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Introduction.

0-1. In his papers [10], and [12], H. M. Stark introduced certain ray
class invariants for totally real fields in terms of the value at s=0 of the
derivative of some L-series of the fields. Then he presented (with numerical
evidences) a striking conjecture on the arithmetic nature of the invariants.
In this paper, we show that, for each given real quadratic field, the invariants
are described in terms of special values of a certain special function. The
function is closely related to the double gamma function of E. W. Barnes. Then
we prove the conjecture for a very special (but non-trivial) case.

0-2. For a pair o=(w,, w,) of positive numbers we denote by I x(z, ) the
double gamma function introduced by E. W. Barnes (for the definition and basic
properties of the double gamma function, see and [7]). Set

F(z, 0)=1"yz, 0)/I' (0, +w;—2, w).

Then F is a meromorphic function of z which satisfies the following equalities
[(0-1) and [0-2).

(0-1) F(ztw, w)=2sin(nz/w,)F(z, w),
F(z+w,, w)=2sin(rz/w)F(z, w).
(0-2) F((o,1t)/2, 0)=1.

If w,/w, is irrational, properties and characterize F as a meromorphic
function of z. Let F be a real quadratic field embedded in the real number
field R. For anintegral ideal | of F, denote by Hg(}) the group of narrow ray
classes modulo | of F. Assume that | satisfies the following condition (0-3):

0-3) For any totally positive unit u of F, u-+1e1.

Take a totally positive integer v of F with the property v+1<f. Denote by
the same letter v the narrow ray class modulo | represented by the principal
. ideal (v). Then v is an element of order 2 of the group Hx(}). Choose integral
ideals aj, a,, -+, a5, of F so that they form a complete set of narrow ideal
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classes of F. For each c=Hg(}), there is a unique index j(1=j=h,) such that
¢ and a,f are in the same narrow ideal class of /. Denote by ¢ a fundamental
totally positive unit of F' and set

z=x+yes(af); x,y€Q,
0<x=1, 0=y<1, (2)af=c in Hp({) ).

(0-4) R(e, 0)=

Then R(e, ¢) is a finite subset of (a,f)"%. Set
(0-5) X(=_I1 {Fz, (L DFE, (1,0},

where z’ (resp. ¢’) is the conjugate of z (resp. ¢). The invariant Xj(c) is positive
for each ce Hx(f). Set {x(s,c)= > N(a)™®, where the summation with respect

to a is over all integral ideals of F which are in the same narrow ray class
modulo | as ¢. It is known that {z(s, c) is holomorphic except for a simple

pole at s=1. The following theorem guarantees that Xi(c) is independent of
the choice of ay, -+, a,.

THEOREM 1. The notation and assumptions being as above.

£r(0, 0)—C#(0, cv) =log Xi(c) .

We further assume that | satisfies the following condition (0-6):

(0-6) There is no unit of F such that ¥>0, #'<0 and u—1l&f.

Let ¢ be an integer of F such that ¢<0, ¢'>0 and pg—1<j. Denote by
the same letter ¢ the narrow ray class modulo | represented by the principal
ideal (g). Then p is an element of order at most two of the group Hz().
Let G be a subgroup of Hg(}). Assume that p is in G but v is not in G. Set

Xi(e, G)= II Xi(cg)-

Then Xj(¢c, G) is an invariant for c=Hz(Y)/G. Denote by Kr(}) the maximal

narrow ray class fleld over F with conductor | and denote by ¢ the Artin

canonical isomorphism from Hz(f) onto the Galois group of Kr(I) with respect
to F. Furthermore, let Kz(f, G) be the subfield of o(G)-fixed elements of Kxz(f).

In view of [Theorem 1, Stark’s conjecture in [10]-[12] implies the following

(cf. [8]):

(0-7) Conjecture (modified version of the Stark conjecture). There exists a
positive rational integer m such that the following assertions (i) and (ii)
hold :

(i) For each ceHx(i)/G, Xi(c, G)™ is a unit of Kr(},G).

Moreover, {Xi(c, G)™} %2 = Xi(cc,, G)™ Ve, = Hy (1)) .

(ii) A system of invariants
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(0-8) \ {Xi (e, G); e Ha(32)/G)
0

generates Ky(f, G) over F.

In [0-8), fis are divisors of  with properties (0-3) and (0-6) and G is the
image of G under the natural homomorphism from H.(f) onto H(f,).

Without loss of generality, we may assume that | is invariant under the non-
trivial automorphism ¢ of F. In fact, if {+¢(}), we may replace | by i\ ¢(f) and
G by its inverse image under the natural homomorphism from H,(fn«})) onto
Hg(H).

We prove the conjecture under the following assumption (0-9).

(0-9) The field K,(1, G) is a quadratic extension of its maximal absolutely
abelian subfield. Moreover exactly one of two infinite primes of F (one
which corresponds to the prescribed embedding of F into R) splits in
K:(, G).

Denote by K the normal closure of K,(f, G) with respect to Q. Then (0-9)
implies that K is a quadratic extension of Kx(f, G) contained in K(f). Let G, be
the subgroup of H.(f) which corresponds to XK. Then G, is invariant under ¢ and
is a subgroup of index 2 of G. Furthermore, G is generated by g and G,. Set

(Hp(D/G1)o={c = Hp(1)/Gy; do)=c} .

Then (0-9) implies that (H.(1)/G,), is a subgroup of index two of H(})/G..
Thus, it is now easy to see that the condition (0-9) is equivalent to the
following condition (0-9)’ on G:

(0-9) There exists a subgroup G, of G with index 2 invariant under ¢ such
that

LHe(1)/Gy, (Hp(N/Gi)o]=2.

THEOREM 2. Under the assumption (0-9) (which is equivalent to (0-9)), the
conjecture is true.

0-3. The present paper consists of three sections. In §1 we summarize
some results of Ramachandra for later applications. In §2, we first recall
certain results of [7] and prove [Theorem 1. In fact, is implicit in
Corollary 2 to [Theorem 1l of [7]. Then we show that, under the assumptions
of L(s, ), where y is a character of the group H,(f)/G such that
x(v)=—1, coincides with an L function of a suitable imaginary quadratic field.
Applying results of Ramachandra, we can express Xi(c, G)™ in terms of singular
values of elliptic modular functions and prove We must emphasize
that assumptions imposed on are quite restrictive. Moreover, the
expression for Xi(c) in terms of the function F plays no role in our proof
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of However, is quite useful for numerical computations of
Xi(c). In §3, we report on a few numerical experiments based on which
support the conjecture when is not applicable.

0-4. When the author was writing down the first version of the present
paper, Stark’s papers [10]-[12] were unknown to him. A summary of the first
version was announced in [8].

Notation.

As usual, we denote by C, R, Q and by Z the field of complex numbers,
the field of real numbers, the field of rational numbers and the ring of rational
integers, respectively. For x&R—{0}, sgn(x)=x/|x|. For a complex number
z, Re(z) (resp. Im(z)) denotes the real part (resp. imaginary part) of z. For
a finite set S, |S| is the cardinality of S. For a given group G, <{gi, & *** , Sm,
(g1, &2 -+, gnEG) is the subgroup of G generated by g, -+, gn. For a finite
algebraic number field &, O, denotes the ring of integers of # and b, denotes
the differente of k. For t=k—{0}, (¢) is the principal ideal of % generated by
t. For a fractional ideal a of £, N(a) is the (absolute) norm of a. For any
integral ideal { of k, H,(}), the group of narrow ray classes with conductor f,
is the quotient group I,(f)/P.(f), where I,(}) is the group of fractional ideals
of & prime to | and P,(f) is the group of principal ideals of k& generated by
totally positive numbers ¢ of % such that the numerator of (t—1) is divisible
by f.

If §, is a divisor of §, the natural injection of I,(f) into I,(f,) induces a
surjective homomorphism from H,(}) onto H,(,). The homomorphism is called
the natural homomorphism from H,(J) onto H,(f,). For a character y of the

group H,(1),
Li(s, 1) =2 x(@N(a)™¢,

where the summation with respect to a is over all the integral ideals of k&
which are prime to f.

For a normal extension K of %, Gal(K/k) denotes the Galois group of K
with respect to k.

The gamma function is denoted by /I'(s) and the m-th Bernoulli Polynomial
is denoted by B,(x).

§1.

1. For real numbers u, v and for a complex number z with positive ima-
ginary part, set
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2((2), 2) =exo (—imutv—ua) L1

where
9w, z2)=—1 EZ( —1)"exp{i7rz <n+%)2+27riw (n+—;—>}
and

p(z)—exp( Tz ) H(l—ezn””)

It is known that for any integral unimodular matrix M= (f Z)ESLz(Z), @,
satisfies the following transformation formula :

M (&l v )= (().2).

where ¢(M)? is a twelfth root of unity which depends only on M. It is easy

to see that
0,(("31), === (%), 2)  and

2((,51) 2)==e=2((). 2)-

For details, see 3 of [5].

Let £ be the imaginary quadratic field with discriminant d,. Let | be an
integral ideal of k. For each c= H,(}), the group of ideal classes modulo | of
k, we are going to associate ray class invariants @;(¢) and Zi(c) following
Ramachandra [5]. At first, assume {+#9, For an integral ideal b in ¢,
choose p=b with the congruence property p=1 (mod. ). Let {8;, 8.} be a Z-
basis of the ideal (6 b,)~* such that Im (B3,/8,)>0. Let f be the smallest positive
integer contained in . Set

(2)

3) 0=0,(((1153), 8u/8) "
and
4) Z(0) =104,

where tr means the trace over the rational number field Q. We note that
tr(¢f,) and tr(gB,) are not simultaneously equal to rational integers if [#%,.
Hence Zi(c)+0. It follows easily from equalities (1) and (2) that @i(c) is inde-
pendent of the choice of b, g, 8, and B,. In fact, @i(c) coincides with the
invariant @s,(c) for g=9, which was introduced by Ramachandra [5] Next,
assume {=5%,. Then the group H,(i) is the group of absolute ideal classes of
k. For each c=H,(f), take an integral ideal b in ¢™* and let {8, B:} be a Z-
basis for (bd,)~*, where Im (8,/8,)>0. Let A be the class-number of k. Set
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(bdp)t=(a) (@€,

(5) Di(c)= (B a*®) 'n(B:/ B.)**"
and
(6) Zi(c)=1(BIN(bd,)) ' (B:/ B)* | = Di(c) [V°* .

The Ramachandra invariant @; (c) for ¢=9, coincides with |®@i(c)|*™.

For each integral ideal | of k, we denote by K,(}) the ray class field over &
with conductor f. We denote by o, the Artin canonical isomorphism from
H,(}) onto Gal (K,(})/k). If no confusion is likely, we simply write o, instead
of o41.

Now we quote the following results on the arithmetic nature of the invari-
ant Oi(c).

LEMMA 1. (i) If {#9, Oic)eK,() for any ce HyY), where | is the ideal
conjugate to §. Moreover @i(c,)/Di(c,) is a unit for any ¢, c;€Hy(}). Further-
more, {Di(c)}orTCO=D(cc,) for any ¢, coS Hy(D).

(i) If =90, Oi(c)/Di(c,) 1s a unit in K,() for any ci, co€Hy(}). More-
over, {@i(c))/Pi(c)} 7210 =Di(c;c5")/ Di(cac®) (€1, €2, CoE H (D).

The first part of follows immediately from Theorem 5 and Theo-
rem 7 of [5]. For the proof of the second part of Lemma 1, we refer to [4]
(13 and 20 in particular) and §2 of Chap. 2 of [9]

2. For ceH,(), put {i(s, c)=2IN(a)~*, where the summation with respect
to a is over all integral ideals of 2 which are prime to f and are in the class
¢ modulo f. It is well known that the Dirichlet series {(s, ¢) is absolutely con-
_vergent for Res>1 and is extended to an analytic function in C which is holo-
morphic except for a simple pole at s=1. Denote by w(f) the cardinality of
the group of units of £ which are congruent to 1 modulo f. The following
Proposition is a version of the Kronecker limit formula.

PROPOSITION 1. The notation being as above,

f T:'(J:Dk ’
©  ednoo={
—1 'Lf T:Dk .
—log Z ] #Oy,
W emaoo=| oo v

—log Zi(c)—log 4x? if 1=90,,

(for notation, see (4) or (6)).
PrROOF. Take an integral ideal b in the ray class ¢™'. It follows easily
from the definition of {.(s, ¢) that w(f)N(b)*C,(s, c)= 2 N(x)™%, where the sum-

mation with respect to x is over all non-zero elements of b with the congruence
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property x=1 (modf{). Take a p#&b such that y=1 (modf). Since b and | are
mutually prime,

{xeb; x—1eit={puty; yEbi}.
Thus, we have
w(HNO) (s, o)= X | pt+y| 7.

yebf

Applying the Poisson summation formula, we obtain the following functional
equation for {,(s, ¢). For Re s<0,

(7) o(MN®) >z L' ($)L (s, )
:2N(BT)'1«/m'l(éln)s“lf(l—s)m/e%b )_1N(y)s"1 exp (—2zitr (py)) .

If 1+9,, there exists a y<(bid,)™! such that tr(py)&Z. Hence, the second
Kronecker limit formula (see (6) of [5]) implies that the right side of (7) is
holomorphic at s=0 and is equal to

hilﬁl_[z_ -1 tr (¢fs)
Ny 21 (B tog |0 (ieh) /8

where {8, 8.} is a Z-basis for (bid,)™* such that Im (8,/p:)>0.
Since 21Im (B./8)=+[d,[N(bd,) 18,172 we have (0, ¢)=0 and

o515, 615

If {=9,, tr(uy)eZ for any y=(bd,i)"'. Hence we have
w(Ni(s, )
:2(4n)3‘1ns\/]m_

2

o (0, c)=—2log

=—log Zi(c) .

LU= s o Im (BB ImnBl Bl

F(S)— CEm,n)EZ
Thus, the first Kronecker limit formula (see (5) of [6]) implies that

o(1NE(0, 0)=—1
and

oDk (0, )=—(2log m+log 4 —log /[, | +27)
+27—4log{(2Im (Bs/ BV 9(8:/ B}
=—log 4r*—log{| B, 2N (bd,)*| n( B/ B:) |}
=—log Zi(c)—log 472,

where 7 is the Euler constant.
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COROLLARY TO PROPOSITION 1. For any non-principal character & of the
group Hy(),

d 1
(s s ®), ==y, B, EO 108 {Zi(},
and
L(0,8)=0.

3. We are going to introduce another invariant Wi(c) (c€ H,(f)) which is
closely related to the invariant Zi(¢). Denote by (i) the set of prime divisors
of {. For each subset S of P(}), denote by I(S) the intersection of all the
divisors of | which are prime to any peP()—S. In other words, if = II p*®

(v(p) is a positive integer), ¥(S) is given by T(S):vgsp”“’). Further, pufcemD
€)) n(S)=w({(SHIH M/ H(G(S)I
and
9) Wie)=T1Zis,@ TII (H) )1,
S peB(H~S

where the product is over all subsets S of (). In (9), for each S, & (resp. P)
means the ray class modulo {(S) represented by ¢ (resp. p). For each character
& of the group H(f), we denote by f: the conductor of & and by € the primi-
tive character of the group H,(Iz) which corresponds to £ in a natural manner.

PROPOSITION 2. The notation being as above, for each non-principal character
& of the group Hi(¥),

(10) 20, 6)=— 3 &(c)log Wi(c).
CEH (D
Proor. It follows from (9) that the right side of is equal to
1
(11) —§n—(5)-A(S’ £,

where we put

A(S, )= 2 &(dlog {Zis)(@ I 379}

cSH(H rephH-s

In the summation with respect to S is over all subsets of $(f). Denote
by B(&) the set of prime divisors of fe. Assume PB(E) is not a subset of S.
Then the restriction of the character & to the kernel of the natural homomor-
phism from H,(f) onto H({(S)) is non trivial. Thus A(S, &)=0.

Now assume SDOP(£) and denote by &g the character of H,(1(S)) which
corresponds to & in a natural manner. In view of (8),

AS 8 1 .
28 = a8 S edh P o s £5(0) 1og {Zicsy (e} -
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On the other hand, it is easy to see that

. &)
Li(s, )=Lu(s, S)pemg[w 1 N(p)® )

Furthermore, for each subset S of R(}) which contains (&),

Li(s, Es)=L(s, S)yg%:If)—SO_ -/E\fs(gz )_1

Recall the following identity :

1+ 33— R

= 1 x1 +15i;jsn (1—x;)(1—x;)

+ ves

Xy Xy B 1
(I—xp) - (1—x5) ~ (1—x1) - 1—x) ~

In view of the identity, it is now easy to see that

Lis H=2 _IT_ Es®ING)™} LiCEs, B),

_l_

where the summation with respect to S is over all subsets of PB(f) which con-
tains P(&). Since & is non-principal, it follows from [Corollary| to Proposition 1|
that

Li (0, &)= Ziy Lol Ssx H%@)és(dlog {Ziesx()}

<7< N

where the summation with respect to S is over all subsets of P(}) which contain
PB(&). Thus, the Proposition follows.

§2.

1. For a pair w=(w;, w,) of positive numbers and a positive number z, let
{o(s, w, z) be the double zeta function given by

Cz(sx w, Z>:n %0(2"’_7’”0’1"{_”0)2)_3 .

It is known that {,(s, , z) is absolutely convergent for Re s>>2 and is extended
to a meromorphic function of s in C which is holomorphic except for simple
poles at s=2 and s=1. Furthermore, there uniquely exists a meromorphic
function I',(z, w) of z, positive on the positive real axis which satisfies the fol-
lowing equalities :

{d;dscz(s, , z)}s=0:10g {%&%}3@} ,
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where p,(w) is a positive constant independent of z,

(ZFZ(Z, ®));=0=1.

It satisfies the following difference equations.

V4
[OF}

I'y(z+w, w):«/Z—nF< )_11“2(2, w) exp {(é__

;2 ) log (uz}
(12)
z

-1 1 z
o ) I'y(z, w)exp {(7—— o )log a)l}.
Set F(z, w)=I"y(z, 0)/ (@, +w,—z) (cf. of [7]). It follows easily

from (12) that F' satisfies difference equations (0-1). If w,/w, is irrational, zeros
(resp. poles) of F(z, w) are all simple and are situated at z=mw,+nw, (m, n=
1,2, -+) (resp. z=—(mw,+nw,), m, n=0,1, 2, ---).

I'y(z+w,, w)zVﬁF(

2. Let F be a real quadratic field embedded in the real field R. For each
x€F, x’ is the conjugate of x. Let f be an integral ideal of F. We always
assume that | satisfies the condition (0-3).

Let X be a character of the group Hy(f). Then, for an integral principal
ideal (p) of F, X((p)) is given by one of the following four formulas:

X(()=Xo(p0) ,
(13) X((p)=Xo(pr) sgn (p1),
(14) X(()=%o(p) sgn (¢'),

X((p))=Xo(pr) sgn (py'),

where X, is a character of the group of invertible residue classes modulo f.
The condition (0-3) for the ideal | is equivalent to the following :

(15) The group Hz(f) has a character of type (13) or (14).

Take a totally positive integer v of F such that y=-—1 mod{. Denote by v(})
the ray class modulo | represented by the integral principal ideal (v). The
condition (0-3) implies that v(f) is an element of order 2 of the group Hg(}).
If there is no fear of confusion we write simply v instead of u(f). Let ¢>1 be
the fundamental totally positive unit of F. Choose integral ideals aj, -+, a5,
of F so that they form a complete set of representatives for narrow ideal classes

of F. For each ce Hx(1), we define Xj(c) by [0-5). We are now ready to prove
[Theorem 1.

Proof of [Theorem 1. Take the index j such that a,f is in the same nar-
row ideal class as ¢. Let E,.(F) be the group of totally positive units of F
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and let Z, be the set of non-negative rational integers. Then it is easy to see
that the mapping :
(z, m, n, u) —> u(z+m+ne)

establishes a bijection from the set R(e, ¢)XZ, X Z, X E.(F) (for the definition
of R(e,c), see [0-4)) onto the set _

xe@N™; x 2>0, (Duf=c} .
Thus, we have

Ce(s, O)=N@DH? X 3 N(z+m+ne)™.

zEKR(e,¢) m,n=

It follows from [Corollary] to [Proposition 1 of that

A6 LHO, 0= e+ eNB+ BB+ (B

where the summation is over all z=x+ye (x, y=Q) of R(e, ¢). Furthermore,

of [7] implies that
d
an {Ztets o}

:z=z+yéR(s,c)|:log{ FQ(:’Z(?){;:S’/)’ 2 }+ 6_4:6/ log (%/)Bz(x)]

—{#(0, ¢) log {N(a;)} ,

where we put ¢=(1, ¢) and ¢'=(1, ¢&').
For z=x+ye=R(e, ¢), set
1—x+(1—y)e if 0<x, y<1,
—z={ 1—x if y=0, 0<x<1,
1+(1—y)e if x=1, 0<y<1.
It is easy to see that the mapping z——z establishes a bijection from R(g, ¢)
onto R(e, cv). Furthermore the mapping x—14-xe establishes a bijection from

the set {xER(s, c); x=Q, 0<x<1} onto the set {(1+ye)ER(s, ¢); y€Q, 0<y<1}.
If follows now easily from and that {#(0, ¢)={z(0, cv) and that

{—;TCF(S, C)—%Cp(s, cv}}

s=0

- I'y(z, e)'y(2', &)
o IO { FZ(—Z) §)FZ(<;)/’ §/) }

2E€R(&C)
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If z=x+eyeR(e, ¢) and 0<x, y<1 (x,y=Q),
I'y(z, )'x(2’, &)
FZ(?Z} §)F2((—Z)/; EI)

If z=x=R(g, ¢) and 0<x<1 (x=Q), the difference equations (12) for I, imply
that

=F(z, e)F(z', ).

I'y(x, e)]'s(x, &) s(14-¢ex, )] "5(1+¢'x, €’)
I's(A—x, (1 —x, &) ",(1+e(1—x), e)] ", (1+¢'(1—x), &)

=F(x,e)F(x, ¢)F(1+¢x, e)F(1+¢'x, &)

(cf. the proof of Corollary 2 to of [7]). The proof of
is now complete.

COROLLARIES TO THEOREM 1.

i) Xi(ew)=Xi(e)™

(ii) If Y is the conjugate of T and ¢’ is the conjugate of «,

Xi(e)=X;(c').

3. We are going to introduce another invariant Yi(c) for ce Hp(f). As in
2, we assume that the integral ideal | of F' satisfies the condition (0-3). Denote
by PB(f) the set of prime divisors of j. For each subset S of B(j), denote by
§(S) the intersection of all the divisors of { which are prime to @%’([T)_Sp. Further
put n(S)=|He({I|/|Hr(i(S))|. For each c=Hg(}), set

(18) YT(C):HXf(s)(c~‘ I G Hves
5 rephH-s

where the product is over all subsets of B(}) such that 1(S) satisfies the condi-
tion (0-3). In for each S, ¢ (resp. D) is the ray class modulo {(S) repre-
sented by ¢ (resp. p). For each character X of the group Hz(}), we denote by
i, the conductor of X and by % the primitive character of the group Hr(fz)
which corresponds to X in a natural manner. The first half of the next pro-
position is an immediate consequence of [Theorem 1. The proof of the second
half is quite similar to that of

PROPOSITION 3. The notation being as above, let X be a character of the
group Hp(}) such that X(v)=—1.%

@ (L Lsnf = 3 AlogX(0),

ds =0 ceHpM)/<v>

(i) {—%Lp(s, i)}szoz > Xe)log Yi(o),

cSH p(H)/<v>

) In other words, ¥ is of type (13) or (14).
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where {v) is the subgroup of Hgp(}) generated by v.
COROLLARY TO PROPOSITION 3. Let §, be a divisor of | which satisfies the
condition (0-3). Then for each c€Hp(fy), Yi(c)=I1Y(x), where the product is

over all xe Hp(f) whose image under the natural homomorphism from Hp(}) onto
Hy({,) coincides with c.

4. In this paragraph, we assume that the group Hg(}) (f is an integral
ideal of F) has a character of type (14).

It is easy to see that Hp(}) has a character of type (14) if and only if it
satisfies the condition (0-3) and the condition (0-6).

Take an integer g of F such that <0, ¢/>0and p#=1 modj. We denote
by u(7) the element of Hg(}) represented by the principal ideal (g). Then u(f)
is an element of order at most 2 of the group Hz(}). When there is no fear
of confusion, we write simply g instead of p(f). Let G be a subgroup of Hz(})
which contains p but does not contain v. For each c€ Hx(f), set

(19 Xi(e, G)ZEGXT(@‘ (cf. (0-5))
Then Xi(c, G) is an invariant for ce Hxz(})/G. We also set
(20) Yi(c, G):gIEIG YVi(eg).  (cf. (18))

Let {, be a divisor of | which satisfies conditions (0-3) and (0-6). Let G be
the image of G under the natural homomorphism from Hpg(}) onto Hgz(io).
[Corollary] to [Proposition 3 implies the following :

LEMMA 2. The notation being as above, for any COEHF(TO)/é,

Yieo G)=11Y1(c, G),

where the product with respect to ¢ is over all ceHp(Y)/G, whose image under
the natural homomorphism from Hg(})/G onto HF(TO)/é coincides with c,.

We note that the Stark invariant e,(c) introduced in is given by the
following formula :
21) em(c):{ Xi(e)y™ Xi(cp) if p#1,

Xi(e™ if p=1.

5. The remaining part of the present paper is devoted to the proof of
stated in the introduction. We use the notation given there without
further comment. We assume that | is a self conjugate integral ideal of F
which satisfies the condition (0-3). Then | satisfies also the condition (0-6).
Moreover p=p(f) is an element of order 2 of the group Hr(f). We denote by
¢ the non-trivial automorphism of the real quadratic field F given by (x)=x'.
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Then ¢ operates naturally on the group Hy(f) as an automorphism of order 2.
We put ¢«(c)=c¢" for any ce Hz(}).

LEMMA 3. If V'=1)=1, pp'=v.

PrROOF. The ray class g is represented by an integral principal ideal (g,)
generated by an integer g, such that ¢,<0, ¢>0 and go—1€j. Then —pom
is a totally positive integer and —poup=—1modf. Thus, the ray class repre-
sented by the principal ideal generated by —pou is v. Thus pp'=v.

Assumptions on Thheorem 2 implies the existence of a subgroup G; of G which
is invariant under ¢ and satisfies the following conditions (i) and (ii) (cf. (0-9).

(i) The group G is generated by g and G,.

(i) CH#F(1/Gi; (Hp(1)/G1)ol=2.

To simplify the notation, we put K=Kxr(}, G,), where Kz(f, G,) is the subfield
of o(G,)-fixed elements of Kz(}). Then the Artin map ¢ establishes an isomor-
phism from Hz(f)/G, onto Gal (K/F). Let L be the subfield of o((Hz(f)/Gy)o)-
fixed elements of K. It follows from the assumption (ii) of that L
is a quadratic extension of F.

LEMMA 4. The notation and assumptions being as above, L is a composition
of F with a suitable imaginary quadratic field k. Moreover, K is an abelian
extension of k.

PRrOOF. Since | and G, are invariant under the non-trivial automorphism ¢
of F, K is normal over the rational number field @. Furthermore, since
((Hp({)/G,), is an c-invariant subgroup of Hpy(f)/G,, L is also normal over Q.
Thus, the group Gal(L/Q) is either isomorphic to a cyclic group of order 4 or
to a direct product of cyclic groups of order 2. If Gal(L/Q) were cyclic, there
would exist a rational prime p which remains to be a prime ideal in L. Then
(p) is a prime ideal of F which is invariant under ¢. Thus (p)=(Hz({)/G1i)o-
Hence (p) splits in L. Contradiction! Thus, L is a composition of F with a
suitable quadratic field k. Since pe(Hp(1)/G1)o, L is not a totally real quadratic
extension of F. Hence %k is an imaginary quadratic field. The field K, being
normal over @, is also normal over k. The group Gal(X/L) is an abelian
normal subgroup of index 2 of the group Gal(K/k). Take an element 2 of
Gal (K/k) which is not in Gal(K/L). Then Gal(K/k) is generated by A and
Gal(K/L). To prove that Gal (K/k) is abelian it is sufficient to prove that 2
commutes with each element of Gal(X/L). Since A induces a non-trivial auto-
morphism on L which is generated by %k and F over @, A induces the non-
trivial automorphism ¢ on F. Take y&Gal(K/L). Then there exists a c€ Hp(f)
such that y=a(c). Then Ayi*=o(c’). Since c&(Hp(1)/G1)o ¢'¢c*€G,. Thus
a(c’)=0(c) in Gal(K/k). Hence AyA™'=y and A commutes with 7.

LEMMA 5. Let 7o be an embedding of K into C which extends the prescribed
embedding of F into R. Then for any x€K, t,(x)=1(x’®), where  denotes
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the complex conjugation.

ProoF. The field K is a quadratic extension of the field Kg(}, G). The
field Kr(i, G) is the subfield of o(y)-fixed elements of K. Set Ax)=15(To(x)).
Since K is totally imaginary, A is an element of order 2 of Gal(K/F). On the
other hand, as an abelian extension of F, Kz(f, G) is unramified at the Archi-
medean prime which the prescribed embedding of F' into R determines. Thus,
A induces the trivial automorphism on Kz(f, G). Hence o(p)=A4.

Since K is abelian over k, there exists an integral ideal ¢ of %2 such that K
is a class field over 2 with conductor ¢. Let H,; be the subgroup of H¢) to
which K corresponds. Since K is normal over @, both ¢ and H, are invariant
under the non-trivial automorphism £ of k. Set

(Hi(0)/Hi)o={c€ Hy(0)/ H,, £(c)=c} .

Denote by ¢, the Artin canonical isomorphism from H,(c)/H, onto Gal (K/k).

LEMMA 6. The notation being as above, the subfield of o.(H(c)/H,)ofixed
elements of K coincides with L.

PRrOOF. Denote by H the subgroup of H,(c) which corresponds to L. Then
HDH, and H/H, is a subgroup of index 2 of the group H(c)/H,. For each
c€H, 04(c), which is in Gal (K/L)CGal(K/F), commutes with o(z). Since o(y)
induces the non-trivial automorphism on k, o,(rc)=0a(p)a(c)o(p)*=04(c). Thus
(kc)c*e H, and c=(H,(¢)/H,),. Hence (H,(c)/H,)yDH/H,. Since K is not abelian
over Q, (H,(¢)/H,),+H,(c)/H,. Hence (H,(¢)/H,)y=H/H, and the Lemma follows.

implies that oz'¢ induces an isomorphic mapping from the group
(Hx(1)/G,), onto the group (H,(c)/H,),. For each ce(Hx(})/G,),, we put

(22) t=a3'a(c).

LEMMA 7. For ceH,(c)/H,, ¢ *k(c)=1 or ¥ according as c(H,(c)/H,), or
not.

PrOOF. In view of and the assumption (ii) of [Theorem 2, a
system of generators for the commutator subgroup of Gal (K/Q) is given by

{o(ce(e)™); ceHp(D)/Gi} ={1, s(W)} .

It is also given by {o.(ck(c)™): ceH,(¢)/H;}. Thus o,(ck(c)™*)=1 or o(v) accord-
ing as ce(H,(c)/H,), or not.

In the remaining part of the proof of the following situation
(23) should be always kept in mind.

(23) The field K is the class field over F with conductor | which cor-
responds to the subgroup G; of Hg(}). At the same time, K is
the class field over & with conductor ¢ which corresponds to the
subgroup H, of H,(c).
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The following proposition plays a key role in the proof of
PROPOSITION 4. For each c(Hp({)/G1)o,

Yi(c, G):hél;l (W (eoh)/ W (h))

(for notation see (9), (18) and (20)).

PROOF. Recall that the integral ideal | of F satisfies the conditions (0-3)
and (0-6), and that the subgroup G of Hy(f) contains g but does not contain v.
Thus, the group Hz(})/G has a character X of type (14). Then X(v)=—1.
Denote by {, the conductor of X and by X the primitive character of the group

H,(;) which corresponds to X in a natural manner. Then implies
that

[FE L D) = 5 20lg Vi@

ds =0 cEHp)/<v>

= > X(c) log { 1}G Yi(eg)}

ceEH p(1)/<G,v>

= X X(c) log {Yi(c, G},

ceEH p(1)/<G,v>

where <G, v) is the subgroup of Hp(J) generated by G and v. Recall that G is
generated by G, and g and that (Hr(i)/G,), is a subgroup of index 2 of Hz(})/G,
such that y&(H{)/Gy), and p&(H)/Go. Thus, Hp(1)/<G, v> is naturally iden-
tified with (Hz(})/Gy)/<{v) and

d -
(24) (oLt D} > 2 log {Yi(e, G)) .

e pT g <y
Denote by X’ the character of Hg(]) given by X' (c)=X(c")=X(«(c)). Since X(v)=
X' ) H=—1,
(25) XEX".

Via the Artin canonical isomorphism o, identify X with a character of Gal (K/F)
and denote by ¢y the character of Gal (K/Q) induced from X. Then implies
that ¢, is irreducible and of degree 2. Denote by L(s, ¢y, K/Q) the Artin L-
function of K associated with character ¢. Then a well-known result in the
theory of Artin L-function implies

(26) L(s, ¢, K/Q)=Ly(s, 7).

The group Gal (K/k) is an abelian subgroup of index 2 of Gal (K/@). Since ¢y
is irreducible and of degree 2, the restriction of ¢y to Gal (K/k) is a direct sum
of two distinct non-trivial one dimensional characters &, and &% of Gal (K/k).
Furthermore the character of Gal(K/Q) induced from &; coincides with ¢y.
We note that
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27 A=X'=&=§ on Gal(K/L).

Identify &, and &, with characters of the group H,(c) via the Artin canonical
isomorphism ¢,. Then

(28) £x()=Ex(r(c))  (cEHWO),

where £ is the non-trivial automorphism of k. [Lemma 6, Lemma 7] and equalities
(27) and imply the following :

(29) Ex(0)=£%(0) (Ve (Hy(0)/Hy)o)
§/0=—81c) (Ve Hu(0)/Hi—(HW(0)/Hy)o) -

Denote by ¢, (resp. ¢x) the conductor of &, (resp. &) and let &, (resp. £%) be
the primitive character of the group H,(cy) (resp. H,(c;)) which corresponds to
&y (resp. &%) in a nutural manner. Then

(30) L(s, ¢z, K/Q)=Ly(s, &) =Ly(s, €,).
implies that

Il

31 s 8} == 8 & 10g W0

=— 3 &()log {hEIII{1 We(ch)}

cEH ,(c)/H

§=0

d £r
= {‘ZE*Lk(S, 34 )}Fo
~ 3 &(0log { 1] Wien) .

CEH L(O)/H,

The equalities [29) and (31) now imply that

|

L&) == _ 5 &log (T Wieh)} .

§=0 cE(H p(e)/H 1)y

The mapping o3;'¢ induces an isomorphism: c¢—¢ from (H;(1)/G,), onto
(Hy(c)/H,), such that &x(¢)=2x(c). It follows from the above equality and
equalities [24), [26) and [(30) that

(32) > 2(c)log Yile, G)

e&CH (1576 o/ <v>

=— X  AUc)log {hg W(¢ch)}

ce(HFpH/G)y
W(évh)
- Ko tog { I EM ).
ce(Hp(f)%l)OKw (c) log herflh We(ch) }

The equality (32) holds for any character X of Hp(1)/G of type (14). Now let
X; be a character of Hy(7)/G of type (14). Then the mapping: n— X, esta-
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blishes a bijection from the set of characters of H,(7)/{G,v) onto the set of
characters of H,(})/G of type (14). Itis easy to see that the group Hp(})/<G,v)
is isomorphic to the group (H,(})/G.),/{v). Thus the equality (32) now implies

o Wesh)
Yile, &)= IT —n

The proof of is now complete.
PROPOSITION 5. For a suitable positive rational integer m, the following
assertions (1), (ii) and (iii) hold.
(i) Yile, O™ (ce Hp(1)/G) 1s a unit in Ky(i, G) and generates Ky(i, G) over F.
(i) {Yi(e, G FO=Yi(cc,, G)™ (Voo Hp(l)) .
(ili) Let © be an embedding of Kp(},G) into C inducing the non-trivial
automorphism on F, then ©(Yi(c, G)™) is a complex number of modulus 1.
PrOOF. Recall that (Hy(f)/G,), is a complete set of representatives for
H;(1)/G. Hence it is sufficient to prove Proposition assuming c, ¢, (Hp(1)/G.)o.
For t€ H,(¢) and for a divisor ¢, of ¢, set

for any ce(H()/G:1)s .

O (1h )
(33) o(t, Hy, )= II Dufth 5)
hE€H @;O(Z‘h)

(for notation, see (3) and (5)),

where { is the image of ¢ under the natural homomorphism from H(c) onto

H,(c,). Since both ¢ and H, are invariant under the non-trivial automorphism
£ of k&, implies that

(34) @(t, Hy, o) € Ki(c, H,y) and that
(35) {p(t, Hy,y )} ¥ =g(tu(t’), Hy, o) (Y EH(C)).
In particular if t'=(H,(c)/H,),,

(36) Sb(t; Hl; Co)ak(tl)zﬁb(”/; Hl,- Co) .

For an element a= Xmt; (m;€Z, t,€ H,(¢)) of the group ring Z[LH,(c)] of H(c)
with rational integral coefficients, we put

(37) (aﬁbco)(t) = ];[Sb(ttt) HI) Co)mi .

It follows from and equalities (9), (6) and (4) that for a suitable
choice of a positive integer m and suitable choices of a(c,)=Z[H,(c)] for each
divisor ¢, of ¢, the following equality holds for any c=(H()/G.)s:

Yi(e, G)"= l:I(a(co)gbco)(é)(a(co)sbc0)(6) ,

where denotes the complex conjugation and the product with respect to
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¢, is over all the divisors of ¢. It follows now immediately from Lemma 1] that
Yi(c, G)™ is a unit in K= K,(c, H;)=K,({, G,). together with equality
shows that a(co)¢,(¢) is in K and that (a(ce)de,)(@)=(a(c)):,)(&))**. Thus,
Yi(c, G)™ is o(p)-invariant. Since G is generated by g and G,, Yi(¢c, G)"< K;(1, G).
For ¢’€(H(})/G.),, it follows from and that

(e e DTG} == = {ae)eo(Dlea) ()} 74"

= {a(co)e (e )alco) e (cE} .
Thus, {Yi(c, G)™} ¢ =Y(cc’, G)™ Hence,

{Yile, &)™ ; ccHp(1)/G}

is a system of units of Kx(f, G) which are mutually conjugate over F. Set
I'.={c,€Hp(})/G; Yilceo, G"=Yi(c, G)"} .

Then [, is a subgroup of Hz(f)/G which is independent of ¢. Assume vel’,,
then [Corollary] to [Theorem 1 implies that Yi(c, G)=1 for any c€ Hx(f)/G.

Hence, it follows from that {—‘—i—LF(s, Z)} ,=0 for any character

ds 8=
X of Hx(T)/G of type (14).
If I';+={1} and if vel',, there would exist a character X of the group

Hz{)/G of type (14) which is non-trivial on I’.. Then it follows from Proposi-
tion 3 that

m{LLF@,z)} — S %) log Yi(e, G)m=0.

ds =0 cer p(y/<G,v>

However it follows immediately from the functional equation for Lz(s, ) and

the inequality Lgz(1,X)#0 that {_;i;—Lp(S, )Z)} _O;ﬁO for any primitive character

% of type (14). Hence I'.={1}. Thus Yi(c, G)™ generates Kz(f, G) over F.
To prove (iii), we may put

t=0x(c")  ('€H()/H,—(Hy()/Hyo).
Then it follows from and that

t{a(Co)ehe ()a(co)de (€)) =a(Co) e (c Ja(Co)ihe (D) .
In view of it is easy to see that [(a(co)de,(c)alCo)de,(c)|=1. Thus,

|7(Yi(c, &™) =1.



158 T. SHINTANI

Proof of Theorem 2. Let §, be a divisor of | which satisfies the condi-
tions (0-3) and (0-6). Let Gj, be the image of G under the natural homomor-
phism from the group Hx(f) onto Hx(I,). For each a=Xm;c; m;€Z, c;= Hr(y)),
we put

(aYi)(c, Gio):];I Yi(ces, Gr)™e.

In view of [Proposition 5 and Cemma 2, to prove it is sufficient to
prove the following Lemma g:

LEMMA 8. Take a suitable positive integer m’. Furthermore, for each divisor
Y. of To with conditions (0-3) and (0-6), choose suitable a(},)€Z{Hr(},)]. Then

Xi(e, Gfo)m'zg(a(Tl)Yfl)(c, Gipm,  (VeeHr(o),

where the product is over all divisors §, of o with conditions (0-3) and (0-6) (for
notation see (20), (19) and (18)).

PROOF. Apply the induction with respect to the number of divisors of f,
with properties (0-3) and (0-6).

REMARK. 1. For the following pairs of F and |, assumptions of
2 are all satisfied if one puts G=<{y), G,;={1} :

F=Q(~5), {=(11); F=Q(W5), i=(3v5);
F=Q(V17), (=4~V17); F=Q(v21), i=(~21);
F=Q(v10), i=3).

2. A coincidence of an L-series of a real quadratic field with an L-series
of an imaginary quadratic field was first observed by Hecke in [14].

§ 3.

In this section we discuss a few numerical examples. We use previously
introduced notation without further comment.

1. Set F=Q(~/5), i=(4). The class number (in a narrow sense) of F is
1. We may put v=(3) and p=(3—2+/5). Set ¢,=(1++/5)/2 and e=(3-++/5)/2.
Then ¢, (resp. ¢) is a fundamental (resp. fundamental totally positive) unit of
F. It is easy to see that the group Hx(}) is an abelian group of type (2,2)
generated by g and y. Furthermore,

Hp(D)o={ceHp{); ¢’=c}={1,v}.

Thus, [Hx(), H #Hol=2. We may put a,=Or as a representative for the nar-
row ideal class of F. By a simple computation, we have
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Xi(D)=F(1/4, Q, e)F(1+e/4, (1, e))F((343¢)/4, (1, )) X
XF(1/4,(1, ¢ NF(1+e'/4, (1, eNF((3+3¢)/4, (1, ¢))

=F(1/4, (1, &)’ F(1+e/4, (1, €))’F((3+3¢)/4, (1, €))?
=F(1/4, (1, &))PF(14¢'/4, (1, ¢))*F((3+3¢)/4, (1, 1))

(see §3.1 of [7).

Since p'=py, [Corollary| to [Theorem 1 and the equality #(s, p)=Cr(s, ')
imply that Xi(z)=1. Set G={1, y}. Then G is a subgroup of order 2 of Hx(f).
We have

Xi(1, G)=X;(1) and Xi(v, G)=X(1,G)™*.
Since there is no proper divisor of { with the property (0-3),

Vi1, G)=X:(1, 6)=X;(1).
It is easy to see that the ray class field Kx(f) is given by K=F(Ve, V&)
The subfield of oz(Hz(T),)-fixed elements of K is given by L=F(+/—5). Set
E=Q(~/—=5). Then K is the ray class field with conductor ¢=(2) over k. The
group H,(c) is a cyclic group of order 4 generated by c¢,=[3,2++—5]. Fur-
thermore,

H(Qe={cEH\(0); ¢=c}={1), C+~=5)}.

By a simple computation, we have

(v —5) 9o(~/—5)
7(+v/ =5) 7(~/—5)

I(r)= 2 (—1)"qn2 , ()= q(n+1/2)2 ,
nez =5

2

Z((1)= * and Z(Q++=B)= (cf. (4)), where

83([) :ngz qn2 (q — e::i:' X

Since w.=2,

W2+~ =5) [ Z(2+~=5) \v2_ [k
U aay ) Vi o,

where k=394 —=5)/9%~—=5) and Ek'=39%~—=5)/9%+—5).

It is known (see Tabelle 6 of [I3]) that 4/kk’'=(1-++/5)%.

Since k*+k2=1 and k'>Ek>0,

k?=1/2-+1/+¢} and k*=1/2—1/V¢}.
Thus, and the equality +/ej=+/¢,++/&;T imply that
Yi(1, O)=X(D)=VE k=~ &1+ ¢,) .
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The equality is consistent with the result of §3.1 of [7].

2. In the remaining part of this section we discuss two numerical exam-
ples of conjecture (0-7) for which is not applicable. We show that
numerical computations based on provide encouraging evidences which
support the conjecture (0-7). We note that, by (0-5), the numerical computa-
tions of the invariants Xi(c) are reduced to those of log['y(z (1,¢)) for z
sufficiently large and positive. Then, the asymptotic series for log I', given in
of is effectively applied. For numerical computations, we
made use of HITAC 8700/8800 in the Computer Centre of University of Tokyo.
It worked internally with an accuracy of about 33 decimal places. In [107-[12],
Stark presented several numerical evidences for his conjecture. Our method
of computation of the invariant Xi(c¢) is different from Stark’s. Basic to num-
erical experiments is the following observation of Stark (see and [11]):

Conjecture (0-7) implies the following :

If ¢ is an imbedding of the field Ky(f, G) into C inducing the non-trivial
isomorphism of F, then z(Xi(¢c, G)™) is a complex number of modulus 1.

Set F=Q(+29) and 1=((3—+29)/2). Set &=0(++29)/2 and e=
(27--54/29)/2. Then &, (resp. ¢) is a fundamental (resp. fundamental totally
positive) unit of F. We note that e¢;=e=1 mod.f. The number of (narrow)
ideal classes of F is 1. The group Hz(f) is isomorphic to a cyclic group of
order 4 generated by the ray class ¢=(2). It is easy to see that v=c¢® and
that 4=1. Since no imaginary quadratic field is contained in the normal closure
of the field Kx(f), is not applicable for this example. We may
put a;=9Or as a representative for the narrow ideal class of F. By a simple
computation, we have

(38) R(e, 1):{@6_ 1+4e  21+9c 16+14e 11-[—195}’

2% ' 25 7 25 25 25

(39) R(e, c)=

{12+235 2+8  17+18  T+3c 22+138}
%5 25 ' 25 ' 25 ' 25 [

(for notation, see [0-4)) .

To simplify the notation, set

F(z)=F(z (1,¢)).

Then it follows from [Corollary] to [Proposition 2 of that

(40) F(z,(1,e)=F('z, (1, ¢)=F(¢'z).
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Set
A= II F(f2), B,= II F(z),

2€R(e, 1) 2ER(e, 1)

A,= TI F('2), B,= II F().

z2E€R(e, ) zER(e,0)

(41)

Then it follows from and (41) that
Xi(1)=A4:B,, X()=X«(D™, Xi()=A.B,, Xi(c)=Xi(c)".

Set Yn= 3 X(H™  (m=1,2, ).
1=0

If the conjecture (0-7) is true for this example for G={1}, Y,, would be an
integer of F whose conjugate is in the interval (—4,4). Thus, there would
exist rational integers @ and f§ such that

Ypn=a+Bo and |a+po’|<4,

where we put o=(1-++/29)/2.

Set Y,=a+pw’. Then f=(Y,—Y,)/~/29.

Since |Y4|<4, |B—[Yn/~v29]]| <2 where [Y /429 denotes the integral
part of Y,/+29. Hence, the fractional part of ¥Y,—w[Y/v29] must coincide
with the fractional part of —w or 0 or . Now a numerical computation shows
that

(42) Xi(1)=4.6242866 ---,  Xi(c)=1.7949175 ---,
and that
[Y/V29]=1, [Y,/~291=4, [Y,/~V291=19, [Y./~29]=86,
Y, —w=4—(10)"%¢x2.249 ---,
Y:;—40=9+w—(10)"x1.783 ---,
Y;—190 =41+w0—(10)"**x 1.088 ---,
Y, —86w=190+w—(10)"%X6.312 ---.

Thus, it is quite probable that the conjecture would be true for m=1 and that
Xi(1), Xi(c), Xi(c?), Xi(c®) are roots of the following quartic equation:

x4 —x%(9+ +/29)/2+ x*(8++/29) —x(9-+ v29) /2+1=0.
Set t=x+x"", then ¢ satisfies the following quadratic equation:

12—1(9++/29)/24+6++/29=0.
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Two roots t,, t, of the equation are given as follows:
ty={(9-++/29)/2+~(T+/29)/2} /2,

ty={(9+~/29)/2—~ (T+/29)/2} /2.

Taking the equality into account, we infer that the validity of the follow-
ing equalities is quite probable.

) X(D=t+VE=D/2, X(o)=t+VE-4/2,
Xi(A=t—VE4/2, X()=(t,—VE-D/2.

In the following we assume the validity of (43). Incidentally, numerical com-
putations show that

log B;=(10)"*"X(—1.829 --+) and

log B,=(10)""x(—0.918 ---)  (cf. (41)).

It is quite probable that B,=B,=1.

Since (7+4/29)/2=—¢,(3—~/29)/2 and (7++/29)/2= {(9++/29)/2}* mod. 4,
t, and t, are in the subfield of o({1, ¢} )-fixed elements of Kxz(}).

Note that

(44) (B—4)(13—4)=19+229=(7-+v29)(v/29—1)?/8.
Set x=Xj(1). Then (43) and show that

(45) 2Xi(c) = (9++/29)/2—(x+x7%)
F27 UV 29— (x—x" ) H2(x+x)—(9++/29)/2} ,
Xi(cD=x1, Xi(c)=Xi(c)".

Thus, we see that the field K=F(X;(1), Xi(c)) is a quartic normal extension of
F. Hence, K is abelian over F. Set L=F(t,). We have seen that L is the class
field over F' with conductor | which corresponds to the subgroup {1, ¢?} of
Kz(1). We denote by ¢ the non-trivial element of Gal(L/K). Since (4/29—1)/2
=1 mod. |, the prime ideal ((+/29—1)/2) in F splits in L into a product of two
different ideals p and p°. On the other hand, the prime ideal ((7+4/29)/2) in
F ramifies to a square of a prime ideal q in L (*=q). We note that ({{—4)°
=(#3—4) and that ({}—4) and (#{—4) are different ideals in L (since (f,—2)(t,—2)
=1, it is sufficient to check that (¢#,42)/(t,-+2) is not an algebraic integer).
Thus, the equality implies that

H—H=v4, H-D=0)a.
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Since #}—4=1 mod. 4 in L, the field K=L(+/fi—4) ramifies only at q. Hence,
the conductor of K with respect to F is a power of {. Since 4 is prime to f,
the conductor coincides with §. Thus K=Kz(}).

The ray class ¢=(2) of Hy(}) is represented by a prime ideal

P =(eo(3++/29)/2).

The quotient field O/ =Z/(5) is the finite field with five elements. Set ¢
=o(c). In Dx/{’, o induces the Frobenius automorphism: a—>a®. In Og/Y,
x=X;(1) satisfies the equation x*—3x*—3x+1=0 with coefficients in Z/(5). Thus
o(x)=4x*+3x*+3x+2 in Og/{'. After some computations, we derive from
the equality Xi(c)=4x°*+3x*+3x+2 in Ok/}'. Hence Xi(1)*“°=Xi(c) in K. For
this example, numerical experiment is consistent with the conjecture (0-7).

3. Set F=Q(+/11) and =(3). The fundamental unit ¢ of F is given by
e=104+34/11. The class number of F is 1. Set ¢,=(4++/11). We may put
yv=cj and p=(1—3+/11). It is easy to see that the group Hg(f) is isomorphic
to a direct product of a cyclic group of order 8 generated by ¢, and a cyclic
group of order 2 generated by u:

Hp(F) = ey X< .
Since ¢y=c} and p'=pc; in Hg(}), we see
Hp(o={c€ Hp(0); ¢/’ =c} = {1, uc3, ci, pect} .

Thus, [Hx(), Hr(1),1=4. is not applicable for this example.
Set a,=Dy, a,=(3+4/11). Then {a, a,} is a complete set of representatives
for the narrow ideal classes of F. After some computations, we see that

R(e, 1)={1+¢/3, (2+2¢)/3,1/3} ,
R(e, co) = {(2+¢)/9, (8+4¢)/9, (5+7¢)/9},
R(e, )= {(7+2¢)/9, (4+5¢)/9, (1+8¢)/9} ,
R(e, )= {(1+2¢)/9, (7+5¢)/9, (4+8¢)/9} ,
R(e, 1) =1{(8+¢)/9, (13+5¢)/18, (5+4¢)/9, (1+17¢)/18,
(7T411e)/18, (2+7¢)/9} ,
R(e, cop) = {(5-+2)/9, (8-+7¢)/9, (24-4¢)/9,
(7+5¢)/18, (13+17¢)/18, (1+11¢)/18}
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R(e, cipr) = {(14¢)/6, (5+43¢)/6, (3+5¢)/6,
1+¢/3, (24+2¢)/3,1/3},
R(e, )= {(2+¢)/9, (8-+4¢)/9, (5-+7¢)/9,

(1+5¢)/18, (13+11¢)/18, (74-17¢)/18} ,
(cf. [(0-4).

To simplify the notation, set F(z)=F(z, (1, ¢)). Further, set
S=F(1+¢/3)*F((2+2¢)/3)°F(1/3),
T=F((2+¢)/9)F((8+4¢)/9)F((5+7¢)/9)

X F((1+2¢)/9)F ((4+8¢)/NF((T+5¢)/9),
U=F((7+5¢)/18)F((13417¢)/18)F((1+11¢)/18)
X F((5+7¢)/18)F((17413¢)/18)F((11+¢)/18) ,
V=F((1+¢)/6)*F((5+3¢)/6)*F((3+5¢)/6)" .
Set G={uy. Then it follows easily from [(0-5), (19) and [(40) that

X1, G)=S, Xi(eo, G)=U, Xi(c}, G)=SV, Xi(eh, G)=T*U™,
Xi(eitt, G) = Xi(cl, G)7* (1=0,1,2,3).
Set R,=Xi(cf™Y, G)+ Xi(cl*®, G) (i=1,2 --,4) and
Vo= T Xi(ch O (=12 ).

If the conjecture (0-7) is true, then Y, would be an integer of F whose con-
jugate is in the interval (—8, 8).
Now a numerical computation shows that

Xi(1, G)=3.564315896 -, Xi(ey, G)=0.519601027 ---,
46) Xi(c3, G)=5.824396333 -+,  Xi(c}, G)=5.482353802 ---,
R,=3.844874642 ---,  R,=2.444154574 ---,
s =5.996087946 ---,  R,=05.664757207 ---,
[Y./24/110=2, [Y./24/111=12, [Y,/24/11]=62,
[Y./2+/11]1=336,

Y, —2+4/11=8++/114(10)""x 8.281 ---,
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Y,—124/11=414(10)"%x 1.154 -+,
Y—624/11 =206+ +/11+(10)%*x 1.087 ---,
Y,—336+4/11=1115+(10)"%x8.723 --- .

Thus, it is quite probable that the conjecture would be true for m=1 and that
R, R,, R; and R, would be the four roots of the following quartic equation:

47) X =p, X340, X2P—p; X+p, =0, where  p,=8+3+/11,
p.=57+18411,  p,=164+48+11, P.=160-+48+/11.
Denote by 7y, 7,, s, 7, Toots of the equation and set
Vi=ViraFraly,  Ye=ri¥stroly,  Ya=Ui¥yt7ols

e;=(p:/3—yi)/4  (1=1,2,3).

Then e,, ¢, and e; are roots of the following cubic equation:

and

4¢*—15e/4-+11/8=4(e—1/2)(e*+e/2—11/16)=0.

Thus, permuting 7y, 7,, 73, 7, in a suitable manner if necessary, we have
Yo =11, =17+611,
ity = (ri+r)(ratr) =40+124/11.
Since 77,77, =160-+48+/11 and 7,+7,+r.-+r,=8+3+/11, we have
(ry+7s—r,—7)?=3 and (ris—ryr)? =302+ +11)%.

Taking (46) into account, we infer that the following equalities are quite
probable :

Ry=((8+3+/TI+~/3)/2— v (15—~/33)/2)/2,
Ry=((8+3vI1—~/3)/2—V(15+/33)/2)/2,
Ry=((8+3V11++3)/2+v(15—+/33)/2)/2,

(48) R,=((8+3v11—~3)/2+V(15++/33)/2)/2,
X1, ©)=R,+vVRi—4)/2,  Xi(c,, G)=(R,—VR}—4)/2,
Xi(c3, G)=(R,+~Ri—4)/2, Xi(c, G)=(R,+~Ri—4)/2.

We assume the validity of the equalities [(48).

Set
K:F(Rls Rz; Rz- R4) .
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It is now easy to see that K=F(~/(15++/33)/2) is a cyclic quartic extension
of F. The field K is a quadratic extension of the field F(+/3). Since 3=
(+/11)? mod. 4, F(+/3) is the class field over F with conductor { which corres-
ponds to the subgroup {g, ¢§) of Hr(}). We note the following identity :

(124-34/11+174/3+44/33)%(15+/33)/2
=(84/3)%(81+24+/11+404/34+124/33).

Since 81+24+11+404/3+124/33=1 mod. 4 in O, (L=F(+/3)), the prime ideal |
(34+4/11) of F is unramified in K. Thus, as an abelian extension of F, K®
ramifies only at (3). Hence K is the class field over F with conductor | which
corresponds to the subgroup {1, g, ¢, cipt.

By direct computations, we see that

(Ri—4)(R3—4) = (0 —va+p)?,
(R3—4)(R3—4)=(—d+~a—p)*,
(RA—4)(R3—4) =3+~ a+ p)?,

(Ri—4)(Ri—4) = (3+~a—p)",
where we put
a=81+24V11, B=4043+124/33, o=+/314+11).

Thus, K(X,, X, X;, X,)=K(X,)=F(X,) (cf.[48)) where X,=Xi(c*"!, G). Further-
more, F(X,) is an abelian extension of F. We note that the prime ideal (3++/11)
of F splits in K into a product of two different prime ideals. There exists a prime
ideal q of K such that (3--+/11)=qq°, where  is a generator of Gal(K/F). Note
that R,, R, R;, R, are mutually conjugate over F and that R,+R,+R;+R,=
8+34/11 is odd. Hence we may assume that R, is prime to q. Then R!—4=R?
mod. q* in Og. Hence, as a quadratic extension of K, F(X))=K(~/Ri—4) is
unramified at q. Since K is abelian over F, F(X,) is unramified at
(3++/11). The equality (R}—4)(Rj—4)(R3—4)(R3—4)=48¢* now implies that K(X,)
(as an abelian extension of F') ramifies only at (3). Since [F(X,), F1=8, F(X,)

is the class field of F with conductor | which corresponds to the subgroup {u)
of Hz().
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