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Introduction.

This paper is devoted to the study of representations, ideals, weights, and
especially traces on a C*-crossed product induced from those on a smaller C*-
crossed product. The main result is the characterization of a trace on a C*-
crossed product C¥(A, G, a) to be induced from a trace of a sub-crossed product
C¥(A, N, a) with N a closed normal subgroup of G.

Let (4, G, a) be a C*-dynamical system. When N is a closed normal sub-
group, starting from certain relatively invariant traces on C}(A4, N, a), we have
induced traces on C¥(A, G, a) [16], [4]. They have some special properties.
When G/N is abelian, they are invariant under the dual action [16]. When
G/N is not abelian, we have no more a convenient dual action, and we replace
the role of the dual action by coaction. As our main result it will be shown
that induced traces are characterized by the invariance under the coaction of
G/N dual to the original action of G. The statement established may be re-
garded as an analogue of Takesaki’s imprimitivity theorem with respect to
traces.

In the theory of ideals of C*-crossed products, Effros and Hahn have made
a famous conjecture. A complete answer to this conjecture has been established
‘n[3] A further conjecture was made by P.Green that Effros-Hahn conjecture
would hold for traces. Precisely stating, this conjecture is as follows. “Let
A, G, a) be a C*-dynamical system, and the action of G on Prim(A) be free.
Then all the traces on C¥A4, G, a) are induced from A”. When G is a discrete
amenable group, this was proved in [4]. But When G is not discrete, by the
absence of conditional expectations, the situation becomes difficult. We believe
that the result we obtained here makes a step toward the solution of the problem.

We are given much freedom by the C*-induction in the studies of induced
representations, and the imprimitivity theorem becomes a stronger weapon when
it is formulated in the C*-theoretic framework [I8]. We use it to obtain a
duality for induced representation in non-abelian cases.
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In this paper, we only study, separable C*-algebras, 2nd countable locally
compact groups, separable Hilbert spaces and von Neumann algebras with
separable preduals.

Let  be a Hilbert space. We denote by B($) all bounded linear operators
on  and by G(9) all compact linear operators. Let S be a subset of B(H).
We denote by C*(S) the C*-algebra generated by S. Let x be a unitary rep-
resentation of a locally compact group, or a =x-representation of a C*-algebra.
Denote by W*(x) the von Neumann algebra generated by the range of =.

Let A and B be two C*-algebras, and w be an element of the dual Banach
space B* of B. We denote by E¢ the slice map from AXB to A associated
with @. Let ¢ be a weight on a C*-algebra A. Put ng={x€A:d(x*x)=00},
mg=ngngs and Ng={x€A:(x*x)=0}.

For a C*-dynamical system (A4, G, a) (a W*-dynamical system (M, G, §)), we
denote by C*(4, G, a) (resp. W*(M, G, B)) the corresponding C*-crossed product,
and by C¥A, G, a) the corresponding reduced C*-crossed product.

Let § be a coaction of a locally compact group G on a C*-algebra A (W*-
algebra M). We denote by C*(A4, G, 8) (resp. W*(M, G, 8)) the corresponding
C*-cocrossed product (resp. W*-cocrossed product). Let ¢ be an action of a Kac
C*-algebra (Kac algebra) on a C*-algebra A (resp. W*-algebra M). For k< A*,
we put d.(x)=FE%(0(x)) for x = A.

Let G be a locally compact group. We denote by L(G) the von Neumann
algebra generated by the left regular representation of G, and by A(G) the
Fourier algebra of G. We use only left Haar measures and denote by 4; the
modular function of G. Let N be a closed normal subgroup of G. For s=G,
we denote by § the quotient image of s in G/N.

We refer to [12], and as general references.

The author would like to express his hearty thanks to professor Y. Katayama
for careful reading of the manuscript, to the referee for many valuable com-
ments and, in particular, to professor O. Takenouchi for his constant encourage-
ments and good advices.

1. Induction of weights.

Let (A, G, a) be a C*-dynamical system, N be a closed normal subgroup of
G. Let B=C}¥A, N, a) and = be a G-invariant representation of B. Put M=
W*(z). Denote the action of G on M induced from a by 8. Let C=C¥(A4, G, a).
We consider the induced representation #=Indy,emr of C. Put P=W*(#). Put
L¥9,, G, m)={& : G—9, measurable maps, &sn)=m(n)*&(s) for sGC, neN,
and SG/NI|5(3>1|2618'<0°}- This is the underlying space of the induced representa-
tion 7. Let
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ms(x)5(s) = By (x)E(s),
ADE&(s) = &t's)  for x&M, s,teG and €€ L¥D,, G, ).

~

The representation 7 is the integrated form of the covariant representation
(1, mg). We have P=W*(, ng), and this algebra is a typical example of the
extended covariance algebra in [19].

Let ¢ be a faithful normal semifinite weight on M. We may assume that
M is acting on the standard representation space 4 of ¢. Let J, a%, 44 be the
modular objects of ¢, and W be a cone preserving unitary representation im-
plementing the action . Let

KM, G, =) = {Maps f from G to M : (1) o-strongly x-continuous,
(2) fsm)=n(n)*f(s) for s€G, neN, (3) [f(s)ll has
a compact support as a function on G/N}.

For f, g in KM, G, =), we define fxg and f* by

(fre)s) =\ BeulfeNelts)di,
FH(8) = Aol B (7).
For fe KM, G, ), we put,

1 ={], 8y rns)™.

IN

DEFINITION 1. Let U be the set of all functions in KM, G, n) satisfying
[flle<oo and [[f*[,<oo.

Then, by the estimate of the norm ||-|,, we can show that % is a *-algebra.

LEMMA 2. U is a left Hilbert algebra with the above algebraic structure and
the inner product inherited from | -|,.

For feK(M, G, n) and §€ L* 9y, G, @), we put

WA = | B FaNEE i

Then, f—y(f) is a *-representation of K(M, G, =) on L¥M, G, =) and it is an
extension of the left representation of 9.

DEFINITION 3. The canonical weight ¢ associated with % on P is called the
induced weight of ¢.

For elements in %, the value of ¢ is

Bty =\, SUrsrisnds. )
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The unitary involution j and the modular automorphism ¢# of @ are given
by the formulae in the following lemma.

LEMMA 4.

) (JOS) = dan(3) W (sEJEs™)  for §€L¥(Dy, G, m).

@) o¥ms(x) = mslad(x)  for x in M.

The identity in Lemma 4 (2) determines ¢% uniquely by o-weak continuity.

LEMMA 5. Let ¢’ be a f.n.s. weight on W*(%) and satisfy

W Fourm =\, ee*fs,
2) o =dd.
Then, two weights ¢’ and ¢ are identical.

PROOF. Since ¢% =g%, by Theorem 5.9 in it suffices to show that A
is ‘/¢? invariant. By the KMS condition for ¢, ¢ is ¢ invariant. Since ¢%isa
x-automorphism, it conserves the relation ||f[l,<oco and | f*||,<co. By
2-6 of [7], s—(D¢-B;s: Dg), is g-strongly continuous. These arguments show
the invariance of . g.e.d.

2. Coactions and operator valued weights.

We first define the canonical coaction é of G/N on W*(#). Consider the
Hilbert space tensor product L*®4, G, 7)QL*G/N). An element of this space
canibe considered as a function & from GX(G/N) to 9, satisfying &(sn, {)=
n(n)*&(s, i) for neN, sG, i€G/N. Define a unitary operator W on
L9y, G, m)QL*G/N) by

(WE)(s, 1) = &(s, §1).
For x= P, define ¢ by o(x)=W*(xQ1W.
LEMMA 6. The map o is a coaction of G/N on P.

We call § the canonical coaction of G/N. According to Proposition II. 2 of
[2], we can define an operator valued weight T from P to the fixed point
algebra P° as follows. Let ¢ be the Haar weight on L(G/N). Put F=
{pSL(G/N)y : 0=¢=¢}. Put E(x)=supgerE%(x) for x€PRL(G/N)*. Then
E is an operator valued weight from PQRL(G/N) to¢ P. We put, for x= P+,
T(x)=E((x)).

LEMMA 7. Let [ be in KM, G, =). Then, we have,
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TN = 7a(F (& F)ds.

In particular, T is semifinite.
We omit the proof.

LEMMA 8. The fixed point algebra P° is equal to ms(M).

PROOF. We may assume that P acts on the standard representation space
given by 95 For k€ L~(G/N), we put p(k)&(s)=k(s)é(s) for ¢ L¥Dy, G, y).
Let x bein P%. By the argument similar to that in Proposition 2-3 of [11], we
have xp(k)=p(k)x for all k in L=(G/N). This shows that P?% is in the com-
mutant of L*(G/N). By using (1), we have,

Jas M) =JM]=M  and  J(p(LG/N)J = p(L*(G/N)).
By the second identity, we have f(p(L“(G/N)’))jzp(L“(G/N))/. Since x&
o(L=(G/N)), we have JxJ€p(L=(G/N))NP’'=M’. This shows that x xz(M).
q.e.d.
By these two lemmas, T is a faithfull normal semifinite operator valued

weight from P to mg(M). By [6], it gives a map from f.n.s. weights on M
to those on P by ¢=¢-nz'-T for a f.n.s. weight ¢ on M.

PROPOSITION 9. For a f.n.s. weight ¢ on M, ¢ is the induced weight of ¢
defined in §1.

PROOF. By the normality of ¢, ¢ and ¢ are identical on »(%). By Theorem
4.7 of [6], we get

o%(zs(x) = a%°7F (ms(x)) = ms(0%(x)) for xEM.

For a positive definite function %2 on G/N, we have the identity E%(A(s)xA(s)*)
=1(s)EE(x)i(s)* for x€P, s=G. Since E is given by the supremum of

&’s, we have, T(A(S)xA(s)*)=dg,n(8)A(s)T(x)i(s)* for x€P, seG. Using this
and by the general arguments, we have,

a¥(i(s) = A(s)m (D= By : D),).
By we have ¢=4¢. g.e.d.

Suppose that a von Neumann algebra M admits a coaction § of a group H.
A f.n.s. weight ¢ on M is called d-invariant if <9(x), dQw>=<{xR1, ¢Qw) for
all xeM* and all weL(H),. Let j be the canonical involution of L(H). A
weight ¢ is called (d, ;) invariant if it is d-invariant and it satisfies {(y*®1)d(x),
PdRQE>=<d(y*)(x K1), ¢Q(k-s)> for any x, y in ng and k in AH). For ke A(H),
put k°=k*ej, A(H) has a natural Banach =-algebra structure by pointwise



744 T. KAJIWARA

multiplication and involution °. Then the map k€ A(H)—d, is a *-representa-
tion in algebraic sense.

LEMMA 10 (Theorem 0-2-12 of [21]). A f.n.s. weight ¢ is (8, j) invariant if

and only if k—d, can be extended to a bounded *-representation of A(H) on the
GNS representation space g4 of @.

Let d be the canonical coaction of G/N on P, j be the involution of L(G/N).

LEMMA 11. For a f.n.s. weight ¢ on M, the induced weight ¢ on P is
0, 1) invariant.

ProOF. The GNS Hilbert space of ¢ is L%y, G, m). In this situation, d,
is clearly a bounded *-representation. q.e.d.

PROPOSITION 12, A f.n.s. weight ¢ on P is (0, j) invariant if and only if
@ is induced from a f.n.s. weight ¢ on M.

PROOF. “If” part is already proved. Let @ be (4, ;) invariant. We use the
canonical argument in [7]. Take a f.n.s. weight ¢ on M. Denote by J the
induced weight of ¢. By a general result of operator valued weights (6D,
(D@ : D), is contained in mg(M). Put u,=z3'(Dé:DJ),). This u, is a unitary
cocycle with respect to ¢¢. By the converse of Connes’ theorem, there exists
a f.n.s. weight ¢ on M such that (D¢ : D¢),=u,. Let ¢ be the induced weight
from ¢. Then (Dgz?:Dg/?)L:rcﬁ((DgS : ng)t):(DgZ, DJ),, and this shows that 95:5.

g.e.d.

3. Duality for induced representations.

Let i be the representation of G on CoG/N) or L*(G/N) by the left
translation.

LEMMA 13. Two C*-algebras C‘Z‘(C;"(A, G, a), G/N, d) 'and CHARC\(G/N),
G, a®J) are spatially isomorphic.

PROOF. We assume that A is represented on § faithfully. The representa-
tion space of the first algebra is L%, GX(G/N)) and that of the second is
L*9, (G/N)XG). We define a unitary operator U from the latter to the former
as follows.

(UL, $) = &(i3, 1) for §€ L¥9, (G/N)XG), teG and $s€G/N.

Then AdU gives the desired spatial isomorphism between the two C*-algebras.
g.e. d.

REMARK. When (M, G, a) is a W*-dynamical system and N is a normal
subgroup, we have a spatial isomorphism between W*(W*(M, G, a), G/N, §) and
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W*MQRL>(G/N), G, a®A) similarly.

By this lemma, we may consider the representation theory of CH ARC,(G/N),
G, a®J) instead of CXCE(A, G, a), G/N,d). Put P=C,(A, Gx(G/N)), Q=CJA4, G)
and R=C.A, NX(G/N)). We shall give pre C*-algebra structures to P, Q and
R, by the following natural inclusions, PCC*ARC,(G/N), G, aRl), QC
C*(A, G, a) and RCTC*A, N, a)QCo(G/N). We put,

for £,<0Q), (T&)(n) =§&(n) for neNnN,

for £,€P,  (To&)t) = SG/stof, 9ds for t=G,

for GeR,  (S&)m = &(n, $ids for neN,

for £,€P,  (S:€)(n, §) = Edn, §) for neN, s§cG/N.
Then we have T.6,€Ci(A, N), T:5EQ, Si&EC(A, N) and S&.cR.

LEMMA 14. Four linear maps Ty, Ts, S, and S, are all generalized conditional
expectations.

PrROOF. We have only to consider T,. For &P, put (y,8)(s, )=&(s, ut).
Since the right and the left translations commute, 7; is an automorphism of P.
We have Tz(é):grg(é)dt'. Checking the conditions in the Definition 4-12 of [18],
we have, the conditions (1), (2), (3) and (4). Since P? is dense in P with re-
spect to the inductive limit topology, (5) follows. (6) is trivial. q.e.d.

LEMMA 15. These generalized conditional expectations give inductions of the
corresponding “reduced” crossed products. (For example, T, gives the induction
from C¥(A, N, a) to C¥A, G, a).)

Proor. This follows from the fact that these inductions transform each
“regular” representation of a subgroup crossed product to a “regular” representa-
tion of a total crossed product. g.e.d.

DEFINITION 16. We call the induction given by T, the induction of a coac-
tion 4.

LEMMA 17. The composition T T, and S,S, are also generalized conditional
expectations and they are equal.

ProOOF. This is a direct consequence of the 2nd version of Theorem 5-11
of (Stage theorem). g.e.d.

By Corollary 2.8 in P. Green’s paper [5], there exists an isomorphism U
from C*(AQRC(G/N), G, a®4A) to C*(A, N, a)QE(L*G/N)). Let = be a representa-
tion of C*(A, N, a). On the space of Indy.c7, there exists a canonical diagonal
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representation 9 of Co(G/N). Let 7 be a representation of C¥*(AXCy(G/N), G, a® i)
on L¥9., G, 7) given by

AE(S) = &%), Ta(0)E(s) = s (0)E(s),  M(R)E(s) = R($)E(s)

for teS, x€A and k€Cy(G/N). We call 7 the combination of Indy:sr and 9.
By the Remark 2-5 of [5], z-U~* is transformed to t®Idgs z2(¢/»)) On D RQLAG/N).
This is a canonical argument of Borel section. We call this correspondence
“the transfer principle” for induced representations.

LEMMA 18. CXAQRC.(G/N),G,a®2i) is isomorphic to C¥ A, N, a)QE(L*G/N))
and the isomorphism is given by U. (We again denote it by U.)

PrOOF. We apply “the transfer principle” to the regular representation of
C*(A, N, a) which gives C¥A, N, a). g.e.d.

Let © be a G-invariant representation of B=C}(A, N, a). Put #=Indy.e7.
We induce # to é,’!‘(C;"(A, G, a), G/N, 0) by T,, and put #=Indp,7.

PROPOSITION 19. This induced representation % is unitarily equivalent to a
multiple of mQR®ldsr2c/nyy as a representation of C¥A, N, a)QC(L*G/N)).

ProoF. Consider # by using S; and S,. Let z, be the canonical representa-
tion of Co(G/N)on L¥G/N). Let m; be the representation of Co(G/N) given by
n:(f)=f(%) for f€Cy(G/N). By the G-invariance of x, there exists a unitary
representation V of G satisfying B(x(x))=Vx(x)V¥ for all s€G and x eC¥(A,N,a).
Then, inducing = by S; is simply taking the tensor product@with 7, And so,
Inds,.s,7=Indy;e7®7,, and this is naturally equivalent to SG/N(IndNTGz(X)m)dx.
The representation space §, of the latter representation is the set
{¢ : GX(G/N)—-9, measurable, &(sn, {)=n(n)*&(s, {) for s€G, neN, teG/N,
Sg/NI|$(S)“2d.§<OO}. Let ¢ be a Borel section from G/N to G. We put (W&)(s, )
=V, &sa(t), 1)dgn(i)"¥2%.  Then W is a unitary map from £, to
L¥G/N)RQL*P,, G, ) and we have,

W(ndy 167 @7 )W* = Indy 167 Q7 : ] 1261 m) -

This representation is obtained as the combination of Indy,¢7z and the diagonal
multiplication 5. By “the transfer principle”, this representation is 7#&@ldgz2carny)
on L*¥G/N) as a representation of C¥(A, N, a)RXC(L¥G/N)). q.e.d.

Now, we see that Indy,e(7®=,) is quasi equivalent to Indye(7®@m;). We
denote by W the corresponding #-isomorphism between the von Neumann algebras
generated by them.

REMARK 20. As a corollary of this proposition, we have Imai-Takai duality
[9] When G/N is abelian, this proposition is a special case of [17].
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4. Duality for induced weights.

At first, we need one technical result. Let M be a von Neumann algebra,
(A, 04, ja, $4) and (B, 0, 75, o) be two Kac algebras. Suppose that there
exist actions 0, and 8, of A and B on M respectively. Let ¢ be the flip map
from AQRB to BRA by a(xQRy)=yRx.

DEFINITION 21. Two actions J, and J, are called to commute if (§,X¢g)d,
=(X0)(0,X4)0; holds, where ¢, and ¢z are the identity maps on A and on B
respectively.

The von Neumann tensor product AQB has a natural Kac algebra struc-

ture by ((u&Q0Qp)(0.4X08)=0, j4Qjp=; and ¢.Qpz=¢ as its Kac algebra
objects.

LEMMA 22. If two actions 8, and 8, commute, then 8, X 0,=6=(5,Qtg)d, defines
an action of AQRB on M.

PrOOF. The linear map 0, X0, is a normal *-isomorphism. The associativity
follows from those of 0, and J,, and the commutativity follows from a straight-
forward calculation. g.e.d.

LEMMA 23. If 0, and 0, commute, 0,,05,=05,0:s for he Ay and k< By, and
equal to gh@k-

ProOOF. We fix w=M,. Then we have,
01X 02 nor(x), @) = <0:(x), W01, Qk> = <0110:1(x), ®).

This shows that 0, X8, rer=0:110,,. Similarly we have another identity.
g.e.d,

LEMMA 24. Suppose that 0, and 0, commute, and one of A and B is of the
form L=(G) or L(H). Then 0,X0,(x)=xX14Q15 holds if and only if 8,(x)=xQ1,
and 0x(x)=xQRlp for xM.

PrROOF. “If” part is trivial. We assume that §(x)=x®1,Q15. This is
equivalent to ;X 0, rer(x)=<h, 1)<k, 1>x for every he Ay and k=B,. We have
0110:5(x)=<h, 1)<k, 1>x. Suppose that A is of the form L=(G). Let h—d..
Then 8,4(0,,(x))—0.,(x) and <h, 1>—1, so we have 0,,(x)=<k, 1>x and J,,(x)
=<h, 1>x. Other cases are analogous. g.e.d.

This lemma shows that M%1*%=(M%1)’2=(M?%)%, We consider three operator
valued weights T%1*%, T% and T? given by the actions 8,Xd,, d; and J, respec-
tively (Proposition IL. 2 [2]).

LEMMA 25. T01%0e=T01Td—=T0T
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Proor. Let Fy={h€Af: h=¢,} and Fp={k=B%f: k=¢z}. Then for every
xe M, Tg(x>zsupheFA,keFth®k(x):Suph€FA,kngalh(azk(x)):SupkEFBTal(azk(x»:
T (T%(x)). We used the fact that T% is normal. We get another identity
similarly. g.e.d.

Let (A, G, a) be a C*-dynamical system, and N be a closed normal subgroup
of G. We chose a G-invariant representation z of C¥(A, N, a). Put M=W*(x),
and denote by B the action of G on M induced from a. Let #=Indy.er and
P=W*(#).

Since W*(Indr,#)=W*(P, G/N, ) (=X), by Lemma 13, X is generated by
Indy 67 @m ,(CHARC(G/N), G, a®A). The space of this representation is
LYG/N)YQL* Dy, G, m). We show that there exists an action of G/N and a
coaction of G/N on X. For this, we define two unitary operators W' and W=
For §,€ L*(G/N)QLXP, G, m)QL*G/N),

(W.)(E, s, 2) = dg,n(2)V%6,(i5, s, %) for i, £€G/N, seG.
For &, L%G/N)QLYD, G, m)QLYG/N),
(W2E,)(1, s, %) = &(i, s, s2)  for i, t€G/N, seG.
For xeX, we put 7(x)=W(x@112cx)W™* and (x)=W*(x®126,5,) W2

LEMMA 26. The map y is an action of L=(G/N) on X, and d is an action of
L(G/N) on X. Moreover v and 0 commute.

ProoF. This is shown by a simple calculation. g.e.d.

By the general theory, there exist three operator valued weights 77, T and
T on X. By Lemma 26, X" is equal to the image of M in X. Let ¢ be a
f.n.s. weight on M, and ¢ be the induced weight on P. We induce ¢ to X by
T7, and denote it by ¢. By definition, ¢ is induced by T%7T7. The above
lemma allows us to consider ¢ as induced by 77.T? from M. Denote by ¢, the
trace on Co(G/N) given by a left Haar measure of G/N. The induced weight
é on MRL=(G/N) (=X°) is simply ¢®¢,. By these arguments $=IndNTG¢®¢#.
The GNS representation associated with ¢ is 74&®m, and that of q? is Indy,¢
(r4@m,). The following proposition is the direct consequence of

(cf. [13].

LEMMA 27. The *-isomorphism W defined after the proof of Proposition 19
and the canonical Borel section argument give a x-isomorphism between W*(Indy ¢

(r4Q@m,) and MQB(L*G/N)).

Let Tr be the ordinary trace on B(L*G/N)). By W, X is transferred to an
operator algebra on L*,, G, #). Let ¢ be a Borel section from G/N to G and
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e(s)=a(5)"'. We define a unitary map V from L*®y, G, x) to L¥Hy, G/N).
This map is defined in [17]. For £ L9y, G, n), (VE($)=n(e(s)&(s). AdV is
the so called “canonical cross section argument”. Put X,=W(X). Let @' be the
transfer of ¢ to X, by W, and ¢ be the transfer of ¢®Tr to X, by AdV*,

LEMMA 28. A f.n.s. weight ¢* is induced from MKL=(G/N).
PrROOF. By Proposition 12, it suffices to show that ¢? is (9, j) invariant for

the canonical coaction of G/N. Denote by 4° the natural coaction of G/N on
B(LAG/N)). The coaction ¢ is transferred to I®d° on MQQB(L*G/N)) by V.
Since Tr on B(L¥G/N)) is (8°, ;°) invariant, ¢XTr is (IQRA°, j°) invariant. This
shows the (9, ;) invariance of ¢2 q.e.d.

We define a f.n.s. weight ¢§ on MQ®L=(G/N) by ¢*=Indy.ep2 For sim-
plicity, put II==n4Q=x;, and I[=Indy.sII.
Let feK(MKQL=(G/N), G, II) and é L%9y. G, II). Then we have,

Apeepgn =\, [ B, 99Bemslfus, s Ddads.

/
We realize ﬁ(f**f) as an operator on L*94, (G/N), II).
vailipre Ve =\ [ weoBr((fu, DBl s, s
w(e(sTI))*E(s 1 )dud s
= (1, Ao w8, i8S tuts™, &)

7(e(5))*dat)E()ds .

Hence, V*IT (f*%f)V is represented as an operator valued integral kernel.

Denote it by K(§, #). Suppose that there exists a compact subset Y of G/N such

that K 1is supported in Y XY and K|y.r is o-weakly continuous. We call this
“continuity assumption”. Then, by the well known fact, we have,

GOV V) = g, Didi
=, (|, Aos(D6(85 (Fu, D*f(u, D)di)da.
Seeing this, we define a f.n.s. weight ¢, on MQL*(G/N) by
ST =\ dorn(2)(B3ka (T a0,

where T:Si/NT’édx is in (MQL>=(G/N))*. Let 44 be the modular operator of

@, and put d¥(s)=n(e(s))*4Yn(e(s)) and (Z;‘S)(s)zzf%(s)ﬁ(s) for ée L¥9y, G, II).
Then the modular automorphism group ¢%* of @2 is given by AdZ};;‘. Then we
have
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(47 50 :(xQR)IF1E)(S) = B (Bor a4 Bat (XD R($E(S).
This shows that ¢?3 is given by S:Nﬁa(g)o%‘@;é)ds‘. Clearly, we have ¢%0 =
S:Nﬁg(é)a%ﬂ;&)ds. We have g¢i=¢%. Let F be a measurable map from G to

W*(z4) such that F(sn)=m4(n)*F(s), and s—|F(s)| is bounded and has a com-
pact support. Then,

LEMMA 29 (Lemma 3.1.3 in [17]). The map s€G—-F*xF(s) is g-weakly
continuous.

Let D be the linear span of the set {D(#)=pf, ) (T)lc(%)dgn(%) : Temy, C
is a compact subset of G/N such that ¢, is continuous} in MQL>(G/N).
Then, by the ¢?-invariance of mg, D is a ¢%0-invariant weakly dense sub-

algeba of MQL>(G/N).

Let f(s, 2)=n(e(s)*k($)Bsctr(T)e(X) g n(%)"?, Where kECc(G/Ng, T ems.
Then feKWMKL=G/N), G, II). Then the integral kernel K, of II(f**f) is
given by

K3, 1) = Ag,N(t's"l)”zlc(i)lc(é)n(s(t))ﬁ,_xg(;)(T*)SGIN k(i) k(ais)
Bri(m(e(u) B (m(uts™))*)dtt - Bs-14 6 (T)m(e(s))*.

The right hand side is well defined on G/N because of the covariance relation
between B and z. Put F(s)=n(e(s))*k(s). Then

Ko($, 1) = da/n(1$7)2Le(D)1c(8)m(e()) Bi-14 iy (TH) B H(F* % F)(ts71)
‘ﬁs-la(é)(T>TC(8(S))* .

By the condition of C this integral kernel satisfies “continuity assumption”.
We have,

gl = 1k, HTTI0dE < o,
Hence for D(x)= B, (T)1c(%)de (%),
(D)=, ST Tidi < oo,

By Theorem 5.9 of [15], we have ¢i=d;.
We conclude that ¢® is induced from ¢@;. Since (D(@R,): D@?).=

[ Aoin(iY*(Dg:Dg-pits)ds and (Dg’: D*)=rs0i(D$Dp): DY, we
have the following

ProroSITION 30.

(D@ : DP*),6(s) = Ao n(3)*" (Do Bs: Do Bes))b(s),  for e L¥Hy, G, w).
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REMARK 31. When N=/{e}, it reduces to the duality of Stratila-Voiculescu-
Zsido [21], and when G/N is abelian, reduces to that of N. V. Pedersen [17]. We
use the technique developed there.

COROLLARY 32. When ¢ is a dg y-relatively invariant f.n.s. trace on M, {5
is transformed to ¢QTr on MQQB(L*G/N)).

5. Induced traces on C*-crossed products.

Let (A, G, @) be a C*-dynamical system, and N be a closed normal sub-
group of G. Let ¢, be a lower semicontinuous semifinite (l.s.) trace on
C¥(A, N, a) which is 44, y-relatively invariant under the original action of G.
Then the GNS representation 74, is G-invariant, and so we can construct an
induced weight ¢ on C¥(A, G, a). This is the composition of Indy:emg, and the
induced weight on W*(Ind ~1eTg,) in W*-sense. By 4g, y-relative invariance con-
dition, ¢ is a trace. Since G/N is not necessarily abelian, we use invariance
under coaction as in W*-case.

For the definition and simple properties of coaction in C*-sense, we refer to
[10]. There exists a coaction § of G/N on CX(A, G, @) dual to a. The involu-
tion of the Kac C*-algebra C}G/N) (cf. [24]) is denoted by ;. We define
(9, j)-invariance of l.s. weights on C*-algebras under actions of Kac C*-algebras
as in W#*-case.

LEMMA 33. The induced trace ¢ is (8, j)-invariant under the coaction & of
G/N.

Proor. The GNS representation =4 associated with ¢ is the induced rep-
resentation Indy,ewg,. This is the situation in §1. The von Neumann algebra
W*(mg4) is acting on L*9Dy4, G, mg,), and there exists a canonical coaction 6 of
G/N on W*(z4) corresponding to 6. Then, by Lemma 11|, the normal extension
& of ¢ to W¥(zy) is (4, 7)-invariant. Since my is an induced representation from
N, there exists a coaction ¢ of G/N on m4(C¥(A, G, a)) corresponding to ¢ on
C¥A, G, @) via my. The trace ¢ on m4(CHA, G, a)) obtained by the restriction
from ¢ is clearly (6, j)-invariant. By the definition of x4, &, and 8., we have
0r(my(x))=m4(0,(x)) for k€ A(G/N) and x&C¥A, G, @). Hence, ¢ is (4, j)-in-
variant. q.e. d.

Let ¢ be a l.s. trace on C¥(A, G, a) which is (4, j)-invariant. Let =y be
the GNS representation associated with ¢, and $4 be its representation space.
Put B=C¥(A, G, a) and M=WH*(zmy).

LEMMA 34. Pointwise multiplication of Co(G/N) on C¥(A, G, a) extends to a
bounded *-representation of Co(G/N) on .
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PROOF. By Proposition 1-7 in [1], ¢ is supremum of positive linear func-
tionals. Using this fact, we can conclude that k= A(G/N)—d, is a bounded rep-
resentation of A(G/N) on 94 analogously to the W*-situation (Lemma 0.2.3 in
[21]). =-preserving property of this representation follows from j-invariance of
¢. The enveloping C*-algebra of A(G/N) is Co(G/N). Hence, the above rep-
resentation extends to Co(G/N). q.e.d.

Since the range of this representation commutes with z4(C¥A, N, a)), this
representation constitutes a transitive system of imprimitivity based on G/N
for w4. By Mackey-Takesaki imprimitivity theorem [23], there exists a unique
representation = of C*(A, N, a) such that wg=Indy,ex. On the other hand = is
induced from CXAQ®Cy(G/N), G, a®4) in C*-sense, since 7, is made into a repre-
sentation of C¥(ARC,(G/N), G, a®1). By this and r is a represen-
tation of C¥(A, N, a). Denote the action of G on C} A, N, a) by B. Let s-m(x)
=n(Bs(x)) for s€G, xeCHA, N, a). Put H:st-nds, where ds is a left Haar
measure on G. By the argument used in the proof of [Proposition 19, Indyes- 7
=Indy,em, and so Indy,¢/l] is unitarily equivalent to (Indy;em)®Ir2. Let
Indy,elI=II. Then W*(r4) is isomorphic to W*(ﬁ ) by the quasi equivalence
between w4 and II. We identify these two algebras.

Since T is G invariant, W*(ﬁ ) can be considered as an extended covariance
algebra. Let @ be the normal extension of ¢ to W*(xs). We consider ¢ as a
f.n.s. weight on W*(ﬁ ) by the above isomorphism. Since W(II) is as in §2,
there exists a canonical coaction § of G/N on W*(ﬁ ), and this corresponds to
the original d on C¥(A, G, a) by IT. Since the GNS representation spaces 9, P
and D=5 are the same, the pointwise multiplication of A(G/N) on w*(II) (con-
sider this algebra in induced representation sense) gives a bounded *-representa-
tion of A(G/N). By Lemma 10, § is (¢, j)-invariant. By [Proposition 12, ¢
is induced from a f.n.s. weight ¢, on W*(II). And by Lemma 4(2), @, is a
trace, and q’?o is 4g, y-relatively invariant under the action a of G.

The next problem is whether 50 is semifinite or not. For this purpose, we
consider the cocrossed products C;“(ﬁ (B), G/N, 0) and W*(M, G/N, §), where o
is the coaction on II(B) given by §. By [Proposition 19 and Lemma 27,
CxI(B), G/N, H=II(CXA, N, a)@B(L¥G/N)), and W*(M, G/N, §)=W*I)Q
B(L*G/N)), and moreover, these two decompositions are given by the same
unitary operator.

Let ¢ be 5] - We consider the induced weight ¢, on W*(M, G/N, §) by
the operator valued weight given by the coaction 6. Let &, be the restriction
of ¢, to CXII(B), G/N, §).

LEMMA 35. This restriction ¢, is semifinite. If ¢ is densely defined, sois ;.

PROOF. Let y=48(x)1®h), where xemj, and heC(G/N). Let T be the



C*-crossed products 753

operator valued weight which gives the induction from W*(ﬁ ) to W*(M, G/N, §).
Then, y is T integrable in the sense of [13] and T(y):(SG/Nh(s')ds')-x. This
shows that the above y is contained in m3,. Since C‘;“(ﬁ (B), G/N, 5) is generated
by the linear combinations of the products 5(x)(1®h) or (1®h)5(x), and mg is
weakly dense in W*(M, G/N, §), mg, is weakly dense. Densely defined case is
similar. g.e.d.

LEMMA 36. The trace ¢, is transformed to ¢,Q@Tr on W*(II)QB(LXG/N)).

Proor. This is just g.e.d.

LEMMA 37. The restriction § of @, to II(C¥A, N, a)) is semifinite. If ¢ is
densely defined, so is ¢.

PrROOF. Denote the norm closure of {xellI(C¥A, N, a))QC(L¥G/N)) :
$0®Tr(x*x)<00} by C. Then C is of the form of DRC(L*G/N)), where D is a
closed ideal of IT(C¥(A, N, a)). By Lemma 4-2 of [16], ¢,|p is densely defined.
Since DXB(LYG/N)) is weakly dense in W*X(II)QB(LYG/N)), this shows that
mgN\II(C¥ A, N, a)) is weakly dense in W*(II). g.e. d.

Let @, be goefI. It is a L.s. trace on C¥(A, N, a), and @, is the canonical
normal extension of ¢, to W*(II). The trace @, is clearly 4g y-relatively in-
variant. From these arguments we have,

LEMMA 38. The original trace ¢ is induced from a l.s. trace ¢, of C¥A, N, a).
Now we have the following theorem.

THEOREM. A lower semicontinuous semifinite trace on C¥(A, G, a) is induced
from C¥A, N, a) if and only if it is (8, j)-invariant under the canonical coaction
0 of G/N on C¥A, G, a).

REMARK 39. When N={e} and G is abelian, reduces to the special
case of Theorem 5.1 of [16].
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