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Nonstationary free boundary problem
for perfect fluid with surface tension
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§1. Introduction.

We consider a free boundary problem for a nonstationary motion of perfect
fluid, which is a model for a flow around a celestial body. We consider only
the flow in the plane through the equator. Hence the flow is regarded as a
two-dimensional one. For simplicity we assume that the fluid is incompressible,
inviscid and irrotational. We also assume that the equator I” is a unit circle in
R?.  Self-gravitation of the fluid is neglected and only the gravitation due to
the inside of /' is taken into account. We then look for a time-dependent
closed Jordan curve y(f) outside I”, which, together with I°, encloses the fluid
(see Fig. I) and at the same time look for a stream function V and the pressure
P of the fluid. The curve 7(¢) is assumed to be represented as

1) ={(r, O)eR* ; r=y(, 0), 0=0<2x},

where 7(-, -) is a positive function satisfying y(¢, §)>1. Then the problem to
be considered here is formulated as follows.

7@

Figure 1.
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PROBLEM (NS). Find functions V(¢, », 8), P(t, », ) and a time-dependent
closed Jordan curve y(t) (0<t<T) such that

(LD AVt r, 6)=0 in Qr,= \J 2.,
0<tLT
1.2 Vit,1,0)=0 for 0<t<T, 0<0<2rm,
0 0
(1.3 a—aV(t, rt, 8), 6) = 1(t, 0)—677’(1,‘, 6) 0<t<T),
1 ¢V 0 . g\ .
(1.4) — g »a—( wiP—£) =0 in Qr,,
oV 1 9 .
(1.5) ~ Gior +~7’— T( |VV |2 —i‘P—“) =0 in Qr,,
(1.6) P=o0K,q on 7(t),
(1.7 VO, r, 0) =V, 6), 700, 8) = 7.0),
(1.8) lgy(c) | =w,.

Here ¢, w, and g are prescribed positive constants. A is the Laplacian with
respect to » and #. Physical meanings of the symbols are as follows. The
function V is a stream function for the flow, i.e., the velocity vector is given
by (@V/dy, —aV /ox), P is the pressure. For a fixed time ¢, the flow region is
denoted by £, which is bounded by I" and y(t)={(r, 8);r=r(t, 6) (06 <2x)}.
Hence Q,,={(r, 0);1<r<r(t, 0)}. K, is the curvature of y(¢), whose sign is
chosen to be positive if y(¢) is convex. The constant ¢ is the surface tension
coefficient. We make the following hypotheses: the function 7y, which deter-
mines the initial position of the free boundary, belongs to C°*%(S'). It also
satisfies that y,>1 and that

(L.9) L S”TO(O)?dﬁ—n: =, .

2 )
The function V, is determined by
(1-10> A{/0 = 0 in ‘QT(O) ’ V0<lr 0) = O: VO(T0<0)) 0) =a,

where a>0 is a given constant which determines the magnitude of the circu-
lation of the flow. It is easy to observe that is satisfied if (1.3)* below
holds for some function f(f) of 2.

(L.3)* Ve, 1, 6), 6) = Sr(z ¢> Lit, )dg+ ().
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The condition implies that fluid particles on the free boundary remains on
the boundary throughout the motion. The equations and are the
Euler equations written in terms of the stream function V.

Our goal is to discuss on the stability of a stationary solution of the prob-
lem above. So we consider the stationary version of the problem above:

PROBLEM (S). Find a closed Jordan curve y and a function V such that the
following conditions (1.11)-(1.15) are satisfied.

(1.11) AV =0 in 2,,
(1.12) V=0 on [,
(1.13) V=a on 7,
(1.14) —;—IVV | 2——5— +0 K, = constant on 7,
(1.15) 12.] =w,.

REMARK. The boundary condition corresponds to (see also [1.10):
The conditions (1.2, 1.3) and the Euler equations (1.4, 1.5) yield the invariance of
the circulation. In this sense the stream function V of Problem (NS) is con-
nected to the parameter a.

This stationary problem is analysed in Okamoto (see also [9]). We
briefly recall the result there. One easily sees that there is a radially symmetric
solution. Namely, if we determine »,>1 by the equality mri—m=w,, then the
circle of radius r, with the origin as its center is a solution to Problem (S).
Indeed the corresponding stream function V is given by

a
log

(1.16) V=V = ” logr (I<r<ry).

0

We denote this curve (circle) by 7, and call it a trivial solution. This radially
symmetric solution is a natural one, since all the data are radially symmetric.
However, there is a solution without O(2)-symmetry, which bifurcates from the

trivial solution. This is a main subject in [8]. The result is stated as follows.
We define a, (n=1, 2, ---) by

_(on*=1)/ritg/ri\ve
a"—( rol+nR, /7 ) rologrs,

where R,=@3+ri™)/(rf—r;™. Then a, is a bifurcation point provided
a,%{an}men. Namely we have a nontrivial solution in any neighborhood of a,.
As for the geometric properties of the bifurcating solutions, see Fujita et al.
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where numerical solutions are given.

We put a*=min,;,a,. Then one might think that the trivial solution is
stable for 0<a<a* and that it loses stability at a=a*. In this paper we will
show that the trivial solution is unstable (in the sense described in §6) if
a>a**, where a**=min,.,(1+nR,)"*a,. This is stated in [9]. Here we give
a complete proof. We also present another method called a small disturbance
approximation. Then we show that two stability criterions derived from these
two methods coincide.

We remark that in the present paper we are interested in seeing how the
free boundary changes its shape. So our main purpose is to give a mathematical
tool to see the asymptotic behavior of the free boundary. The existence and
uniqueness of the solution is not discussed here. We think that the method
employed in Yosihara [13, 14] can be applicable to our problem and that it may
ensure the local existence of the solution. But our main purpose is to see long
time behavior of the free boundary. Hence we use a method different from
those in [13, 14].

This paper is composed of seven sections. In §2 we formulate Problem
(NS) by the perturbation method using some function spaces. The problem is
transformed to seeking a zero point of a certain mapping defined in a Banach
space. In sections 3, 4 and 5 we are concerned with a linearization of the
equation, i.e., we derive a Fréchet derivative of the mapping above. It will
be very important to note that we linearize the equation at the trivial solution
with real parameter a. Therefore the structure of the linearized equation
varies with a. In §6 we prove a theorem which implies the instability of the
trivial solution for a>a**. In §7 we give a small disturbance approximation
for our problem and show that the stability condition given by it is the same
as that given in §6.

§ 2. Formulation by the perturbation method.
We first define function spaces. Let 7>0 and 0<B<a<1 be fixed.

FUNCTION SPACES.
X = {ue (s\o CH[0, T]; Co-+(S1)) ;
I
_n Ou _a (% _
u(0, )=0, S0, )=0, SO u(t, 0)d0:0},

Y = {ueCU(0, T1;CHS") ; SZ"uu, 0)dezo}.
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X and Y are Banach spaces with canonical norms. Our plan to catch a solution
is as follows. We first give a uX. By this function # we construct a time-
dependent closed Jordan curve {7,()}o<:<r satisfying [1.8) Then we solve a
Dirichlet problem (1.1, 1.2), (1.3)* and for V in a domain bounded by I” and
7.(t), regarding ¢ as a parameter. Denoting by V, the solution thus obtained,
we solve [1.4) and which is a Cauchy-Riemann equation. Then we define
a mapping F by

0
F(TO; u) = ’a?(P“u"—aKu(b)) ’

where K, is the curvature of 7,,. Observe that 7, is a solution for y(0)=7,
if and only if F(y,, v)=0. Hence our task is to investigate a zero-point of F.

We begin with the definition of y,. For a sufficiently small u= X we define
a function 7, on [0, T]XS* by

2.1 Tult, 0) = 7o(0)+ult, 0)+g.@1),
where the function g, is defined by

€D gt =5 (=7t 000+ {Trutt, 0060) 22" —r0a0)

with 7,=7,+u. The function g, is defined so that
S“ &, )2 rut, )40 = 0
o Tu ’ at Tu » — .

From this equality and we easily see that |2, | =w,. Hereafter we write
2, instead of 2, ). Observe that g, is three times continuously differentiable
and that g,(0)=g,(0)=0. We next prove the following

PROPOSITION 2.1. There exist unique f and V, satisfying

(2.3) Avu =0 mn QT,uEQT. Tu?
2.4) V.=0 on I 0<t<T,
[/}
2.5 Ve= ("7t 2 7ult, G410 on 70,
2.6) V.0, 7, 0)=Vr 6) in Q,
d (2= 3V, B
@.7) ESO St 1, 0)d0 = 0.

Furthermore we have f,€C¥[0, T]), (0/0t)V.(t, )eC**(Q.u) (=0, 1, 2).
Using a canonical pull-back from Ry to 2, we can regard (9°V,/dt)l,,
eC([0, TT; Co-7*+(SY)).
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PrROOF. We begin with a heuristic argument. We first define W, and Z,
by the equations below.

{ AW, =0 in Qr.,

2.8) _ _ (0.3

W.,=0 on I, W, = Soru 5 Tu on 7,().
AZ,=0 i s

2.9) n Qr,
Z,=0 on I, Z,=1 on 7,0@).

Then, for each ¢, the functions W,(t, ) and Z,(¢, -) belong to C**%(2,,). If
the solution exists, then it must satisfy V,=W,+f,()Z,. Putting this into

2.7}, we have

2.10) f ;(t>S o

Z. 1, 0>d0+fu<t)g“~——zu<t, 1, 6)d6

2z @
0 o Qtor

or
e g%
+7 Wit 1, 0140 =0.
On the other hand, putting ¢=0 in (2.5), we obtain f,(0)=a (if the solution
exists).
To prove the proposition we solve the ordinary differential equation (2.10)
with the initial condition f,(0)=a. Since u is small, it holds that

Z. ~ log r ’
log 7,
hence
L 27
SO 5 2t 1, 00~ F >0

Therefore is uniquely solvable. Then we define V, by the equality
Vu=W,+fu(t)Z,. The functions f, and V, thus defined give the solution. It
remains to examine smoothness of them. It is easy to see that W,(t, -),
Z, (¢, )eC**(Q,,y). The function (3/6H)W, satisfies

0 .
AWWM—O n QT,u;
0
WWU'_O on F,

a 6 g° 0/ 0 2 0 0 .
—a—i—Wu—SorugﬁrudﬁnLSO(—a—?ru) a’t9~—a~r—Wu-ﬁru on 7.().

The boundary condition on 7,(t) comes from the differentiation of the condition
on [2.8). Hence, for a fixed ¢, the function (3/0t)W,(t, -) belongs to C**%. Other
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smoothness properties for W, and Z, can be verified similarly. By virtue of
(2.10) we can conclude that f,=C2 Q.E.D.

PROPOSITION 2.2. Let V, be the function given in the preceding proposition.
Then for each t, we have a unique q, such that

1 o 0 .
(2.11) ~ g Vvt g0 =0 in Quw,
0z 19 .
(2.12) — 5 Vet T 50 =0 in Qi)
2.13) Saumq“ =0.

Moreover it satisfies that q,()=C**e.
Proor. The function

1 &

1p 0106

is single-valued because of and satisfies and because of the

harmonicity of V. Choose a constant ¢ so that §,+c satisfies [2.13] Then we

| 0
Vilt, p, 0dp+| s Vlt, 1, g

qult, 7, 0) = ‘S » 3tor

will have the desired function. Uniqueness is obvious. Q.E.D.
NOTATION.
]_ 2 _.1
M= {nece(s) ; 3| 1070 -z =an, Ir—ralsra<—5—}.
2 Jo 2

Of course M is a Banach manifold.

We finally define a mapping F:MXX—Y by the following equality :

(2.14) Fro, u) = %({qu— —;— oV I+ £}

—UKu<t>>~

Tu(t)

Then 7, solves our problem if and only if F(7,, u)=0. In the following sections
we investigate a zero point of the mapping F when 7, is sufficiently smooth and
close to 7,. Here and in what follows we regard a function defined on 7,(f)
as a function on S! by means of a canonical correspondence (1, 8)—(r,+u(8), ).

§3. Derivative of F.

In this section we linearize the mapping F. Namely we derive a concrete
expression of the Fréchet derivative of F. To do this we prepare several
symbols : the Fréchet derivative with respect to u is denoted by D,. We put
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{=D,r.(w) for an arbitrary weX. Hence we have

2T -1/2
@3.1) ¢ = w—| "n@ut, 0)d0((| ) —2x"wr—r)
For we X we denote by U,(w) the solution U of the following Dirichlet problem.
(3.2) AU=0 in 2,, U=0 on [,
(o0 , oV, a¢ av., 0. 3V,
83 U=, (Gp @ra)do+Dulru— 3% 5 D55 g1t
on 7,(1).
We also consider the following Dirichlet problem
(3.4) AU =0 in Q,., U=0 on /1
av,
(3.5) U= S 57 (Crdi+Dulf)(w)——-

The solution of this equation is denoted by U¥(w). Lastly we define a mapping

®,: for zeCHQ,.,) with SZ”(@/ar)z(l, 0)d6=0 and Az=0, we define D,z by

the equation below.

19,0,
7552'}‘5;@“2——0 m .Qu,
] 1 0
(36) —524—75-0‘@“2—0 m Qu,
S @,z2=0
'Qu

Now we give a theorem concerning the linearization of F, which plays a funda-
mental role in the stability analysis.

THEOREM 3.1. For a fixed y,=M, the mapping F(y,, -): X—Y is Fréchet
differentiable. The derivative D, F(y,, u) with vespect to u is given by

)

B7)  DuF (o, ww =5 @ (Ut >) <a

or 1
0 aV 0 8V 1 oV, /o V.
R )7 50 (ag VT 5735 9)
e >C gf) "W(Nww+f1<u>w'+f2<u>w”),
where
0 P ’

folu) = EKM” ’ filu) = Ky and Salu) = byKu(Z) .

o’
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COROLLARY 3.1.

3.8)  D,F(r, 0>w:idio(LfO(w))—i(—‘lm(—a—Uz<<zu>— aw ))

20 00 \r,logr, \or r2log r,
_iﬁi QPw  ow
o6 (ao3+ aa>

where Uy w) and U¥(w) are harmonic in 1<r<r, and satisfy Uyw)=Uw)=0
on [0, TIx T,

0 0w a ow
Uyw) = Soro s dé— slogr. ot on r=r, 0<i<T,
o Jw aw
* — — - —
Uo(w)-—soro 5 40— oo on r=r, 0<t<T.

In particular, we have

Uy(w) :%UEFW).

PROOF OF THE COROLLARY. If one note that {=w and dV,/0t=0 in the case
of #=0 and y,=7,, then (3.8) follows from (3.7).

Proor oF THEOREM 3.1. First we show that
(3.9) D.(quly)w = @, (Uu(w)).

To this end we extend 0V ,/dt to a function on some neighborhood of Q7 , in
such a way that the extended function has the same order of smoothness as
ov,/ot. Put Y,=adV,/ot. Recall that Y =C*** (Proposition 2.1). For small «
and w we have

qu+w I?‘u-;.w_'QuIru = ¢u+w[Yu+‘w] [ ru+w_®u+w[yu] lTu+w

+@u+w[}fu] | ru+w—@u[Yu] l Tu

= Q1+Qz .
Observe that
w1 9Y, Y,
cpm[yuu,m:—gl * P +S 9w (4 1, 0)dO + constant,

grul 381:'9 S aY .,

Therefore we have

Q, = _S7u+w 1 Y, dp -+ constant.

Tu —(0— 60
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By the definition of F, constant terms give no contribution because of the
presence of d/df. Hence, in what follows, we omit constant terms. Using

we obtain

0qu
QQ“_aT(t: Tu(t; 0), 0)C

1 oY
3 t’ u utw " fuls 0 d
T Tera—re 96 b et Awrw=ra), O)dy

1 aY,

= _‘S:(Tww —7u)

1
Tut 9T utw—7w)

aY,

: 1
_So( Tut DT urw—T4)
= Q;+07.

oY, 1 oY,

U

By the definition we obtain [[7u+0—Tulse=Scllwlue and [7usw—7u—Clisa=
clwll2+o uniformly in £, (Here and hereafter ¢ means a generic constant which
is different in different context.) Then we easily obtain [|Q:ll;+p=cllw}+, and
1Q71+s=clwl|?s. uniformly in ¢, hence [|Q.[r=c|wl%.
Next we consider @,. Note first that Y, is characterized by the following
equation
AY, =0 in Quu,

Y.=0 on I,

1 o 50 V. 0714

Vimg g, 0ults 909 =3 S0 on

Therefore we have

AY yi—Yu) = —AY, in Ly,

Yusw—Yu=0 on [

Yero—Ye=Yurwlmo—Yuln=Culiu—Yulr) 0D 7usw.
Using thisjequation and the defining equation of U,(w) we will prove that
(3.10) [V urw—Yu)e@p—Uu(w)li14s = cllwli+e  uniformly in ¢,

where ¢:2,—82,., is defined by

_ (ro=l+tutwir—w
o 7’0—'1—|-u )

¢(r, )= (p, 0),

To this end, we compute and obtain
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A(Y ysw=Y ) ¢—U,(w)) = O(Jlw|®) in Q,,
Yurw—=Yu)o¢—Uu(w) =0 on I,
Yusro—Y)e9p—U(w) = O(lw|? on  7y.
The precise meaning of the right hand side will be explained below. Put
Z(u, W)=Y y+n—Y,)o¢—U,(w) and observe that
AZ(u, w) = MY yru—Y u) @}
wr—1) aYy adp 2wir—D+wi(r—1? oY
r{(ro—14+ut+wyr—wp dp dr = r*{(ro—1l+utw)r—w}* a6*
2 2
+—<2,fi (55 ) 0+ 3y )

where Y=Y ,,,—Y, and A is the Laplacian with respect to p and 6. There-
fore we have |AZ(u, w)llg=c|w|i+., where ¢ depends only on ||u(#)|+. and
oV ./0t|s+e. As for the boundary conditions, Z(u, w) evidently satisfies
Z(u, w)=0 on I'. Furthermore we have

Z(u, U))Iru(t) == Yu"'w‘Tu_;_w—YulTu—_{Y

—(AY )¢+

—Y.uly,)

w I Tut+w

[\ Cro)ao-Dutsie e G e DU Jurgp
= & g S Gt 0= Fu0= D)
B e e e ALY W

Hence we have [Z(u, w)l,,wliss=clwliia. By the Schauder estimate we
obtain (3.10). We have thus proved [3.9).
Next, observing that

= () e 5

we have

Du(%IVVuV)(w)— a;/u D (aavr )(w)+—712— G;;u D (881(/9 >( - i(&@I;u)ZC.

u

Using the method above, by which we have dealt with @,, we see that
av, 0 o*V,
Du(—a—;’—)(w) = WUﬁ(w)—l—"a*rrC,
oV, 8 * oV,
Du( S5 )w) = 5 Ultw)+ 52

g.
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The principal idea and the computation is the same as those in [8]. From
these formulas we obtain the expression for the derivative of D, (|VV . |2/2)(w).
Other parts of the proof is straightforward. Hence we omit it. Q.E.D.

REMARK 3.1. From the proof we see that there is a constant ¢ independent
of T such that

| F(re, u)—F(ry, 0)—=D F(re, Ouly = cllull’y.

§4. Spectral analysis of D, F(y,, 0).A

In this section we represent D, F(r,, 0) more concretely. Express weX by
the Fourier series:

w(t, 0) = é}own(t)eine.

Then the function Z=(0/00)U(w) is characterized by

AZ =0 in 1<r<r,, Z=0 on [

7 — ow  a ow
l e at rologro 60

=1y 2 wp(t)e™f — inw,(H)e™?  on r=r,.
n+o 0

7’0 10g 7’0 n+
Therefore we have

d rt—r" ; a S
a7 Ut w) =1y 3 ———wh(t)e"? — — —
a6 ~° Yizo rp—rg® " rologre izo ri—ri®

wa(t)inet?.

Observe next that @,(r"e'™?)=—ir"e®*? @, (r-"e'"*%)=;r-"¢"%  From these
equalities we have

8 Cy
2 PolUo(w) = Po( - Usw)
=7, 2 ot iwi(t)e™™ — ¢ rr wht)ner?

n#0 ry—ry" rolog vy o ri—ry™

a .
3 nR,wi(t)e™? on r=r,,

= —ir, 2 R,wit)et"l — ————
0 n};o nwald) 7o 10g 7o n%o

reTro”

where R, =
R

(ne Z~\{0}).

On the other hand, (9%/0607)U¥(w) is computed as follows.

* s ind a int -
Ao Us(W) | r=ry = 2 nRywi()e**’ — ———— 3 —— Rywye™’,
n#0 o log Yo n®0 7o

d06or
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We now introduce a linear operator H which is defined by

4.1) Hy = 3 (—iR,)v,et"? for v= > v,et’.
n+0 n#F0

Then, putting b=a/(r3logr,), we have

0 o*w 0w

60 (Uo(lb) Mo ro — H-&?—?’ome,
o* . o*w 0w

Frog U lr=ry = Hgmg —bH 555 -

Therefore D, F(r,, 0) is represented as follows.

’*w o°w *w

3Y
e ZrObHataﬁ+ob2Haﬁz 0w , o 3w

2 —
D F(ro, Ow = r,HZY +(robt+ = = >aa +o5 g
REMARK. The quantity R, tends to &1 exponentially as n—=+cc. Hence

the operator H is the Hilbert transform on S® plus a “ smoothing operator ”.

Now we see that D, F(r,, O)w=Ff (€Y) is equivalent to the Cauchy problem
for the hyperbolic equation below :

Fw , Pw L Pw ow Lo 0w
(4.2) s a0 g+ H (b‘ = >aa HHO o
=LH‘1f<t, 0)=geY,
Yo
_ Gw
w(, 6) =0, (O 6)=0.

We rewrite this hyperbolic equation in the framework of the Hille-Yosida theory
for semi-groups of operators. To this end, put v=0w/0{. Then the equation
(4.2) is rewritten as

s Y= anao0)()+)

=4()+(,):

S

where the operator L is defined by

0
FIA

— _____0‘_ -1 a __.h2 az . 21 g— g 1

L= = 755 =5 e (b ” )H-
We consider [4.3) in a function space E=H"*S")x L¥S!). Here and in what
follows H(S') means a Sobolev space in the L2-category and H{SYH)=H H{SYH/R.
The following lemma is importart in the stability analysis of the trivial solution.
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LEMMA 4.1. The spectrum of A is composed only of eigenvalues which lie
on the imaginary axis except for finite number of them. More concretely,

U(A) = {24.(71), 2-(”); n:i]-y iz’ i3, }:
with

A:(n) =

1 . . [n{(1+nR,)at, —a?}
~————~r% Tog 74 (zan:tz\/ R, )

ProoF. First step. We show that A.(n)’s are eigenvalues and that there
is no other eigenvalue. Let A be an eigenvalue and (w, v)€ E be an eigenvector
associated with 4. Then it holds that

Aw=v,
o o*w o*w

_ O W L, 0W [, T8 _1
= H b (0+ - VH

ow ov
50 +2bﬁ’

Therefore we have

e, 0 0w LW s, a—g\, , 0w ow
B = — T H G — b o (b+ - H Sy F2baGe.
Using the Fourier expansion w=3,.,w,e'"?, we obtain

c —int

z = = —h2(—n? {2 ag—g in .
Aw, = ry —iR, Wo,—b*(—nHw, (b + o )—_—z'Rn Wa+2bAinw,
for all neZ~{0}. Since w0, it should hold that
2_____0_'_ ns 2. 2 2 O'—g “n__ .
B = =D g totnt (b2 ) o 2bin

for some n=Z~\{0}. Hence

_ 1 n{(1+nR,)at, —a?}
4= r%logro(ani\/ R, )’

therefore we have proved the claim.
Second step. To complete the proof it is sufficient to show that A& {4}

belongs to the resolvent set. For this purpose we consider the following
operator :

e 0 I
T \—gry*H-13%/06° 0)

Then it is easily verified that A, is a bounded operator from H*(S')x H**SY)
onto E and that A;! and (A—A,) A" are compact operators in E. If A& {4} 1.0,
then A—A is injective. We can rewrite it as A—A={2A4A'—(A—A\)A;*—1} A4,.
The operator inside { } is a sum of a compact operator and the identity in E.
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Further, it is injective. Hence, by the Riesz-Schauder theory, it must be an
isomorphism from E onto itself. Consequently (A—A)-* is a bounded operator.
Q.E.D.

The position of the eigenvalues is illustrated in Fig. Il

>3
X X
X X X
b 4 %
X
0 0
K
7 3 X
X
¥ X
0<a<a* a=a* a**<a
Figure II.

§ 5. Linearization with respect to 7,.
In this section we derive a linearized operator with respect to the initial
value 7,. To describe it we need the following function space:

Cora(Sn) = {geCrusy ; S:”qw)da:o}.

Note that C*+*(S') can be regarded as the tangent space of M at y,=r,.
THEOREM 5.1. F is a C-mapping with respect to (ye, u). We have
(5.1) D, F(ro, O = —roHLy = L(—r,Hy)  (neC®*«(SY).
PrOOF. We only prove the equality [5.1). For u=0 we have 7,(t, 0)=74(0),
V.=V, ¢q.=0. Hence it holds that

5.2) Fro 0) = oy ((— 319Vl +£)| —ok,).

We put the right hand side (0/00)F*(y,). Then, by the formula in Okamoto
or [9], we obtain
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a <8U

Drd™rom = = g7 o

__ a7 N_8 9 ”
=1y 7310g7’0> r2 Ui 72 (7]+77 )s

where U is the solution of

AU =0 in 1<r<r,,

U=0 on r=1, U:~-—aj~~ on r=r,.
rolog ¥,

From this we easily see that

a? int?

(7 = 1710____ 1710
DTOF(; v 0)77 (7’0 10g 7’0)2 Tgﬁ)o Yo nﬂne 7’0 nE()““?n
G;Z inf v . ing
T r%(log 7’0) 7§02n7] ¢ + E (“1 in )7]"9
a°y g dy @ 83 an
2 i/ 2
_ngH802+ 0 60+T3 603+0b aﬁ
== '—roHLn .
Therefore the proof is completed. Q. E.D.

§ 6. Instability of the trivial solution.

In this section we will show that the trivial solution is unstable when
a>a**=min,.,(1+nR,)"?a,. To be more precise, we make the following

DEFINITION 6.1. The trivial solution is called J-stable if the condition below
is satisfied. There is a constant d<(0, 1] such that the solution exists globally
and uniquely and satisfies

Srran] <

[5-j+a
provided [7o—70lls:2<de, 7o M for sufficiently small e.
Our goal is to show

THEOREM 6.1. Suppose that a>a**. Then the trivial solution is not d-stable
for any o.

ProoF. The proof is carried out by showing a contradiction. So, assume that
a>a** and that the trivial solution is d-stable. Let d and ¢ be as in Definition 6l1.
By the definition of the Fréchet derivative, we have

6.1)  [F(o, w)—F(ry, 0)=DyF(ry, Ow—D, F(re, 0plly < cllwli+clnliia
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for sufficiently small we X and 7;:70—%82”706615“(51). Here the constant ¢
0

is independent of w, » and T (see Remark 3.1). Since F(r,, 0)=0 and F(y,, u)
=0, we obtain

Dy F(re, 0)u+Dy F(ro, Onlly = cllulk+clinlia.
Putting v=u—r,Hy, this inequality is rewritten as

| 0% %

(6.2) o "m0

Lo], 5 cluttcllise.

Since a>a**, we have for some »n and (w,, y,)€F

AaWn = Y, AnYa = Lw,+2b 9 Re(2,)>0.

'a‘é‘yn )
Putting p=0d¢y,, we have

2b

(5 =235 =2 ), = 2 () G0 (52)
=2 () G-#(C): G-

Let ¢(t)=e‘1n‘((z ), (l;")) Then we obtain
t n

d
‘eln‘j?—‘ =< cllull% +co%e?,
hence

< cul%+c’d%s.

{c|lull%+cd®s*}
[o)—¢(0)] = ~Rei

Since

Re $(0) = ((“”135” "), (’“;)) = doe

is different from zero, we may assume that Re$(0)>0. Then
Red(t) = Re d(0)—c’|lullk —c'0%* = (d—c'de)de—c’ ¢

If ¢>0 is sufficiently small so that (d—c’de)de—c’e?>dde/2, then we have

Re((2)0, (V7)) 2= L dseene,

Since Re1,>0, this inequality contradicts the stability assumption. Therefore
we have completed the proof. Q.E.D.
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§ 7. Stability analysis via the small disturbance approximation.

In this section we consider the stability of the trivial solution using a
“small disturbance approximation”. This hydrodynamical technique is a most
convenient method used in the water wave theory (see, e. g., [1, 3, 5, 6, 11, 12]).
The important feature of this approximation is to transform the original free
boundary problem to a problem in a fixed domain. Our approximate equation
is written as follows. We first assume that the difference y(¢, 8)—r, is small,
whence the domain £,, is replaced by 2,={1<r<r,}. V and P are functions
defined in [0, c0)x Q,, which satisfy

(7.1) AV =0 in 0=<t<oo, (r, 0)cQ,,

(7.2) V=0 on 0=t<oo, r=1,
1 8V 81 cip B\ .

(7.3) 7W+W(E'WI 1P r>*0 in [0, o)X 2,,
a*v: 1 a9 /1 e b &\ _ .

(7.4) — 5 7—3—0;(—2—1‘71/1 +P r)_o in [0, c0)X2, .

We put y=r»,+7(, 8). We assume that 7 is small. Hence 5% (d7/00)% etc.
are neglected. By the boundary condition we have

oV, aV anp _  ady

.5 %6 " or 96 " ot

on 0=Zi<co, r=r,, =S,

Observe that

K :(7’0+7]>2+2(770)2—(7’0+W>000
14¢2] {(r0+77)2+(7]0)2}3/2

Therefore we approximate the Laplace equation (1.6) by

(7.6) P= —‘L(l—l~m) +- constant on 0=t<co, r=r,.
Yo Yo Yo
Now our approximate problem is to find functions ¥ and P defined on [0, o)X £,,
7 defined on [0, co)X S* satisfying (7.1-7.6). If 7 is determined, then -+ rep-
resents the “free boundary ”.
In order to solve the equations above we eliminate » from and (7.6).
To this end we seek a solution V in the following form:

V= 3 falgale™ +figor) -

By (7.1, 7.2) the functions g,(r) must be of the form
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gnlr) =rt—r" (n+0),
go(r) =logr

or their constant multiples. On the other hand, the invariance of the circu-
lation (the Kelvin theorem) yields that fi(#)=0. Indeed, this is also checked
by requiring that (7.3) and (7.4) must be satisfied by some single-valued function
P. Now we have

(7.7 V= Efn(t)(r —y=M)einl 4

log m logr.
The unknowns are f,(t) (n=x=1, %2, ---). We denote by W the first term of
the right hand side. Since we assume that the disturbance is small, we assume
that W is small (i.e., all f,(f) are small). This assumption enables us to approx-
imate |VV|? by

oV oV \e oW 2 1 Wy

(7.8) () +(ag) = (G + g7 2+ =G
2¢ 1 oW a 1y
~ logr, r or <log 7o 7)

The equations (7.3) and (7.4) yield
(7.9) P—I——;—IVVIz—% = — 5;,‘0 fr)(F™+r-")ie'™? + constant.

By and we obtain

__é_’__ / n -1\, inﬁ__l a 2 -2
(7.10) P=S— 5 frnrtrmient— o)
a 1 oW .
“Togr. 7 or + constant in [0, o)X ;.

On the boundary r=r,, we replace 1/» by (1—%/r,)/r,. Then we have

(7.11) P, 7o, 0) = (l_r—o)_ Eﬂf;(t)(ral+r;n)iein0

—i = 1 : "‘"21)‘ - inf
2 (7'0 log ro’) (1 7o ) log T nz;e fa®)rg+rg™ne

<+ constant on [0, co)Xx S,

To eliminate  we now rewrite as follows:

0 a 0 n ms i im
(7.12) (r(,?t——————ro - W)p = 3 fallrf—rim)ine®™?,

Eliminating P from (7.6) and (7.11), applying the operator in the left hand side
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of we obtain the following equation which is represented only by f,(#)’s:

(7.13) ~—(1+ ) > falrg—riinei?

a06*

a?
N <_7’0~ + ri(log ry)*

) E fa®)r—ri™)ine?

> [ +ra™)net?

—_ —n\,ind __
T 2 f W(E(rg4ra™e "o log Fo %

a2

T3 ro(IOg ro)? 7

> [ +ri™)in%et™?.

Therefore for all n=0, it holds that

o(n*—1)
o

@19 fuo-2mifio+ 5 BB nR))[40) =0,

where b=a/(r}logr,), R,=0@3+r;™)/(r2—rs"). Now we have reached the fol-
lowing theorem.

THEOREM 7.1. In the linearized sense, the trivial solution is exponentially
unstable if and only if

a > min{(1+nR,)"?a,; neN}.

PROOF. By the definition of a,, the characteristic equation for (7.14) is
written as

2anil n o aln—
rilogr, R, ri(log o)2

- (1+nR )=0.

Hence some of the real parts of the roots of these equations become positive if
and only if ¢>min{(1+nR,)"%a,; neN}. Q.E.D.
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