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Introduction.

This is the second part of the study of polarized manifolds (M, L) with
A(M, L)=1. In this part we consider those with d(M, L)=5 and we prove the
following

THEOREM. Any polarized manifold (M, L) with 4(M, L)=1, d(M, L)=5 1is
isomorphic to a linear section of Gr(5, 2) embedded by the Pliicker coordinate.
Here Gr(5, 2) denotes the Grassmann variety parametrizing 2-dimensional linear
subspaces of C°.

Notation, convention and terminology.

We use the same notation as in the first part except a few new symbols
listed below. In particular, vector bundles are confused with locally free sheaves.
Tensor products of line bundles are denoted by additive notation.

Example of symbols in the same use as in [5].

{Z} . The homology class defined by an analytic subset Z.

|L|: The complete linear system associated with a line bundle L.

Lr: The pull back of L to a space T by a given morphism.

However, when there is no danger of confusion, we OFTEN write L instead
of Lp.

[A47: The line bundle defined by a linear system /.

BsA: The intersection of all the members of A.

p4: The rational mapping defined by A.

K*: The canonical bundle of a manifold M.

Qc¢(M): The blowing up of M with center C.

E;: The exceptional divisor on Q.(M) over C.

EV: The dual bundle of a vector bundle E.

F[E]:=FRe€ for a coherent sheaf &, where & is the locally free sheaf of

sections of E.

P(E) :=EV— {0-section} /C*.
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HE: The relatively ample tautological line bundle on P(E).

H,, Hg, ---: The line bundles defined by hyperplane sections on projective spaces
P,, Pg, --- indicated by the same suffixes.

d(M, L).=(c,(L))"{M}, where n=dim M.

AM, L):=n-+d(M, L)—h"(M, L).
Symbols introduced in this part.

A* : The sub-linear system of A consisting of De 4 such that DDY, where
Y is an analytic subset.

T¥:. The tangent bundle of M.

2y : The cotangent bundle (T¥)V of M.

NOY: The normal bundle of a submanifold C in M.

Q0 The conormal bundle (NO\Y)V,

bi(M): The i-th Betti number of M.

s;(E): The j-th Segre class of EV.

Preliminaries.

Here, for the convenience of the reader, we review a couple of known
results used (often without referring explicitly) in this paper.

(P.1) Let E be a vector bundle. Then the total Segre class s(E)=2];s;(E)
is related to Chern classes by the formula s(E)c(EV)=1. One can take this to
be a definition of s(E). From this formula we see s,(E)=c(E), s{E)=ci(E)?
—cy(E), and so on. (For details, see [10]. But our notation is different from
that of [107.)

(P.2) If E is a direct sum of line bundles, then s,(E) is the sum of all the
monomials of degree n of their Chern classes. For example, s,(AGBEC)=
al+ BP+7*+ Br+ratap and s(ADB)=a’+a*f+aB®+ §°, where a=ci(A),
B=c(B) and 7=c,(C).

(P.3) The cohomology ring H*(P(E); Z) of P(E) is generated by c,(H%)
as a H*(S; Z)-module where S is the base space. The following formula is
very useful for the calculation of intersection numbers.

(P.4) (HEY*+ " 1q{P(E)} =s.(E)a{S} for any asH*" *(S; Z) where n=
dim S and r=rank E.

(P.5) A vector bundle F on P(FE) comes from a vector bundle on S if and
only if the restriction of F to each fiber of P(E)—S is trivial.

(P.6) For any vector bundle V on S we have H?(S, VRS*E)=H?(P(E),
V[ kH*]), where k is a non-negative integer and S*E denotes the k-th sym-
metric product of E.

(P.7) HP(P(E), V[—EHF])=0 for 1=k=r—1.

(P.8) Suppose that S is smooth and let TP®/S be the relative tangent
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bundle Ker(TP®>—TS,,). Then there is a natural exact sequence 0—[0]—
EV[HE] - TP®I1S (), From this follows the formula: K'® = —yHE L
[KS+det Elpm.

(P.9) Let C be a submanifold of a manifold M. Let M:QC(M) be the
blowing up of M with center C and let E, be the exceptional divisor over C.
Then (E¢, [—Ec])=(P(Q), H? where 2=28,. is the conormal bundle of C in M.

(P.10) The cohomology ring of M is generated by ¢,(E;) and H*M; Z).
Intersection numbers can be calculated by (P.9) and (P.4).

(P.11) A vector bundle F on M comes from a vector bundle on M if and
only if the restriction of F to each fiber of E,—C is trivial

(P.12) K#=K¥(y—1)E, where r=codim C.

(P.13) On M we have the following exact sequence : 0—0z(T1)—Ou(T¥ %)
—0g (TFe/°[E;])—0. So, combining (P.7), (P.8) and (P.9), we obtain an exact
sequence 0—H(M, T™) — HY(M, T*)— HYC, N°\*)— H M, T%)— H'M, T*)
—HY(C, NO\*)— ...,

(P.14) Let D be a smooth divisor on a manifold M. Suppose that D is a
Pr--bundle over a manifold B and that the restriction of [D] to each fiber of
D—B is ©(—1). Then there is a manifold N containing B as a submanifold
such that Qz(N)=M, where the isomorphism induces Ez=D preserving the
Pr'-bundle structure over B.

§7. Examples of Del Pezzo manifolds of degree five and statement of
main results.

(7.1) Let M be the Grassmann variety of two-dimensional linear subspaces
of C°. Let L be the hyperplane section associated with the Pliicker embedding.
Then dim M=6, d(M, L)=5 and A°(M, L)=10. So A(M, L)=1. Hence (M, L)
is a Del Pezzo manifold (see (1.13) and (1.6)).

(7.2) When (M, L) is a Del Pezzo manifold, any smooth member of |L| is
also a Del Pezzo manifold. Hence we obtain Del Pezzo manifolds with d=5 by
taking hyperplane sections of Gr(5, 2) successively.

(7.3) Let S be a smooth hyperquadric in P=P%. Then S=P!X P! with
[H,]s=H,+H, Let C be a smooth member of |H,+3H,| on S. Let ﬁ:QC(P)
be the blowing up of P with center C and let S be the proper transform of S.
Then S=S=~P!x P! and Ng\F:[S]—[EC]:ZHa—(HGJrSH,):HG—H,. Consider-
ing § as a P'-bundle over P!, we apply (P.14) to obtain a manifold M which
contains a submanifold B=P! such that (Qz(M), EB)E(PV, $). By (P.11) we
infer that 3H,—E,=Lp for some L< Pic(M). We see easily that 2L —[8]=
4H,—E,=L-+H, is ample on B. Moreover, LB:LgHT{SN}:2H‘,HT{P;><P§}:2.
So [4, (5.7)] applies to the effect that L is ample on M. K¥4+2L=KP—Ez+2L=0
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in Pic(P). This implies that (M, L) is a Del Pezzo manifold. Finally we infer
dM, L)y=1L?3 {f’} =@H,— E¢)=2TH:—2THLE,+9H E% — E}=5, since H%=1,
HYE:=0, HiEt=—H,(—Ec){Ec} =—H,{C} =—(H,+H.) (H,+3H) {P; X P}} =
—4 and Ei=(—Ec)*{Ec} =s{(L2c\p)=—QHs+H,+3H)H,+3H){P;X P} =—14
(see (P.4) and (P.9)).

Thus (M, L) is a Del Pezzo 3-fold with d=5.

REMARK (not used in the following sections). Taking a smooth member of
|laH,+3H,.| with a=0, 2, 3 instead of C, we obtain a prepolarized manifold
(M, L) by a similar procedure as above. L is ample on M if a<2 and d(M, L)
=6—a, AM, L)=1. M=P*'xXP'XP!if a=0. M is a complete intersection of
type (2, 2) when a=2. When a=3, L is not ample because LB=0. But B=P*
can be contracted to an ordinary double point and we get a hypercubic. Of course
L is the pull back of the hyperplane section bundle.

(74) Let Q be a smooth hyperquadric in P4 Let S be a smooth hyper-
plane section. Then S=P!x P! with [H,)s=H,+H.. Let C be a smooth
member of |H,+2H.] on S. C is a Veronese curve of degree three in the
hyperplane in P% containing S. Let O be the blowing up Q(Q) and let S pe
the proper transform of S. Then S=S and Ng“?:Ha—Ec:—H,. Regarding S
to be a Plbundle over P}, we blow down S to /= P! and we get a manifold
M containing [ such that (Q/(M), E)=(0, 8). As in (7.3), 2H,—E;=Lg for
some L& Pic(M). 2L—E,=3H,—E; is ample on Q and L{l}=1. Therefore L
is ample on M. K¥+4+2L=K%—E,+2L=(—3H,+E¢)—(Hy,—E¢)+22H,—E)=0
on (. This implies that (M, L) is a Del Pezzo manifold. Finally we see
dM, L)=QH,—E)*{0}=8H%—12H%E,+6H,E3—E%=5, since H: =2, HLE,
=0, H,Et=—H,{C}=—(H,+H)H,+2H){S} =—3 and E}=—s(N"9=
—(Hao+H,+2H. ) (H,+2H){S} =—T.

Thus we construct a Del Pezzo 3-fold with d=5.

(7.5) Let Q be a smooth hyperquadric in P4 Let D be a hyperplane section
with one ordinary double point p. Let @, be the blowing up Q,(Q) and let D,
be the proper transform of D. Then [D,]=H,—2E, in Pic(Q,) and D, =3,=
{(€o:81:00), Go:E))EPEXPHE : Li=E5: 81} d=DiNE, is the subset {{,={,=0}
of ¥, which defines a section of 3,—P} such that 4*=—2. Let C be a smooth
member of |H.+H;| on D, and let Q, be the blowing up Q-(Q,). C intersects
E, transversally at a point ¢ since E,C=(H;—2H)(H+H){2,} =1. So the
proper transform E of E,=P% on Q. is isomorphic to Q (E,). |Hs—E,| makes
E a P'-bundle over P!, and E can be blown down with respect to this structure
because [E]z=—Hj;. Thus we obtain a manifold Q. Let D be the image of the
proper transform D, of D, by the morphism Q,—0. Then it is easy to see
D=D,~D,=7%..

A simpler way to construct O is this: Let C’ be the image of C on Q.
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Then C’ is a Veronese curve of degree three in the hyperplane of P4 containing
D. 1t is easy to see that § is nothing other than Q. (Q) and that [ is the
proper transform of D on Q. (From this view point, however, it is not so easy
to see that D can be blown down.)

Any way, we see D=5, and [ﬁ]5:~H¢+H5. So D can be blown down
to /= P! and we obtain a manifold MDI such that (Q,(M), E)=(0, D). 2H,—
Eqs =Ly for some L& Pic(M) and L is shown to be ample on M as in (7.4).
Moreover, similarly as in (7.4), we see K¥+2L=0 and d(M, L)=5. Thus (M, L)
is a Del Pezzo 3-fold with d=b5.

(7.6) We have constructed Del Pezzo 3-folds with d=5 in several ways
described in (7.2), (7.3), (7.4) and (7.5). However, they turn to be isomorphic to
each other. Indeed, in §9, we prove the following

THEOREM (Iskovskih [7]). All the Del Pezzo 3-folds with d=>5 are isomorphic
to each other.

(7.7) Now we explain a 4-dimensional version of the construction (7.5). Let
Q) be the smooth hyperquadric in P5=(a,: - : a;) defined by a,a;—a a+a,a;=0.
Let D be the hyperplane section a;=0, which has an ordinary double point
p=(1:0:--:0). Let Q:=Q,(Q) and let D, be the proper transform of D on
Q.. Then D,=Z, here Z={{Co:--:Ls), &1:--: 54))EP2><P§IC1 18 G L=
E1:65:83: 8y, Lila=0:0s, £:6,=6:651 ={((Lo: - : Lo), (001 1), (70 Tl))EPEXPéXPH
£i:8=Cs:ls=00: 01, §1: {e=Cs: {y=70:7,}. Note that [H,]z=H; and E,ND,
={{,={,={,={,=0}cZ. This defines a section of the natural P!-bundle struc-
ture Z—P!X P! Moreover we have (Z, Hy)=(P(E), H®), where E is the vector
bundle [0]BLH,+H,} on PixXPL

Let C be smooth member of |H;+H,| on D; and let Q,=Q.(Q,). Let E,
and D, be proper transforms of £, and D, on @, respectively. Note that CNE,
is a line [ on E,=P}{ since [C]Epm)l:H,,. We may assume that ['= {£,=£,=0}
CFE, by taking a linear change of coordinate if necessary. Then E,=Q.(E,)
={((€r: 18, (ro:T))EPEIXPHE : Es=79:7;}. This is a PZ*bundle over P!
and [’ defines a section of it. We have [E,]g,=[E,ls,=—H:. So (P.14) applies
to the effect that E, can be blown down to !’. Thus (Q,, Eg).z.(Ql,(@), E;) for
a manifold Q containing !’ as a submanifold. Let D be the image of D, on 0.
Then we see D=Z'={((&: -+ : Ly, (To: t))EPEX P : §=Co: Li=10: T4}

A simpler way to obtain Q is this: Let C’ be the image of C on Q. I'=
CNE, is an exceptional curve on the surface C and C’ is the blowing down of
it. Moreover we see that (C’, H,) is a polarized manifold with d=3, 4=0.
Hence C’'=2,, the blowing up of P? with center being a point. Similarly as in
(75), O is nothing other than the blowing up Q¢ (Q) and D is the proper trans-
form of D.

Now we see [ﬁ]DZ:[DZ—i—El,]DZ:(Ha—ZEI,)—(HC—#H(,H-EZ,:H,—HC in
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Pic(Z), since [E,]z=H¢—H,. So Ng\azH,—Hc. Hence D can be blown down to
[= P! with respect to the P2%*bundle structure D=Z’— P! Thus we have a
manifold MDI such that (Q,(M), E)=(J, D). We see easily [Ec J3=2H.—H,
and 2H,—E < Pic(Q) comes from L& Pic(M). We have L=[D]+H, on §
and Ly=H,. So it is easy to see that L is ample on M by [4, Appendix
B]. Moreover we have KM+3L:K5—2EL+3L:(—4H¢,+EC,)——2(Ha~EC,)—{—
3(2H,—E¢)=0 on Q. This implies that (M, L) is a Del Pezzo manifold.

Finally we calculate d=d(M, L)=(2H,—E,—E¢)*{Q,}. Putting A=2H,—E,,
we have d=A'—4A*E +6AE—4AE+Et. Easily we have A*=(2H,)*+E%
=31 and A*E;=0. Recalling that (Z, Hy)=(P(E), H¥) with E=[0]1®[H,+H-]
on PixXP! and that Ay,=2H,—~(H;—Hg=H+H; we infer A’E}=—AC=
—C+&C+o){Zt=— P+ QBo+20)*+407l) = — (s(E)+ (B0 + 27)s,(E) + 407)
{PiX P} =—(o+7)*—(B0+2t)o+7)—4or=—11, where {, & o and 7 are the
Chern classes of H;, H;, H, and H,. Using the exact sequence 0—N¢\P1— N1
—NPR1—0, we get c(NO9)=(1+L+0)(1+26—L). So s:(Qpg)=—26—0=
—30—2r and $y(2c\o)=C+ )+ + )25 -0+ 25— = —(o+27)(+1007.
Hence AE}=As1(20g){C}=—C+EBo+2t){+0){Z} =—Bo+20)*—Torl=
—(Ba+2t)o+1)+Tot){PiX Pt} =—12 and Et=—55(20\g){C} =—((*—(o+2r)
+1007){+0){Z} = —{*+2:*—801l =(—(o+7)°+ 2t (0 +7)—8a7) {P; X P}} = —8.
Now, putting things together, we obtain d=5.

(7.8) We construct a Del Pezzo 4-fold with d=5 in another way. Let P=
Pi=(a,: - :a,) and let D be the hyperplane {a,=0}. Let C be a Veronese
curve of degree three in D, for example, {a,ax,=al, ayas=a a,, a,a;=al} =P}
with [H,]¢=3H,. Let P be the blowing up of P with center C and let [ be
the proper transform of D on P. Then, by definition of C, a,a,—a?, a.a;—a;as,,
and a,a,—a3 define a linear system 4 on EEQC(D) such that [4]=2H,—E
and BsA=0. So we have a morphism p,: J— P}

We claim that p, makes D a P'-bundle over P} Indeed, every fiber Y of
p4 is shown to be isomorphic to P' as follows: There are two hyperquadrics
Q:, @; in D containing C such that Y is the intersection of their proper trans-
forms. Both @, and @, are irreducible since C cannot be contained in any
hyperplane in D. Hence Q;N\@. must be a curve of degree 4, and so Q;NQ,
=CUI, where [ is a line. It is easy to see that Y maps isomorphically onto [
by D—D.

We have [2H,—E:]y=0 and [ﬁ]y’:[Ha'—EC_—JY:'—Ha. Therefore D can be
blown down with respect to p4. Let M be the manifold containing S= P} such
that (Qs(M), ES)E(IN’, D). Then 2H,—E;=L3 for some L& Pic(M). Using
[4, Appendix B], we show L to be ample on M as before. K¥+3L=K?P—D+3L
=(—bH+2E¢)—(H,—E)+32H,—E;)=0. So (M, L) is a Del Pezzo 4-fold.

Finally we have d(M, L)=(2H,— E)*{P} =16H4—32H%E+24H%EY—8H, E}
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+ E4=5, since H4=1, HY3E,=H*E%=0, H,E}=H,C=3 and Et=—(—E)*{Es}
=—5,(Q¢p)=—(KFC—K°C)=13.

(7.9) The Del Pezzo 4-folds constructed in (7.7) and (7.8) are isomorphic to
each other. Moreover, we prove in § 10 the following

THEOREM. All the Del Pezzo 4-folds with d=5 are isomorphic to each
other.

(7100 We describe a five dimensional version of (7.8). Let P=P%=
{ay: -+ : as)}, let D be the hyperplane {a;=0} and let CcCD be the subspace
{aga,=at, a,=aas, aia,=aas}. It is easy to see that (C, H,)=(P(E), HE),
where E is the vector bundle [2H,]JB[H,] on PL Let P be the blowing up
Qc(P) and let D e the proper transform of D. Similarly as in (7.8), we see
that a,a.—a?, aea,—aas, i, —asas define a linear system A on EEQC(D)
such that [4]=2H,—E; and BsA=0. p, makes D a P*bundle over P%
Moreover, D is blown down with respect to ps. So (P, DYy=(Q«M), Ey) for a
manifold M and S (CM)=P;. 2H,—E;=L3p for some L& Pic(M). Similarly as
in (7.8), we see that (M, L) is a Del Pezzo manifold. Finally, using L’3=0, we
infer d(M, L)=L°=L¥D+H,)?*=L*H2=H%(2H,—E;)*=8H%—H%(C=5.

(7.11) In §11 we prove the following

THEOREM. All the Del Pezzo 5-folds with d=5 are isomorphic to each
other.

(7.12) Now we outline a six dimensional version of (7.8). Let P=P%=
{lag: -+ : ag)}, let D be the hyperplane {a,=0} and let CCD be the subspace
{avas =0, asa;=ase,, as=aat. Then (C, H)=(Pix P2 H,+H,). Let P
be the blowing up Q. (P) and let D be the proper transform of D. Then
Qolts— 00y, (a0ls—QsQy, Oeais—aicr, define a linear system /4 on ﬁch(D) such
that [A]=2H,—E; and BsA=0. p,s makes D a P*bundle over P D is
blown down with respect to p4 and we have (15, ﬁ);(QS(M), Es) for MDS=PE
Moreover 2H,—E,=Lp for some L Pic(M) and (M, L) becomes a Del Pezzo
6-fold. Using L3*3=0, we infer d(M, L)=>5 as in (7.10).

(7.13) In §12 we prove the following

THEOREM. All the Del Pezzo 6-folds with d=5 are isomorphic to each
other, hence isomorphic to Gr(5, 2).

(7.14) Recalling [6, (5.2)], we prove the following

COROLLARY. There exists no Del Pezzo manifold (M, L) with dim M=7
and d(M, L)=5.

(7.15) Combining (7.2), (7.6), (7.9), (7.11), (7.13) and (7.14) we get the Theo-
rem stated in the introduction.
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§8. Projective geometry on Del Pezzo manifolds.

Throughout this section M is an n-dimensional submanifold of P= P}, which
is not contained in any hyperplane on P. Put L=[Hg]y.

(8.1) PROPOSITION. Let C be a linear submanifold of P lying on M. Then
BS|L’EC!:0 on My=Qc(M).

ProoF. Clearly Bs|H:—E;|=0 on ﬁ—:QC(P). Our assertion follows from
this since M, is the proper transform of M on P.

(8.2) COROLLARY. Let [ be a line in P lying on M. Then deg F=—1 for
any quotient line bundle F of the conormal bundle 2,y of | in M.

PrROOF. Let P and M, be as above. Then M;NE,=P(2,x) and [—E ],
=H%u., 2,,,Q[H,] is semipositive since Bs|L—E,;|=0. Hence so is FRQ[H,],
which proves the assertion.

(8.3) PROPOSITION. Suppose in addition that (M, L) is a Del Pezzo mani-
fold with d=d(M, L). Let W be the image of pip-g,: Mi—P§™E2-El Then
dW, H,)=d—3 and AW, H,))=0 if d=4. In particular, W is a hyperquadric
if d=b.

ProOF. (L—E)"{M}=L"+nL(—E)"'+(—E,)»=d—3 since L"=d,
L(—E)*'=—L{l}=—1and (—E)'=—(—E)"HE}=—s,(Q1y)=—K"- |+ K|
=n—3. Hence dimW=n if d=4. Put w=degW. Then d—3=w-degp. On
the other hand, 0=4W, H,)=n-+w—(dim|L—E,;|+1)=3+w—d. Combining
them we obtain w=d—3, deg p=1 and 4(W, H,)=0.

(84) PROPOSITION. Let T be a linear submanifold of P such that dim T+
dim(TNM)<dim M. Then any general member of A=|H¢|3f is smooth.

ProoF. dim A=N—1—dim T where N=dim P. Note that BsA=T M and
that any general member of A is smooth in the outside of T~M. For any
x&TnM let A,={DeA|D is singular at x}. Then dim A,<N—1—dim M.
So dim A4 >dim(\U zernxdz). Hence any general member of A is smooth at each
xeTNM, too.

(85) Let C be a smooth curve in P and let xeC\M. We define the
intersection multiplicity p,(C-M) at x as follows.

Let P, be the blowing up Q.(P) and let M,; and C, be the proper transforms
of M and C. CiNE; is a point x, on P. If x,& M,, then we define p,(C-M)
=1. If x,€M,, then let P,=0Q.,(P,) and let M,, C, be the proper transforms
of M, C;. CNE,, is a point x;. If x,& M,, then we define p,(C-M)=2. If
xs€ M,, then we consider P;=Q () and make the similar procedure. Sooner
or later we have x4+, M, unless CCM. Then we define p,(C-M)=~Fk. If CCM,
then p,(C-M)=o0.

(86) THEOREM. Let [ be alinein P such that i€ M. Put p=23 ,cinmp(l-M).
If p=24(M, L)—d(M, L)+5, then g(M, L)SA(M, L)—p-+2 unless M is a hyper-
surface.
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PrOOF. Over each x&/NM we blow up p,(I- M)-times successively in order
to separate the proper transforms of [ and M. Viewed on M, this is nothing
other than the procedure of the elimination of base points of |H|¥. Thus we
obtain a manifold M and a linear system 4’ on M such that M is a p-times
successive blowing up of M with center being a point at each step, namely,
M:QP# o Qp (M), BsA’:——O, dim A’:dimIHgl*‘N:N—Z and [A’]:Hf—zszl—
——Epﬂ. Then we have d(M,NA’):d(M, Ly—p, gM, A)=g(M, L) and h°(M, [A'])
=h'(M, L)—2. Hence dM, A)=4M, L)—p+2. So pu=24(M, L)—d(M, L)+5
implies that d(M, A")=24(M, A")+1. Therefore g(M, A< AWM, A)=4(M, L)
—p-+2 unless d(M, 4")=0 (cf. [3, Theorem 4.1, c)J).

If d(l\71, A)=0, then dimW<n where W=p,(M). On the other hand,
[A’]““I{Ep#}:l. Therefore p4(E,,) is a linear subspace V=P""'. Clearly
WDV and W is irreducible. Hence W=V. This implies dim A’=n—1 and
dim|L|=n+1. So M is a hypersurface.

(8.7) COROLLARY. Let I, M, p be as in (8.6). Suppose in addition that M
is a Del Pezzo manifold. Then pu=2 unless M is a hypercubic.

PrOOF. d(M, L)=4 if M is not a hypercubic. So p#=3 would imply g(M, L)
=1—p+2=0 by (8.6).

§9. Del Pezzo 3-folds with J=b5.

Throughout this section let (M, L) be a Del Pezzo threefold with d(M, L)
=5. By piz we regard M to be a submanifold in P=P{. Note that [H:]y=L.

(9.1) LEMMA. Pic(M) is generated by L.

PrROOF. Let S be a general member of |L| and let 2 be the monodromy
action on £(S) induced by |L| (cf. [5; (4.6), (4.23)]). Let I" be the envelope of
Im(2). Then Fe& Pic(S) comes from Pic(M) if and only if x-¢(F)=0 for any
x€l. So it suffices to show that R(S)=I". Note that &(S)= A, (cf. [5, (4.11)])
and let {&, ey, ---, ¢,} be a normal base of £(S) as in (4.12).

Claim a). No exceptional cycle comes from Pic(M).

Indeed, if c¢,(Fs) is an exceptional cycle for FePic(M), then (M, F)=
(Qy(N), E;) for a manifold N and peN by (5.5). Moreover L+E, =L} for
L'ePic(N) and (N, L) is a Del Pezzo three-fold with d(NV, L’)=6. But then
there exists a line on N which passes p by (5.16). Then L-[=0 for the proper
transform [ of this line. Hence L cannot be ample. This contradiction proves
our claim.

Claim b). & does not come from Pic(M).

Assume that h=c,(Hg) for some He Pic(M). ¢ (L—H)s=2h—e,—e;s—e;—e,
and p;;-m makes S a Pl-ruled surface over P! By [4, (2.8)] we obtain a
holomorphic mapping piz-x: M—P'. On the other hand |H|s=|Hs| by [4,
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(2.3)]. Hence Bs|H|NS=Bs|Hg|=0. So Bs|H| is a finite set and hence H
is semipositive. However, H:}{M} =H*+ (L — H®*=L*—3L2H+ 3LH?=
(L*—3LH+3H?*»{S}=5—9+3<0. This contradiction proves our claim.

Claim ¢). h—e; does not come from Pic(M) for i=1, ---, 4.

Assume that & — e, = ¢,(Fs) for some Fe& Pic(M). Then ¢ (L — F)s=
2h—e,—e;—e; and pjz-p makes S a blowing up of P? with center being four
points. Therefore we can derive a contradiction quite similarly as in Claim b).

R(S)c I follows from the above three claims. To see this, recall that R(S)
={t(h—e;—e;—ewr)}icjcr\ I {(e:i—e;)} ix;. By claim b), xh+0 for some x=I'NR(S).
So we may assume h—e,—e,—e;<1" by changing the numbering if necessary.
Note that a=[’ if and only if a+(h—e,—e,;—es)el. By claim a), ye,#0 for
some y=I'NR(S). So e;—e, I for some i=1,2,3. We may assume =3.
Again by claim a), z(h—e;—e,)#0 for some zeI'NA(S). So e;—e, &l for some
7=1,2 and k=3,4. We may assume e,—e;=/ without loss of generality.
Hence ¢,—e, " if m#1+#n. By claim ¢), (h—e)u+#0 for some uslNR(S).
So e;—e, 1" for some n=2, 3, 4. Now it is easy to see R(S)I.

Only the integral multiples of ¢,(L) are orthogonal to all the roots of %(S).
So FePic(S) comes from Pic(M) only when F=mL for some meZ. This
proves the Lemmal

(9.2) M contains many lines. Indeed, any general member of |L]| is a Del
Pezzo surface and each exceptional curve on it is a line in P (cf. (5.3)).

(9.3) Let [ be a line on M. Then Bs|L—E,|=0 on M,=Q,M) and
Pa=p -, IS a birational morphism onto a hyperquadric Q in Pj (cf. (8.3)).

94) (L—E)?L=L*~L-1=4 and (L—E,)*E,=2. On the other hand,
hYE;, L—E)=h(, 204sQR[L])=4. Hence p.(E,) is a hyperquadric and is a
hyperplane section of Q.

(9.5) LEMMA. |aL—bE;|#0 only if a=0 and 2a=b.

PROOF. Suppose |aL—bE,|#0. Then 0<L*aL—bE;)=5a. Similarly 0=
(L—E)YaL—bE;)=4a—2b since L—E, is semipositive.

(9.6) Let H be the hyperplane on P such that HNQ=p.(E,;) (see (9.4)).
Then piH=F,+R for some Re|L—2E,;|. By (9.1), Pic(M,) is generated by L
and £,;. Using (9.5), we infer that R is irreducible and reduced.

(9.7) Put C=p.(R). (L—E)*{R}=(L—E)XL—2E;)=0 implies dim C<2.
On the other hand, C is not contained in any hyperplane of P% other than H,
because otherwise 2=dim Ker(H°(M,, L—E,)—HYR, L—E))=h*(M,, E))=1. So
C is a curve and h°%C, H,)=4.

Put w=deg C=H,C. Let X be a general fiber of R—C. Then wLX=
L(L—E){R}=L(L—E,)(L—2E;)=3. Clearly w>1 since h%C, H,)=4. So w=3
and LX=1. Hence C is a Veronese curve of degree three in H=P3.

For any fiber Y of R—C, Ly is ample since Ly=[FE;]y and tL—E, is
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ample on M, for +»0. Hence LY=LX=1 implies that Y=P! Thus R is a
P'bundle over C. Moreover, [R]y=—LY=—1 implies that R can be blown
down with respect to this bundle structure.

(9.8) Let W be a manifold containing C= P* such that (M,, R)=(Q:W), E¢).
Then L—E,=Ay, for some A€Pic(W). A is ample on C and 3A—E;=
L+(L—E),) is ample on M,. Hence A is ample on W by [4, (5.7)]. Moreover
KV=K"1—FE,=—2L+F,—(L—2E;,)=—3A. Therefore (W, A)is a hyperquadric
by [2, Theorem 2.27]. So W is naturally isomorphic to QC P%.

(9.9) Now we consider how is p.(E)=HNQ. We have det N"=0 since
K¥=—2H.. So N™=[H]P[—H:] or [0]P[0] by (82). [ is said to be of
special type (resp. non-special type) in the former (resp. latter) case.

(9.10) If [ is of special type, then E,=2%, and we see easily that p.(E,) is
a cone over a plane curve of degree two. Hence, in this case, the above pro-
cedure from M to W=Q via M, is the inverse of the construction (7.5).

If [ is of non-special type, then E,;=P!'X P! and p.(E;) is a smooth hyper-
quadric. In this case the procedure (9.7) and (9.8) is the inverse of (7.4).

(9.11) Now we have the following

PROPOSITION. Let [ be a line on a Del Pezzo 3-fold (M, L) with d(M, L)
=5. Then Bs|L—E;|=0 on M,=Q,(M) and W=p,-g,(M,) is a smooth hyper-
quadric in P*.  p-g,(E)) 1s a hyperplane section of W and this is smooth if
and only if [ is of non-special type. In any case M, is the blowing up of W
with center being a Veronese curve of degree three.

(9.12) On any Del Pezzo 3-fold with d=>5, there exists a line of non-special
type (Iskovskih). Using this, he proved the following

THEOREM. FEwvery Del Pezzo threefold with d=5 is isomorphic to each
other and is constructed as in (7.4).

For a proof, see [7].

(9.13) COROLLARY. Let (M, L) be a Del Pezzo threefold with d=5. Then
HY (M, TH")=0.

PrOOF. h*(M, T)=h'(M, 2%Q[K¥*])=0 since —K¥ is ample (see [0] or
[11]). So any infinitesimal deformation of M is not obstructed. On the other
hand, by [9], one can easily see that any small deformation of a Del Pezzo
manifold is also a Del Pezzo manifold. Combining them we obtain A'(M, T#)=0
from (9.12).

One can prove this by an elementary (=without deformation theory) method
based on (P.13), too. Details are left to the reader.
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§10. Del Pezzo 4-folds with d=5.

Let (M, L) be a Del Pezzo 4-fold with d(M, L)=5. We regard M to be a
submanifold in P by pi1, as before.

(10.1) LEMMA. M contains a plane.

We divide the proof into several steps. Assuming to the:contrary, we
derive a contradiction in (10.8).

(10.2) Clearly M contains a line. Let [ be a line on M. Then Bs|L—E,|
=0 on M,=Q,(M) and p,=p -, is a birational morphism onto a hyperquadric
W in P;. Inview of (L—E,)’E,;=2 we infer that p,(E,) is a hyperplane section
of W as in (9.4). :

(10.3) Let H be the hyperplane such that HN\W=p,(E,). Then pfH=E,+R
for some Re|L—2E;|. R is irreducible and reduced as in (9.6). Put C=p,(R).

(10.4) We claim that W is smooth. Indeed, let x be any point on WcP:.
This defines a plane S in P{ containing / in a natural manner so that |H,|%®
corresponds |[H,|*®. A general member T of |H|}® is smooth by (8.4) since
we assume that M does not contain any plane. T is a Del Pezzo threefold and
IcTcM. Let T, be the proper transform of T on M,. Then p,(T)=Q is a
hyperplane section of W such that x€@Q. In view of (9.11) we infer that Q is
smooth. This implies that W is smooth at x.

(10.5) We claim that C is a smooth surface with 4(C, H,)=0, d(H, H,)=3.

Let x be any point on CCP;. Let S be the plane in P} corresponding x
and let 7 be a smooth member of |H;|%°. Then p,(T.)>x where T, is the
proper transform of 7 on M, In view of (9.11) we infer that Crp(T)=
p,(RNT,) is a Veronese curve of degree three. So C is smooth at x. Thus C
is shown to be smooth. d(C, H,)=3 and 4(C, H,)=0 is now easy to prove.

(10.6) We claim that R is a P'-bundle over C. This follows from a similar
argument as before since RNT,—~Cnp,(T,) is a P'-bundle for any 7T, with
Te<| L] being smooth.

(10.7) M, is the blowing up of W with center C.

This is an easy consequence of the above observations and (P.14). This
procedure is the inverse of (7.7).

(10.8) Combining (10.5) and [2, Theorem 3.8], we infer that (C, H,) =
(P(E), H®) for the vector bundle E=[H,]B[2H,] on P:. So C contains a
smooth rational curve F such that F?=—1 and H,F=1. 0—Quw—L2ry—2pc—0
is exact on F. Hence ¢,(2ow)r=c:1(2pw)+c(N"O)=(K¥ —KT)+F?*=—3. There-
fore L2{p;*(F)}=Q2H,—E¢)*{p;'(F)} =4H,F+s,(2cw)r=1. This implies that the
image of p;*(F) in M is a plane. Thus we have proved (10.1).

(10.9) Let S be a plane in P=P{ lying on M. Then Bs|L—Egs|=0 on
M,=Qs(M) by (81). So we have a morphism p.:=p ;- : Mi—P;. We say
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that S is of vertex type (resp. non-vertex type) if p, is not surjective (resp.
surjective).

(10.10) For a while, till (10.17), suppose S to be a plane of non-vertex type.
Namely p,: M;=Qs(M)—P% is surjective.

h?(M,, —2Eg)=h*"?(M,, K*1+2E)=h*"?(M,, —3L+3Es)=0 for any p by
Ramanujam’s vanishing theorem. Similarly we have H?(M,, —Eg)=0. Hence
H?(Eg, —E5)=0 since H?(M,, —Eg)—HP?(Es, —Eg)—HP* (M, —2Eg) is exact.
So 0=X(Es, —Es) =%(S, Qsur) = 2X(S, 0)+ 27 ¢:(2sur) c1(S)+27(c:(Ls\u)* —
2¢5(Rsu)=2—c(2sy) since ¢:(Qsur)=c(Qy)—c:(25)=0. Therefore c,(N5\¥)=
co(2sun)=2.

(10.11) We have (L—Eg)*{M}=L*—4L°*Es+6L*E%}—4LE%+FE%=1 since
L*=5, L[*E3=0, L*E%=—L*S=—1, LEY=L(—Egs)*{Es}=L-s5,(2ss)=0 and
Et=—(—Eg)*{Es} =—s:(Lsy)=c:—ci=2. Therefore p, is a birational morphism.

(10.12) We have (L—Eg)?L=2 and (L—Eg)*Es=1 as in (10.11). This
implies that H=p,(Es) is a hyperplane on Pj. So we have pfH=FEs+R for
Re|L—-2E;]|.

(10.13) Using Lefschetz and (9.1), we infer that Pic(M) is gener-
ated by L. So Pic(M,) is generated by L and Es. On the other hand, |a L—bE5]|
=0 unless ¢=0 and 2a=b because L—FE is semipositive (compare (9.5)). Hence
R is irreducible and reduced as in (9.6).

(10.14) Let C=p.(R). C is not contained in any hyperplane of P} other
than H. Indeed, if otherwise, 2=<dim Ker (H°(M,, H,)—H%R, H,))=h"(M,, Eg).
So h%C, H,)=4. .

HLL{R}=(L—Eg*L(L—2E)=0 proves that dim C<2. So C is an irreduci-
ble curve. Let X be a general fiber of R—C and put w=degC. Then wl*X
=H,L*{R}=(L—Eg)L¥{L—2E¢)=3. So w=3 since C is not a line. Thus we
infer that C is a Veronese curve of degree three in H=P® Moreover L:X=1.

(10.15) For any fiber Y of R—C we have L2Y=L%2X=1. Moreover Ly is
ample since Ly,=[FEs]y and tL—Eg is ample on M, for t>0. Therefore we
infer Y= P2 Thus R is a P%bundle over C.

(10.16) [Rly=[L—2Eg]y=— Ly implies that R can be blown down to C by
(P.14). 1t is easy to see that M, is the blowing up of P% with center C. The
above procedure is the inverse of (7.8). Thus we have proved the following

(10.17) LEMMA. If S is a plane of non-vertex type on M, then Qs(M)=
Qc(P:) and M is of type (7.8).

(10.18) In order to know whether a plane lying on M is of vertex type or
not, we have the following

LEMMA. Let S be a plane lying on M and let | be a line in S. Let M'=
QM) and W=p,,-g, (M YT P} (note that W is a hyperquadric by (8.3)). Let S’
be the proper transform of S on M’'. Then X=p;_g,(S) is a point on W.
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Movreover, S is of vertex type if and only if x is a vertex of W.

PrROOF. Obviously pz-g,(S) is a point since S’=S and [L—E;]s.=0. Let
7 be the projection P;— {lines passing through x} =P;. Then zm°p g, =pi1-rg
as rational mappings from M. So, p,;-gg is degenerate if and only if =y is so,
and 7wy is degenerate if and only if x is a vertex of W.

(10.19) COROLLARY. Let S; and S, be planes on M such that S;N\S.=[ is
a line. Then either S, or S, is of non-vertex type.

Proor. Let M'=Q,(M) and W=p g, (M’). By (84) there is a smooth
member 7 of |L| such that /CT. Let T’ be the proper transform of 7 on
M’. Then p_g,(T’) is a hyperplane section of W and is a smooth hyper-
quadric by (9.11). Hence W is a hyperquadric with at most finite singular points.
So W can have at most only one vertex. Therefore our assertion follows from
(10.18).

(10.20) For a while, till (10.25), let S be a plane on M of vertex type. Then
0=(L—Ex)*{M,} for Mi=Qs(M). L*=5, L*E¢=0, L*E%=—1 and LE%=0 as
in (10.11). So we have 1=FE4{=c,(2sx). Combining this with (10.10) we obtain
the following

LEMMA. S is of vertex type if and only if c¢(Lsu)=1, and S is of non-
vertex type if and only if c(2gu)=2.

(10.21) Again S is a plane of vertex type and let V=p\-go(M\)CP%. Then
V is a smooth hyperquadric.

Proor. Let T be a general member of |L] on M and let T, be the proper
transform of T on M,. Then T,=Q,(T) where [ is the line SN\T. W=
p12-£5(T1) is a smooth hyperquadric in P} by (9.11). Clearly VOW, dim V<4
and V is irreducible. So V=W.

(10.22) There exists a fiber Y of pir-gg 1 Mi—V such that dim Y =2.

Proor. If otherwise, dim Y=1 for every fiber Y. 2LY =LH3}{M}=
L(L—Eg)*=2 implies LY=1. Ly is ample since {L—FEg is ample on M, for
t>0. Therefore we infer that Y= P! So M, is a P!-bundle over V. Hence
clM)=c,(PYcy(V)=8. So c,(M)=c(M)—c,(Es)+cy(S)=>5. This contradicts the
following

(10.23) LEMMA. b;(M)=1 for j=0, 2, 6,8 and b,(M)=2 and b,(M)=0 for
other j.

Proor. Let T be a smooth member of |L|. T is a Del Pezzo 3-fold with
d=5. So by §9 we have b,(T)=1 for :1=0, 2, 4, 6 and b;(T)=0 for other ;. By
Lefschetz H(T)—H,(M) is surjective for p=<3. So by(M)=b(M)=1,
b(M)=bs(M)=0. By duality we obtain by(M)=b(M)=1 and by(M)=0b,(M)=0.
Assume that b, (M)=1. Then the free part of H*(M; Z) is isomorphic to Z.
Let 7 be the integral base of it such that (c¢,(L))*>=Fky for a positive integer %.
By the Poincare duality we infer that y?=-=+1 since H*M; Z) is self-dual by
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the intersection pairing. But then 5=L*=(ky)*=-=+k% This is absurd. Thus
we infer b,(M)=2.

(10.24) Let Y be a fiber of p;z_gq : M,—V over y&V such that dim Y=2.
y corresponds to a three-dimensional linear subspace B in P} such that SCB.
Note that Ba M since Pic(M) is generated by L. Let B, be the proper trans-
form of B in Qs(PF. Then B,=B=P°® and Y=B,n\M,. By (8.7) we have
p(l-M)=2 for any line /[ in B with [ M. From this we infer that Y is a
plane in B,, because u(l-M)=1[,-Y+1 where [, is the proper transform of [ and
{;-Y is the intersection number in B;=P3. So Y maps onto a plane on M.

(10.25) Assume that Y maps onto S. Then Y=FEgNB; and this defines a
section of Eg—S. This corresponds a sub-bundle of N5 of rank one. This
gives a splitting of N5 into line bundles since S=P2. But this is impossible
since ¢;(2s)=0 and c.(Zsx)=1 by (10.20). Thus we conclude that Y& Fs and
YNEg is a line in B;. Putting things together we get the following

LEMMA. Y maps onto a plane Y’ on M such that Y'NS is a line.

(10.26) Now we can prove the following

THEOREM. Any Del Pezzo 4-fold (M, L) with d(M, L)=5 can be obtained
as in (7.8).

ProoOF. By (10.1) M contains a plane S. If S is of non-vertex type, then
(10.17) applies. If S is of vertex type, then by (10.25), there is a plane Y’ such
that Y'N\S is a line. By (10.19), Y’ is of non-vertex type. Hence (10.17) applies.

(10.27) COROLLARY. All the Del Pezzo 4-folds with d(M, L)=5 are isomor-
phic to each other.

Proor. All the pairs (C, D) each of which consists of a hyperplane D in
P* and of a Veronese curve C of degree three in D are projectively equivalent
to each other. Hence all the Del Pezzo 4-folds constructed as in (7.8) are
isomorphic to each other.

(10.28) COROLLARY. H¥M, T™)=0 for any Del Pezzo 4-fold (M, L) with
d(M, L)=5.

Proof is similar to that of (9.13).

(10.29) Let S be a plane of non-vertex type. Then Qg(M)=M,=Q (P*
where C is a Veronese curve of degree three. Each fiber of E,—C maps onto
a plane on M. They are easily seen to be of vertex type.

On the other hand, one can see that any plane on M other than S is of the
above type. In particular, S is the unique plane of non-vertex type on M. We
can also show that H°(NS¥)=0 and that S has no infinitesimal non-trivial dis-
placement.

Proofs of the above facts are omitted since we don’t use them in the follow-
ing sections.
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§11. Del Pezzo 5-folds with d =5.

Let (M, L) be a Del Pezzo 5-fold with d(M, L)=5. We regard M to be a
submanifold of P by pz, as before.

(11.1) LeEMMA. Let [’ be a smooth member of |L| and let S be a plane on
I. Then S is of non-vertex type on I' if and only if c(NS\¥)=2.

This follows from (10.20).

(11.2) Suppose, for a while, S to be a plane of the above type. Let M,=
Qs(M). Then p,=pi1-gg: M— P} is a birational morphism.

Indeed, we have (L—Eg)*{M,} =(L—Eg)*{l'}} =1 for the proper transform
Iy of I, where I' is a smooth member of |L|*S.

(11.3) We can easily see L(L—Eg)*{M;}=2. So (L—Eg)*Eg=1. This im-
plies that H=p.(Es) is a hyperplane on P;. Hence pfH=Es+R for some
Re|L—2Es|. R is shown to be irreducible and reduced similarly as in (10.13).

(11.4) Let W=po(R). LH:{R}=L(L—Es)*(L—2Eg)=L*—5L*Es+9L*E%—
TL2E%Y+2LE4=0 since L°=5, L*Eg=L°Es=0, L:E}{=L%*S=1 and LE%=
—L(—EgP{Es}=—L-s;(2gy)=1. This implies dim W<3. On the other hand,
L*HY{R}=L¥L—Eg*L—2Eg5)=3. So we infer that dim W=2.

(11.5) W cannot be contained in any hyperplane in P% other than H,
because otherwise 2=dim Ker (I'(M,, H,)—I'(R, H,))=h°(M,, Es). Therefore
ho(W, H,)=5.

(11.6) Put w=deg W and let X be a general fiber of R—W. Then 3=
L2H?{R}=wLl?X. w>1 by (11.5). So w=3 and L?X=1. From this we infer
AW, H,)=0.

(11.7) Now we come to the crucial step of showing W to be smooth. First
we prove the following

LEMMA. There exists no linear threefold T such that SCTCM.

Assume that such a threefold T exists. Let M’ be the blowing up of M
with center T and let p,=p-g; : M'—P; be the morphism as in (8.1). We
claim that this is surjective.

To see this, take a smooth member I of | L| such that S=TI. Let [”
be the proper transform of I" on M’. Then I"=Qs(") since Tn['=S. S is of
non-vertex type on I" by (11.1). Hence p,([")=Pj;. So of course p,(M)=Pj.
Thus p, is surjective.

Let X be a general fiber of p,. Then LX=L(L—Ep*{M'}=(L—Eg*{["}
=1. So X=P! since Bs|L|=0. On the other hand, deg K¥=K"' .X=
(—4L+FE;)X=—3LX=-—3. This absurdity proves the non-existence of 7.

(11.8) In order to show that W is smooth, it suffices to show that W is not a
cone, since AW, H,)=0 (cf. [2, Corollary 4.7]). So assume to the contrary and
let x be a vertex of W. Let T be the linear threefold containing S corresponding
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x. In particular, 7,°p;-pg=p4 as rational mappings on M, where A=|H|*"
and x, is the projection P5— {lines passing through x}=P*.

(11.9) T« M by (11.7). Let T, be the proper transform of 7T in P,=Qs(P3).
Then we have T ;N\M;=pz'(x), which we denote by Y.

(11.10) Y is a plane on T,=T=P?. Indeed, for any line [ on T with [C M,
we have 2z u(l-M)=1+1,-Y by (8.7), where [, is the proper transform of [ in
T,. This implies deg Y=1. dim Y=2 is clear since Y is a fiber of R—W.

(11.11) Let P,=Q@Qy(P;) be the blowing up of P, with center Y and let M,,
T, be the proper transforms of M,, T;. Then T,A\M,=0. Indeed, if T, "\M;
Su, we can find a line [ on T such that /¢ M and [,>u for the proper trans-
form [, of [ in P,. Then p(l-M)=2+u(l,-M,)>2. This contradicts (8.7).

(11.12) Bs|L—Es—Ey|=0 on M.,.

Indeed, A=|H;|*T corresponds | L—Es—Ey| on P,and Bs|L—Es—Ey|=T,.
So this assertion follows from T,\M,=0.

(11.13) Let ps=piz-gg-ryi : M;—P% be the morphism. In view of (L—Eg)y
=0, we infer 0=H%=(L—Es—Ey)*=(L—Es)*—E%}. So E}=(L—Eg)’=1.

(11.14) Let R, be the proper transform of R on M, Then [R,]J=L—2E;
—0Ey with 6>0 since YCR.

(11.15)  s:(Qy\y) = K¥1—K*¥ = (—4L+2E5)—(—3L)= Ly. Hence LE} =
—L(—Ey)*{Ey}=—1. Using (L—Eg)y=0, we obtain (L—2Eg)(L—Egs—Ey)'=
(L—2Eg)(L—Eg)*—LE4=1. We have also (L—Eg—Ey)*Ey=E}=1 by (11.13).
Therefore H4{R;}=(L—Es—Ey)(L—2Es—d0Ey)=1—0. So 0=1 since Hj; is
semipositive.

(11.16) REMARK. We have not yet used the assumption that x is a vertex
of W.

(11.17) 7eopi1-gg=pP4=pPiL-rg-ry1 @S rational mappings on M (cf. (11.8)).
Since x is a vertex of W and =.(W) is a curve, we infer that pg(R,) is a curve
in P3. However we have L°H%{R;} =L*L—Es—Ey)(L—2Es—Ey)=L*L—Eg)*
(L—2Es)+ L*(—Ey)*=2>0. This contradiction proves the smoothness of W.

(11.18) By (11.16) and (11.10) we infer that R is a P?2bundle over W.
[(Rly=[L—2FEg]y=—Ly for any fiber ¥ of R—W. So R can be blown down
with respect to this structure. Now it is easy to see that p, gives an isomor-
phism M,;=Qw(P3). \

(11.19) Clearly the above procedure from M to P via M, is the inverse
of (7.10). Thus we prove the following

THEOREM. Let (M, L) be any Del Pezzo 5-fold with d(M, L)=5. Then

M, L) can be constructed as in (7.10).

(11.20) COROLLARY. All the Del Pezzo 5-folds with d=5 are isomorphic
to each other.
Proof is similar to that of (10.27). Note that any polarized smooth surface
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W, H,) with AW, H,)=0, dW, H,)=3 is isomorphic to (P(E), H%), where E
is the vector bundle [H,JP[2H,] on P} (cf. [2, Theorem 3.87).

(11.21) CoOROLLARY. H¥M, T*)=0.

Proof is similar to that of (9.13). Using (P.13), one can prove this without
deformation theory, too.

§12. Del Pezzo 6-folds with J=b.

Let (M, L) be a Del Pezzo 6-fold with d{M, L)=5. We regard M as a
submanifold in P§ by pz as before. The argument in this section is very
similar to that in §11. So we just sketch the outline of it.

(12.1) LEMMA. Let D be a smooth member of |L| and let I' be a smooth
member of |L|p. Let S be a plane on I. Then S is of non-vertex type on I’
if and only if cy(NS\¥)=3,

Proof is easy.

(12.2) LEMMA. Let S be a plane on M such that c,(NS)=3. Then there
exists no linear threefold T such that SCTCM.

PROOF. Assume that such a threefold T exists. We see that p, :=pz-gp
M'=Q(M)—Pj is surjective as in (11.7). For a general fiber X of p, we have
LX=1 and deg K*¥==—3 as in (11.7). This is absurd.

(12.3) From now on let S be a plane on M as in (12.2). Let M,=Qs(M).
Then p.=piz-gg : Mi—P% is a birational morphism.

(124) We have (L—Eg)¢=1, L(L—Eg)*=2 and (L—E’Es=1. So H=
p«(Es) is a hyperplane on P§. Hence pfH=Es+R for Re|L—2Eg|. R is
irreducible and reduced as in (10.13).

(12.5) Let W=p,(R). Then LH*{R}=0 implies dim W <4. On the other
hand L2H%{R}=3. So dim W=3.

(12.6) W cannot be contained in any hyperplane other than H. Therefore
h°W, H,)=6. Hence w=degW>1. Moreover, as in (11.6), we have w=3,
AW, H)=0 and L*X=1 for a general fiber X of R—W.

(12.7) Let x be a point on W and let T be the corresponding linear three-
fold containing S as in (11.8). Then T ¢ M by (12.2).

(12.8) Let T, be the proper transform of 7 in P,=Q4(P?). Then T,NM,
=p5'(x), which we denote by Y. Y is a plane on T,=P? similarly as in (11.10).

(12.9) Bs|L—Es—Ey|=0 on M,=Qy(M,).

Proof is similar to that of (11.12).

(12.10) Let ps=piz-gs-£p1 : Ma—P}% be the morphism. Then we have H%=0
and E${=—1 as in (11.13).

(12.11) Let R, be the proper transform of R on M, Then we have [R,]
=L—2Es—Ey, H}(L—2Eg)=1 and H3Ey=1 as in (11.15).
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(12.12) We have L*H%{R,} =2>0. This implies dim ps(Ry)=dim n(W)=3,
where 7 is the rational mapping P&— {lines passing through x}=P°. Hence x
is not a vertex of W,

(12.13) The above argument (12.7)~(12.12) proves that W is not a cone.
Hence W is smooth because AW, H,)=0. Moreover we see (W, H,)=(PiX P2,
H,+H,) by [2, Corollary 3.9].

(12.14) R is a P*bundle over W as in (11.18). Moreover p. gives an
isomorphism M, = Qy(P%).

(12.15) The above procedure is the inverse of (7.12). Thus we show that
any Del Pezzo 6-fold with d=5 can be constructed as in (7.12). Moreover they
are all isomorphic to each other as in (11.20). Now, in view of (7.1), we obtain
the following

(12.16) THEOREM. Any Del Pezzo 6-fold with d=5 is isomorphic to Gr(5, 2).

(12.17) COROLLARY. There exists no Del Pezzo wmanifold (M, L) with
dM, L)=5 and dim M=7.

PROOF. Suppose to the contrary and let {D;} be a smooth ladder of (M, L)
with dim D;=1:. Then D, is an ample divisor on D, and D,=Gr(5, 2) by (12.16).
This contradicts [6, (5.2)].

(12.18) THEOREM. Any Del Pezzo manifold with d=5 is a linear section
of Gr(5, 2).

For a proof, combine (7.1), (7.2), (9.12), (10.27), (11.20), (12.16) and (12.17).
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