=uB:(n:), then [x,, x:].C
Bi,([m4y, niyly) by (2.7) and (2.8). In this case, we have

[x0, 211w C Bigea([xo, x1JuX {my})
by (2.5) and hence
Bigeals, myg): [x0, x11u —> u(xo)

has a fixed point p. This implies that B; (s(p))=s(p) which contradicts Claim
IV (since B, is not the identity). Therefore B (n:)<.x, and so by (2.7)
and (2.8)

(2.9 Bi(niy) € [x0, X1u-
Since Bil(x0) €My, niJu by (2.8), we see by (2.5) that there is x €[ x,, x,],
such that B7l(xo)=a(x, m;). Using (2.2), we have
(2.10) @ (x0) € [x, b(x)]s.
Since B, preserves the orientation of F?, we have %0=sB4,(b(x)). Remark that

Bb(xa)es(x). If b(x)<,B7l(b(xs), then B (b(x))E[x,, b(xe)]s. From (2.2),
(2.3) and (2.9) we have

[Bio(niy), b(Biy(nig) I Biy(b(x)), (Biyf(b(x)N]u # D
and hence
[fy +o0)sNu(b(x) + @
which contradicts b(x)&X, since [n;, +o0),Cs. Therefore B7)(b(x,)<;b(x),
and so B[ %o, b(x0)1)C[x, b(x)]s by [2.10). Hence we have

Lxo, b(x0)]s C Bigea({x} X[xo, b(x0)]s)
by (2.2) and so
Bigea(x, +): [x0, b(x0)]s —> s(x0)

has a fixed point ¢. This implies that f;(u(g))=u(g), which contradicts Claim
IV (since By, is not the identity). We arrived at a contradiction.

Hereafter f:T?—T* is a homeomorphism with expansiveness and POTP.
Define G5(T%, f) and F*(T'?, f) as in Introduction. We see that F%(T%, f) and
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FYT?, f) satisfy all the assertions of [Proposition 1. As before, let P: R*>T*
denote the natural projection and F?(T%, f) (¢=s, u) denote the lift of (T3, f)
by P. If W9(x) is the leaf of F°(T?, f) through x&R?, then W*(x)N\W*(y) is
a single point by and so we denote it by a(x, y). Then a:R*XR?
—R? is a continuous map since F¥(T'%, f) is transverse to F*(T'?, f). Obviously

&y = alW“cme‘w) : W0)x W) — R?
is bijective.
Let A: T®—T? be the group automorphism such that
fx = Ax: H(T?; R) — H,(T?*; R).
Obviously A is homotopic to f (since T* is K(Z? 1)).
LEMMA 2.3. A is hyperbolic.

Proor. Since f has POTP, the set of periodic points, Per(f), is non-empty
(see [1]). We may assume that the identity is a periodic point of f. Then
there is the lift 3: R>—R? of f™ such that §(0)=0. Since f(F°(T?, f)=9°(T? f)
for o=s, u, we have G(F’(T? f)=F°(T? f). Let a, be as above. Then
Zeao(x, y)=a(g(x), (») and hence Per(3)={0}. Denote by B:R>-R*® the
linear map which covers A". Obviously B|ze=3|z since A* is homotopic to
f*, and hence Per(B)={0}. This shows that no eigenvalues of B are roots of
1. Since B is an integer matrix with determinant 1, it is easily checked that
B is hyperbolic, and therefore so is A.

LEMMA 2.4. f:T*—>T? has fixed points.

PROOF. Denote by 4, and A, the eigenvalues of the linear map A4: Hi(T?; R)
—H,(T?*; R). Since fyx=Ax, we have that the Lefschetz number of f is

L(f) =1—2)1—2).

Since A is hyperbolic by Lemma 2.3, it follows that L(f)+0, and therefore the
conclusion is obtained by the fixed point theorem.

PROOF OF PROPOSITION 2. Let x,&7T? be a fixed point of f (see
2.4). Combining and Proposition 2.1 of [3], we see that there is a
continuous map A :T*—T?* such that 2 is homotopic to the identity id, A(x,)=
P() and A<h=h-f. Therefore it is enough to prove that h:T*->T? is
bijective. To do this, we take the lifts by P, f, A and %, such that Ach=h-f
holds.

Let 95 and 9% denote the stable and unstable foliations of A and &J
(6=s, u) denote the lifts of ¥ by P. Then we remark that &J is the family
of translations of the eigen space since A is hyperbolic. Since Ach=h-f, it is
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clear that h(F°(T?, f))=9%4, and hence h(F°(T? f)=F%. If L°(x) denotes the
leaf of ¥4 through x=R? then we have

(2.11) R(Wo(x)) = L°(h(x)) (o=s, u).

Since h is homotopic to id, there is K>0 such that for every x<R?

(2.12) 12(x)—xll < K

where |-| denotes Euclidean norm. For ¢>0, let N, (L’(x)) be the e-neighbor-
hood of L°(x) in R® By [2.11) and [2.12) we/have

(2.13) W (x) C Nox(L°(x)) (o=s, u).

We define
12, =R (x)NW(y) (yeh(x).

It is checked that e(I% ,XI$ ,)=h *(x) where a is as above. By [2.11) we have
that for u, veh (x)

{hea(u, v)} = AW (W)NW*©))
c Li(h(uw)NL4AW))
= {x},

from which a(u, v)€h~Y(x), and so a(l% ,XI$ ,)=h"'(x).

Since W9(x) is homeomorphic to R, we can take the minimal connected
subset [2 , of W?(y) such that Ig,Clg,. Since diam(h '(x))<2K by [2.12),
we have

(2.14) I5,C a(y, Bu(y) and 1%, C a(B:k(y), 3)

where Byx(y)={z=R?*:|y—z||<2K}. It is clear that there is N>0 such that
if |y—z||<6K then

(2.15) L3N L*(z) C By(y)N\Bx(2).
Hence we have by that
ay, BuxO) = U W(NW*z)

2€Bg g (V)

C U Nex(L*(9N)NNexk(L*(2)) (by [2.13))
2€By g (¥)

C By+ax(y) (by [2.15))

and also a(Byx(y), )T Bw+ax(¥). Therefore I2 ,CByiix(y) by [2.14)
On the other hand, we have feh '(x)=h'<A(x) since A-h=h-f, and
hence
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J?n(Ig‘y) = IE"(z),f”’(y) (0'——‘3, u) .

By using the above facts we show that each IZ , is a single point. If this is
checked for o=u, then the case ¢=s is done in the same way. So we assume
that [ % , is not a single point. Then P % ,) is an interval of W*(P(y)). Hence
for £>0 there are ¢>0 and y;eP(I%,) (i=1,2, -, k) such that P(J% )D

~ 7y

k1 W¥(y;) (disjoint union). Mafié’s result ensures the existence of n=0 such
that f"eP(J% ,)D\ Ui We(z:) (disjoint union) where z;=f"(y;). Putting z;=
Plpucsneyy~'(2:), we have that z",-efznu)_,-n(y) for all 7. Denote by Nii the lift
of N,, by P such that Z,&N;. Then we have N;;,N\N;;=@ (i+#). Hence
B,(z:)NB,(z;)=@ (i+j) by Proposition 1.5 (c). Since I_Enm,f—n<y>CBN+4K(f"(y)),
we have B (Z;)C Byisxs o f™(v)) for all 7. This is impossible since % is arbitrary.
Therefore each % , is a single point.
Since A~ (x)Ca(l% ,xI% ,), h~Y(x) is a single point and hence £ is injective.
Since # is surjective by [2.12), we have that % is bijective and therefore & is
bijective.
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