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Introduction.

In this paper we introduce a new class of homogeneous Siegel domains,
called Siegel domains of finite type. Let D=D(V, F)cC¥ be a Siegel domain
associated with a convex cone V and a V-hermitian form F. Let G, (resp. G,)
be the identity component of the holomorphic (resp. affine) automorphism group
of D. It is known (Nakajima [7]) that D is G,-equivariantly and holomorphically
imbedded, together with the ambient space C¥, into a complex coset space M
of the complexification of G,. D is said to be of finite type, if there are only
finitely many G,-orbits in M. This concept is realization-free and is determined
only by the holomorphic equivalence class of D. Let H be the identity com-
ponent of the linear automorphism group of D. Then there exists a natural
homomorphism p of H into the linear automorphism group of the cone V. The
cone V is called of p(H)-finite type, if there exists only a finite number of p(H)-
orbits in the ambient vector space in which V is imbedded as an open cone.

The first aim of this paper is to show that, if M has at most countably
many G,-orbits, then D is of finite type, and in this case each Gj-orbit is a
semi-analytic set in M (Theorem 3.8). It follows that, if D is of finite type,
then it is necessarily homogeneous (Proposition 3.11). As a consequence, if D
is not homogeneous, then M has non-countably many G,-orbits (Corollary 3.12).
The main purpose of this paper is to prove the equivalence between finite type
for D and p(H)-finite type for V (cf. [Theorem 315). Thus D being of finite
type or not is reduced to the problem on orbits under a group of linear trans-
formations. We also show that every connected component of the intersection
of a G,-orbit with C¥ is a Gg.-orbit and conversely every G,-orbit is obtained
in this manner (Theorem 3.3). This yields a qualitative proof of a result of
Kaup-Matsushima-Ochiai [5] which states that, if D is homogeneous, then it is
affinely homogeneous (Corollary 3.5). Finally we remark that the class of Siegel
domains of finite type properly contains the class of quasi-symmetric Siegel

domains (Corollary 3.14) and Example 3.17). In this paper we make use of some
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basic properties on semi-analytic sets and semi-algebraic sets (cf. Lojasiewicz

[6], [14]). The complexification of a real vector space X will be denoted by
X¢ throughout this paper.

The author is grateful to H. Omori for helpful conversations.

§1. Basic facts on Siegel domains.

In this section we give a brief summary of basic facts on Siegel domains
which are needed for later considerations (cf. [5], [12], [8], [7], [3]). Let V
be an open convex cone in a real vector space R with vertex at the origin
which contains no affine lines. We will call such a cone V simply a convex
cone in R. Let W be a complex vector space and F be a V-hermitian form on
W. Let us define a map @ of the complex vector space REXW to R by putting

(1.1) Dz, u) =Imz—F(u, u), zeRC, uesW.,

Then the complete inverse image @-(V) is called a Siegel domain of the second
kind or of the first kind, according as W=(0) or W=(0). Later on @ (V) will
be usually denoted by D(V, F) or briefly by D. If @-%(V) is of the first Kind,
then it will usually be denoted by D(V). Let G, (resp. G,) denote the identity
component of the group of holomorphic (resp. affine) automorphisms of D. The
Lie algebra g, of G, has a structure of graded Lie algebra:

(1.2) gr = G-21t@g-1+8o+8:11g=.
The Lie algebra g, of G, is the graded subalgebra of g, :

(1.3) 8a = g-2Fg-11+00.

g» is naturally realized as a Lie algebra of polynomial vector fields on R¢XW.
The group G, is center-free and so it can be identified with the adjoint group
of g,. The subspaces g_, and g_, may be naturally identified with R and W,
respectively. g., and g, have the complex structures which are induced by the
adjoint action of the vector field corresponding to the one-parameter subgroup
of G, sending a point (z, u)e R XW to the point (z, e**u), tcR. Therefore the
complexifications ¢, and g¢ of g_, and g, can be written in the form

(1.4) g%y =g¢h+g9%,  af =gite7,

where g7 and g*, (resp. g7 and g=;) are the subspaces of g¢ and g% -consisting
of holomorphic (resp. anti-holomorphic) vectors, respectively. Then the com-
plexification g§ of g, is written in the form of the graded Lie algebra:

(1.5) gf = a_+a,+ay,

where we put
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(1.6) a_; = g%+gt, a=g5+g5+at, @ =g7+4af.

Let G§ be the adjoint group of the Lie algebra ¢5. G¢ contains G, as a
subgroup. Let U be the normalizer of the complex subalgebra u=a,+a, in GS.
We know that U is connected and LieU=u. Let us consider the complex
homogeneous space M=G¢§/U. Note that if the Siegel domain D is symmetric,
then M is no other than its compact dual. Now let = be the natural projection
of G§ onto M, and let us consider the composite map £==x-exp of a_, into M.
Then & is an open dense holomorphic imbedding of the vector space a_; into M.
Since we are identifying g., with R and g_, with W, the complex vector space
a_; is identified with RCxW. Hence D is viewed as a domain in a-;. Then it
is known that the imbedding & is Gj-equivariant on D. The imbedding & of D
is called the Tanaka’s imbedding.

DEerFINITION 1.1. With notations above, the Siegel domain D is said to be
of finite type, if there are only finite number of G,-orbits in M. D is said to
be of G,-finite type, if there are only finite number of G,-orbits in R¢XW.,

We shall see later that every symmetric Siegel domain is of finite type.
Let H denote the isotropy subgroup of G, at the origin in R XW. Then G,
can be expressed as

1.7 G, = H-RW, (semi-direct)

where RW is the two-step nilpotent normal subgroup of G, which is diffeo-
morphic to RXW and acts simply transitively on the Silov boundary of D. H
consists of the pairs (A, B)eGL(R)XGL(W) satisfying the two conditions:

(1.8) AF (u, v) = F(Bu, Bv) u, veW,

(1.9) A is in the identity component G(V) of the (linear) automorphism group
of the cone V.

We denote by p the homomorphism of H to G(V) defined by p(A4, B)=A.

DerFINITION 1.2. With notations above, the cone V is called of finite type
(resp. of p(H)-finite type), if there exist only finitely many G(V)-orbits (resp.
o(H)-orbits) in R.

Note that this definition of finite type is equivalent to the original definition of
Pjaseckii [9].

§2. The relation between G,-orbits and p(H)-orbits.

The following lemma and corollary are well-known [10].
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LEMMA 2.1. (i) Let g€G, and put g=(h, a, ¢), where he H, a=R, ceW
(cf. (1.7)). Then we have

2.1 D(g(z, u)) = p(h)D(z, u), (z, ) ER°XW .

(ii) Any point (z, )€ RCXW can be sent to the point (i®P(z, u), 0) by a trans-
formation in the group RW.

COROLLARY 2.2. Let (2/, u’) be the image of a point (z, u)e REXW under a
transformation (a, c)€ RW. Then we have

(2.2) Oz, u') =0z, u).

Conversely, if two points (z, u) and (z’, u’) satisfy (2.2), then there exists a trans-
formation in RW which sends (z, u) to (2, u’).

LEMMA 2.3. Let <V be a p(H)-orbit in R. Then @ V) is a Gq-orbit in
REXW.

PrOOF. Take two points (zi, u,) and (z,, u,) in @~}(<). Then there exists
an element A< H such that

@(22, Up) = P(h)@<z1, uy) = O(h(zy, uy).

On the other hand, by Lemma 2.1, the point (z;, u;) is sent to the point
GD(h(zy, uy)), 0)=3GD(z,, u,), 0) by an element in G,. Also (z,, u,) is sent to the
same point by an element in RW. From these two it follows that @-(<V) is
contained in the orbit G.(z;, u;). Conversely take a point g(zi, u;)€ G.(21, uy),
where g=G,. If we write g in the form (A, a, c)e H-RW, then we have
D(g(zy, u)=p(h)D(zy, u)€p(h)¥=<y. This implies the inclusion @~ (V)D
Golz1, uy).

LEMMA 2.4. The correspondence O : V—@~ (V) is a bijection between the
set of all p(H)-orbits in R and the set of all G,-orbits in REXW.

PROOF. Let 9 be a G,-orbit in RXW, and put &V=0@(9). Then <V is a
o(H)-orbit in R. Indeed, take two points @D(z;, u;), where (z;, u;)€9, i=1, 2.
Then there exists g=(h, a, c) G, such that g(z;, u;)=(z,, u,). Therefore, by
Lemma 2.1, we have @(z,, u,)=0(g(z1, uy))=ph)®(z,, u,). Conversely, for an
arbitrary element h< H, we have p(h)D(z:, u)=0@(h(z;, u,))e @(D)=<V. There-
fore we conclude W=p(H)®(z;, u,). We want to show 9=0-(<V). Take a
point (z, )€ @-*(<V). Then there exists a point (z/, /)€ 9D such that &(z, u)=
@(z’, u’). By we have (z, W) €RW(z’, u)CG.(z’, u')=9D, which
implies @~-Y{(V)C®. Thus we get @-Y(V)=9. This means that the map O is
surjective. That @ is injective is trivial.
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From we have

PROPOSITION 2.5. A Siegel domain D(V, F) is of G.-finite type if and only
if the cone V is of p(H)-finite type.

COROLLARY 2.6. Every quasi-symmetric Siegel domain D(V, F) is of G,-
finite type.

PROOF. In this case the cone V is homogeneous self-dual, and consequently
it is of finite type [9], [16]. Since D(V, F) is quasi-symmetric, we have p(H)
=G(V) ([11]). The corollary now follows from [Proposition 2.5

COROLLARY 2.7. A Siegel domain of the first kind D(V) is of G.-finite type,
if and only if the cone V is of finite type.

PrRoOOF. Note that, for a Siegel domain of the first kind D(V), we have
o(H)=GV).

§3. The relation between G,-orbits and G,-orbits.

Under the identifications of R with g_, and of W with g_,, @ is viewed as
a mapping of a_; to g-,. In the sequel we shall identify R xW (viewed as a_,)
with its image under the imbedding &.

LEMMA 3.1 (Tanaka [12]). Let X=g,. Then the Lie derivative Lx® of @
with respect to X, viewed as a vector field on a_,, is given by

(3.1) Ly® = [Bx, 9],
where By is a go-valued function on a_, depending on X.

PROPOSITION 3.2. Let 2 be a Gg-orbit in REXW and let M be a unique G-
orbit in M containing 2. Then we have dim 2=dim M.

PrROOF. The proof is similar to that of Lemma 3.14 in Tanaka [13]: so
we can omit the details. Here we use Lemmas 2.4, 8.1l and the fact that @ is
a submersion. Also note that the representation p of H is identified with its
adjoint representation on g_,.

The following theorem gives the relation between G,-orbits and G,-orbits.

THEOREM 3.3. Let M=1l;c4HM; be the orbit decomposition of M under G,
and let D;=M N(REXW), A A. Then, for each A€ A, every connected com-
ponent of D is a Gg-orbit. Conversely every G,-orbit in REXW is obtained in
this manner.

PrOOF. By a result of Nakajima [7], 9; is not empty for each A= 4. Let
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Di1=11 4491, be the decomposition of 9; into its connected components. Take
a point p€9;,. Then the orbit G,p is contained in M ;N(R°XW)=9;. There-
fore we have G,pC9D;,, Which means that 9,, is G.-stable. From
3.2 it follows that G,p is open in 9;,. Suppose now that G,pS9;,. Choose
a point ¢ in 9;,—G,p. Then the orbit G.¢ is contained in 9;,—G,p. Again
by Proposition 3.2, G.¢ is open in 9;,. Hence 9,,—G,p is open in 9,;,. But
this contradicts the fact that 9;, is connected. We have thus proved G,p
=9,,. The second assertion can be analogously proved.

The set 9; (A€ A) is called a truncated Gr-orbit in R xXW. Note that the
Gr-orbit through a point in D is thoroughly contained in D.

COROLLARY 3.4. Let M, be a Gp-orbit contained in D. Then M, is also a
G-orbit.

ProOOF. In this case we have M ;=9;.

As a direct consequence we have the following corollary which was origi-
nally proved by Kaup-Matsushima-Ochiai [5].

COROLLARY 3.5. If the group G, is transitive on D, then so is G,.

Let £ be the union of all A-dimensional G,-orbits in M. Suppose that 2
is not empty. The intersection 2=0N\(R°XW) is the union of all k-dimensional
truncated Gp-orbits, and it is not empty (cf. the proof of [Theorem 3.3).

LEMMA 3.6. @ is a semi-analytic set in the real analytic manifold M.

PROOF. Let gn(p) denote the subspace of the tangent space T,(R°XW),
pER°XW, which is spanned by the values at p of vector fields belonging to
gr. Let {Xi, -+, X,} be a basis of g,, and choose a real linear coordinate sys-
tem (x3, -+, xn) Of REXW. Let us express X; in the form X,=37,£;,0/0x,
(1=/=7r). Since X,’s are polynomial vector fields on R xW [5], the components
&;: are polynomials on R¢XW. We then have "

(3.2) Q = {psR°XW: dimg(p) = rank(£;,(p)) = k}.

This implies that 2 is a semi-algebraic set in R®XW, more precisely, 2 is de-
fined in R°XW by a finite number of polynomial equalities and polynomial
inequalities. Let p be a point in M which does not belong to R°XW. Then
there exists a= G, such that ape R xXW [7]. In the neighborhood a~(R¢XW)
of p in M, the intersection @Na~*(R°XW) is defined by a finite number of the
equalities and the inequalities given by the real analytic functions which are
the composites of the polynomial functions defining £ and the transformation
a. This implies that £ is a semi-analytic set in M.



Siegel domains of finite type 603

LEMMA 3.7. £ has only finitely many connected components.

PROOF. Let @=1 ,c42, be the decomposition of £ into its connected com-
ponents. Then we have

(3.3) SD:éhﬁJxRCxww.

Note that each term of the right-hand side is never empty, since each Gj-orbit
always meets REXW [7]. On the other hand each term of the right-hand side
of is open and closed in £. By decompoing each term of the right-hand
side of into the connected components, we have the decomposition of £
into its connected components. But, since £ is a semi-algebraic set in RCXW,
Q has only finitely many connected components [6]. Therefore we conclude
that the index set A is a finite set.

THEOREM 3.8. Suppose that M has at most countably many G,-orbits. Then
M has only finitely many Gy-orbits, and moreover each G-orbit is a semi-analytic
set in M.

ProOOF. Let {HM,, M, ---} be the totality of k-dimensional G-orbits in M.
We have

(3.4) 0=1 5.

By we can write

(3.5) G=0,10,1- 18,

where §,, ---, @, are the totality of the connected components of £. Since £

is semi-analytic in M, so is each @; [6]. @ is obviously G-invariant. There-
fore each $; is also Gr-invariant, since G, is connected. Thus each $; is a
disjoint union of G,-orbits <H;. From this it follows that dim2;>% for each i.
We have either one of the following two cases:

a) dim@;, =k for 1<i<t,

b) there exists an i, such that dim 2> k.
Suppose that the case b) occurs. Let ky=dim Qio, and let A be the set of k-
dimensional regular points in Qio. A is then a k,-dimensional submanifold of
M which is open and dense in !?io [6]. Let A; be a connected component of
A. G, leaves A stable. Therefore, G, being connected, A; is G.-stable, and
hence A; can be written as a disjoint union of at most countably many k-
dimensional Gp-orbits in M. Those Gy-orbits naturally define a k-dimensional
involutive distribution on A;. Therefore, following the Chevalley’s proof of
the Frobenius theorem, one can find a cubic neighborhood Q@ of a point in A4,
in which each of those G,-orbits can be expressed as k-dimensional slices, and
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furthermore the number of those slices are at most countable for each G,-orbit.
Consequently it follows finally that the k,-dimensional cubic neighborhood Q is
written as a disjoint union of at most a countable number of £-dimensional
slices. But this is clearly a contradiction. Therefore we have to have the case
a). In this case every G,-orbit forming 2, is open in 2;, and hence £; must
coincide with only one Gj-orbit, since £; is connected. As a consequence the

two decompositions [3.4) and [3.5) are identical. Thus we have proved the
theorem.

COROLLARY 3.9. Suppose that D is of finite type. Then every truncated G-
orbit in R¢XW has only finitely many connected components.

PROOF. As is seen in the proof of is the decomposition
of @ into k-dimensional G,-orbits. We have

(3.6) Q:%QJWWXWL

N (R XW) is a k-dimensional truncated Gj-orbit. Furthermore, 2;N\(R¢XW)
is open and closed in £ and hence it can be written as a disjoint union of con-
nected components of £. Since 2 has only finitely many connected components,
the number of connected components of £ forming 2,\(R€XW) should be finite.

COROLLARY 3.10. Suppose that D is of finite type. Then every Gq-orbit and
every truncated Gp-orbit are both semi-algebraic sets in RCXW.

PROOF. Let 9; be a G,-orbit of dimension % Then 9; is a connected

component of a truncated G-orbit @,N\(RCxW) (Theorem 3.3). That connected
component is semi-algebraic, since it is a connected component of the semi-

algebraic set 2 [6]. By [Corollary 3.9, every truncated G-orbit has only
finitely many connected components which are all semi-algebraic, as was shown
above. Therefore the truncated G,-orbit is also semi-algebraic [6].

REMARK. Suppose that D is of finite type. Then, by and
Corollary 3.10, every Gj-orbit (resp. every truncated G-orbit) is locally closed

in M (resp. R°xXW) and so it is a regular submanifold of M (resp. R¢xW) [1].

PROPOSITION 3.11. Suppose that D is of finite type. Then D is homogeneous,
that is, the group G, acts transitively on D.

PROOF. D can be written as the disjoint union of G-orbits #; which are
contained in D:

3.7) ngmb

By [Corollary 3.10, each ., is semi-algebraic in R°XxW. Therefore D itself is
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a semi-algebraic set in R°XW ; we have dim D=max, ;. ,dim #;. Consequently
there exists a Gj-orbit “#;,CD which contains an open set in RXW. D has
the Bergman metric, with respect to which G, is a group of isometries of D.
Hence it follows that D=,

COROLLARY 3.12. Suppose that D is not homogeneous. Then there exist non-
countably infinite number of Gp-orbits in M.

PrROOF. Otherwise D has to be of finite type (Theorem 3.8). Therefore,
by [Proposition 3.11] D is homogeneous, which is a contradiction.

PROPOSITION 3.13. D is of finite type if and only if it is of Ge-finite type.

PROOF. Suppose that D is of G,-finite type. Let M=1;c4.H; be the G;-
orbit decomposition of M. As was remarked before (cf. the proof of
3.3), 9= ;N(RSxW) is not empty for every Ac 4. By [Theorem 3.3, all con-
nected components of all 9; (A€ A) exhaust all G,-orbits in REXW. That G,-
orbits are finite in number implies that A is a finite set. Conversely suppose
that M has only finitely many Gj-orbits H;, ---, M, Set D= H;N\(RXW),
1<i<s. By every 9; has only finitely many connected com-
ponents each of which is a G.-orbit (cf. [Theorem 3.3). Therefore D is of G,-

finite type.
From the above proposition and [Corollary 2.6, we have

COROLLARY 3.14. Every quasi-symmetric Siegel domain is of finite type.

Combining [Proposition 3.13 with [Proposition 2.5, we finally obtain

THEOREM 3.15. Let D=D(V, F) be a Siegel domain. Then D is of finite
type if and only if the cone V is of p(H)-finite type. In particular, a Siegel
domain of the first kind D(V) is of finite type if and only if the cone V is of
finite type.

Let H(n, R) be the vector space of real symmetric nXn matrices and V=
H+*(n, R) be the convex cone in H(n, R) consisting of all positive definite ele-
ments. Then we have

COROLLARY 3.16. If a Siegel domain D=D(H*(n, R), F) is homogeneous,
then it is of finite type.

PROOF. By the group G, is transitive on D. Hence p(H)
contains a maximal (connected) R-triangular subgroup T; of G(V) ([2]). It is
known that there are only finitely many Tj-orbits in H(n, R). Consequently
H*(n, R) is of p(H)-finite type, which implies that D is of finite type.
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ExaMPLE 3.17. Let D be a Siegel domain over the cone H*(2, R) in C*:
3.8) D = {(z4, 25, z5, w)EC*: (31— |u|*)y.—y3 >0, y, > 0},

where z,=x,+:y, (k=1, 2, 3). As is well-known, D is the lowest dimensional
non-symmetric homogeneous Siegel domain. D serves an example of Siegel
domains of finite type which are not quasi-symmetric.

ExaMPLE 3.18. Let D=D({V, F) be a homogeneous Siegel domain in C®
formed by all points (z4, -+, 2;, u) satisfying

(3.9) { (31— 1ul®)ys—ye—3D(Y2y3s— YD) —(¥s¥e—¥s¥6)* >0,
' Y295—3E>0, 3;,>0,

where z,=x;+iy, ([4]). Then the underlying cone V is a homogeneous cone
of rank 3 which are not self-dual [4]. One can verify by using a result of [9]
that V is not of finite type, and so it is not of p(H)-finite type. D provides
an example of Siegel domains which are homogeneous but not of finite type.
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