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Infinite families of nilpotent Lie algebras
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0. Introduction.

As early as 1891 K. A. Umlauf [12], a student of Engel, classified all the
complex nilpotent Lie algebras up to dimension 6 : they are finite in number. At the
dimensions 7, 8 and 9 he found several infinite families of nilpotent Lie algebras.
Many authors studied this phenomenon. Among them are: N. Bourbaki ([1], p.
122 ex. n° 18), Chong-Yun Chao [3], P. De La Harpe [4], G. Favre [5], M.A.
Gauger [6], T. Skjelbred and T. Sund [10], [11]

We prove a criterion (involving a cohomology space and some orbits of an
open set in a Grassmanian under the action of an algebraic group) for the ex-
istence, at a given dimension, of infinite families of non isomorphic nilpotent
Lie algebras without direct abelian factor. By applying this criterion to a special
case we recover a theorem of Gauger with supplementary information con-
cerning nilpotent Lie algebras of dimension =9.
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1. Preliminaries.

1.1. All through Sections 1 and 2, F denotes a commutative field and all
Lie algebras are of finite dimension over F'; from Section 2 onwards, F will be
assumed algebraically closed. If g is a Lie algebra we denote its center by Z(g)
and its automorphism group by Autg. The abelian Lie algebra of dimension n

will be denoted by g7?. If E is a vector space over F, 7\E is the homogeneous com-
ponent of degree 2 of the Grassmann algebra AE.

1.2. For p=N*, Let C%g, F?) be the vector space of 2-cochains (i. e. bilinear
alternate map from gXxg into FP?), Z¥g, F?) the space of 2-cocycles, (i.e. the
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elements B of C%*g, F?) such that B(X, Y], Z2)+B({Y, Z], X)+B(Z, X],Y)
=0 VX, Y, Z=g), B¥g, F?) the space of 2-coboundaries, (i.e. the elements B of
C*(g, F?) for which there exists f=Hom(g, F?) such that B(X, Y)=f(X, Y])
VX, Yeg). Note that Cg, FP)=C¥q, F)?, Z¥g, F?)=Z%g, F)?, BXg, FP)=
B?(g, F)?. Denote the cohomology space of degree 2 of g with values in F? by
H*(g, F?) (this is the quotient Z%*g, F?)/B%*g, F?)) and indicate the canonical
morphism Z%*g, F?)— H%*g, F?) by B— [B] [2].

13. If ¢=Autg and BeC¥g, F?) one defines B?=Cg, F?) by B?(X, Y)
=B(¢X, ¢Y) VX, Yeg. Thus Autg operates on C*g, F?). It is easy to see
that Z%(g, F?) and B%*g, F'?) are stabilized by this action, so that there is an
induced action of Autg on H¥g, F?): (¢, [B]) — [B?].

14. Let G,(H*g, F)) be the Grassmanian of subspaces of dimension p in
H*(g, F). One makes Autg operate on G,(H*g, F)) in the following way:

(¢, V=[BIF® - ®LB,IF)—~ V*=[B{IFD - GLBSIF.

This definition is legitimate because ([B%], ---, [B%]) is free if ([B,], -, [Bypl)
is free. Denote the orbit of V eG,(H*(g, F)) under the action of Autg by Orb (V).

1.5. LEMMA. For BeC*g, F?), let gi=1X<g; B(X, Y)=0VY g} (note
that §ts,...sp =088, "+ N8s, if B.€C*g, F)). If (By, -+, By), (Bi, -, Bp)e
Z%g, F?) are such that

[BIFD - GLBp1JF=[B{IFD --DLBIF
then
8By, B N Z(g):g'(LB'l.---.B’p) NZ(@Q).

V4
ProoOF. There exists an invertible matrix (¢f) such that [Bi]= Z)l¢{[Bj]
=

therefore there exists f;€Hom(g, F) such that ByX, Y)=X2¢iBi(X, Y)+
f(LX, YD) VX, Yeg Vi=1---p. Hence “By(X, Y)=0 and [X, Y]=0" is equiv-
alent to “Bi(X, Y)=0 and [X, Y]=0” which is the conclusion. This result
allows us to define

Up(@)={LB:1FD - BLB,IF G ,(H g, F)); 6.8 NZ(@)=(0)}.

1.6. LEMMA. The set U,(g) is stable under the action of Autg.

PrROOF. Let g=Autg, V=[B,1FP - B[B,1F€U,(g) and B=(B; - B,);
obviously, one has ggs=¢ g3 and ¢ (Z(g))=Z(g). Therefore ghs N Z(g)=
¢ (65N Z(g)) which proves that VeU,(g) if and only if V¢€U,(g).

The set of orbits will be denoted by U,(g)/Autg.

1.7. THEOREM (T. Skejelbred and T. Sund [11]). There exists a canonical
one-to-one map from U ,(g)/Autg onto the set of isomorphism classes of Lie algebras
without direct abelian factor which are central extensions of g by F? and have
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p-dimensional center.

2. The criterion.

2.1. All through Section 2 we will assume F algebraically closed. All the
topological notions are relative to the Zariski topology. The set G, (H%g, F))
is an algebraic variety and Autg is an algebraic group acting morphically in all
spaces considered in Section 1 [7].

2.2. LEMMA. The set Uy(g) is open in the Grassmanian variety G,(H*g, F)).

PrOOF. Let B: g — Hom (g, F?) be defined by E(X)(Y):B(X, Y). One has
KerB=gs. Let B=B/Z(g). Then

Up@)={[BIF® - B[B,1F=G,(H¥g, F)); Ker B=(0)}.

Since B is linear from Z(g) into Hom(g, F?), the matrix of B is EXnp
where k=dimZ(g) and n=dimg. Let D\(B,, -+, By), **-, Dy(Bs, +*+, Bp) be the
determinants of the %Xk matrices extracted from the matrix of B. One has

Gp(HX8, F)NUp(@)={LB:1FD - BLBy]FeGp(H¥g, F));
Dy(By, -+, Bp)= - =Dy(By, -+, Bp)=0};

hence the complement of U,(g) is closed.

2.3. THEOREM. Let g be a Lie algebra of finite dimension over a commuta-
tive and algebraically closed field F. Let p=N* and assume that g has at least
one central extension by F? without direct abelian factor and with p-dimensional
center (i.e. Up(8)# @ by 1.7). Let s be the maximum of the dimensions of Autg-
orbits of Uy(g). If s<p(dim H*g, F)—p) then there exist infinite families of
Lie algebras which are

— two by two non isomorphic

— without direct abelian factor

~—— central extensions of g by F?

— with p-dimensional center.

PROOF. Since U,(g) is open (2.2) and not empty in G,(H*g, F)) one has
dimU ,(g) =dim G, (H*g, F))=p(dimH¥g, F)—p) [7] If s<p(dimH?2(g, F)—p)
then dimorbV <dim U (g) for all V€U ,(g); but U,(g) is the union of all orbV for
VeU,(g) and a variety cannot be the union of a finite number of sub-varieties
if the dimensions of the subvarieties are strictly less than the dimension of the
variety. Therefore there are infinitely many orbits in U,(g). The conclusion
follows then from 1.7.

2.4. REMARK. The hypothesis U,(g)# @ is essential as one can see from
the case of Heisenberg Lie algebras which do not have central extensions by F?
without direct abelian factor and with p-dimensional center ([8], [9).
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25. LemMA. If keN* and pe N* are such that p=(%) then Uy(ah+®.
PrROOF. Let g=g* and denote g* the dual of g. One has B%*g, F)=(0),

Z¥g, F)=Ag* H%g, F)=Ag* [B]=B (by identification). If {e,, -, es} is a
basis of g and {e*!, ---, e**} its dual, then {e**Ae*/; 1=i/<j=<k} is a basis of

Ag*. Let BeZg, Fr) then g Z(g)=g} therefore U,(g)={B.F® - ®B,Fe

2
Gp(Ag™); g%Bl,--‘.Bp):(O)}- .
First case: k even. Let By=¢*' Ae*?+ - +e** 1 Ae** and X:iZlXie,-eg.
Then '
Bi(X, ej)=—X* if j even and 2=;=%k
=X if jodd and 1<j=k—1.

Thus g3,=(0). Let {B., -, Bp}c/z\g* such that {B,, ---, B,} is free then
818w B =85, M =+ NG5,=(0) thus B,FP - P B,FUp(g) therefore Up(g)# .

Second case: k odd. Let By=e*' Ae**4 -+ +e*k-2Ao*k-1 B,=¢* Ae*k, As
in the first case one proves that g Ngs,=(0). Let {Bs, -, Bp} C Ag* such that
{Bi, ---, By} is free then B,F® :-- @B,FcU,(g) thus U,(g)+ D.

2.6. THEOREM. Let g7°? be the abelian Lie algebra of dimension n—p over
an algebraically closed field F.

(i) For all (n, p)eN*XN* verifying (n—p)2§p<(n5p)—p) there exist
infinite families of nilpotent Lie algebras of dimension n which are:

——1two by two non isomorphic

—— central extensions of g¢%7? by F?

—— without abelian direct factor

— with p-dimensional center.

(ii) For all n=9 there exist p=3 such that (n—p)zép((ngp)—p), therefore,
from dimension 9 onwards, one gets infinite families as described above.

PROOF. (i) Let (n, p)e N*X N* verifying (n—p)’< p((”gl’)—p); this
implies in particular n—p=2 and p§(n5p); by 2.5 one has U,(g7 ?)+@. The
center of Autg?~? is isomorphic with F~\{0} (thus of dimension 1) and operates
trivially on U,(g}~?). Thus dimorbV =dimAutg? ?—1 for all VeU,(g? 7). But
dim Autg} ?=(n—p)% hence s=(n—p)*—1 where s is the dimension of an orbit
of maximal dimension. Thus s< p((n5p>_ p) by the hypothesis on (n, »). On

2

the other hand B*g}~?, F)=(0), Z*g}°?, F)=A(g1"7)*, H*g?"?, F)=7\(g’f‘p)*
thus dim H*(g?"?, F)-——(ngp), which implies s<p(dim H?*(g?"?, F)—p). Since a
central extension of the abelian Lie algebra g%~? by F? is a nilpotent Lie algebra
of dimension n one gets the conclusion by 2.3.

(ii) Let f(n, p)=p<("5p)—p)—(n~p)2. Since f(9, 3)=0 the assertion is
proved for n=9 (with p=3); assume it is true for a certain n and let p=3
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such that f(n, p)=0, then n—p=2. One has f(n+1, p)=f(n, p)+(n—p)p—2)
—1=0+2(3—2)—1=0 therefore the assertion is proved by induction on n.

2.7. REMARK. By using the argument of algebraic geometry as in 2.3,
Gauger (Theorem 7.8 and Corollary 7.9, p. 315-316) proves directly the result
2.6 but does not explain if the central extensions are with direct abelian factor
or not. This point seems to us very important because if we have infinite
families at a certain dimension 7, then one can obtain infinite families at all
dimension =n, by making a trivial extension. The supplementary information we
give comes from the theorem of T. Skjelbred and T. Sund (1.7).

Bibliography

[1] N. Bourbaki, Groupes et algébres de Lie, ch. 1, Hermann, Paris, 1968.

[2] C.Chevalley and S. Eilenberg, Cohomology theory of Lie groups and Lie algebras,
Trans. Amer. Math. Soc., 63 (1948), 85-124.

[3] Chong Yun Chao, Uncountably many non isomorphic nilpotent Lie algebras, Proc.
Amer. Math. Soc., 13 (1962), 903-906.

[47] P. De La Harpe, On complex varieties of nilpotent Lie algebras, Global Analysis
Appl. Intern. Course Trieste 1972, Vol. 1T, 1974, 47-57.

[5] G. Favre, Systémes de Poids sur une algébre de Lie nilpotente. Thése 1972, Ecole
Polytechnique Fédérale de Lausanne, Suisse.

[67 M.A. Gauger, On the classification of metabelian Lie algebras, Trans. Amer. Math.
Soc., 179 (1973), 293-329.

[77 J.E. Humphreys, Linear algebraic groups, Graduate texts in Math., Springer-Verlag,
1972.

[8] L.J. Santharoubane, Classification et cohomologie des algébres de Lie nilpotentes,
Thése 1979, Univ. de Paris VI, France.

[97 L.J. Santharoubane, Cohomology of Heisenberg Lie algebras, Proc. Amer. Math.
Soc. , 87 (1983), 23-27.

[10] T. Skjelbred and T. Sund, On the classification of nilpotent Lie algebras, Preprint
n° 8, May 3, 1977, Matematick Institutt Universitet i Oslo, Norway.

[117 T. Skjelbred and T. Sund, Sur la classification des algébres de Lie nilpotentes, C.R.
Acad. Sci. Paris Sér. A, 286 (1978), 241-242.

[12] K.A. Umlauf, Uber die Zusammensetzung der endlichen continuierlichen transfor-
mations Gruppen, insbesondre der Gruppen vom Range Null, Inaugural-Dissertation
zur Erwerbung der Doktorwiirde der philosophische Fakultit der Universitit Leipzig,
Leipzig, Druck von Breitkopk & Hirtel, 1891.

L.]J. SANTHAROUBANE
Department of Mathematics
University of Poitiers
86022 Poitiers

France



	0. Introduction.
	1. Preliminaries.
	1.7. THEOREM ...

	2. The criterion.
	2.3. THEOREM. ...
	2.6. THEOREM. ...

	Bibliography

