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Introduction and notations.

We make a local study of the projection onto convex sets in real Hilbert
space. Let H be a real Hilbert space, KCH a closed convex subset, the pro-
jection operator onto K will be denoted by P. For every ucK, we set Sg(u)
:HOZ(K——u), IIx(w)=Sxw). 1f feH, [ f]=vector space generatéd by f. If K

is a cone with vertex 0, then K*={veH,VfeK, {f, vD><0}. In particular, for
feH, [ f1*={veH {f,v>=0}. For K a cone with vertex 0, and uckK, we
have

Sg(uw)=K+[ul, IIx(w)=K+[u].
Finally, for K an arbitrary closed convex set, and v H, we define

2x)=IIx(Pv)N[v—Pv]*.

In § 1, we prove under reasonable hypotheses a theorem which shows the
role played by the “ curvature of the boundary” of K near Pv, for the conical
differentiability of P at v. After giving some zoology from geometry or inte-
gration, we restrict our attention to the case where Yve H, Sx(Pv)n[v—Pv]*
is dense in X x(Pv). A convex set that satisfies this property will be called
polyhedric. We get the following

THEOREM. If K is polyhedric, Yve H, Yz H, then the curve t—P(v+1tz) is
strongly right-differentiable at 0, with a derivative y=Projg,c(2).

In §2, we assume that H is a lattice, with respect to a closed positive
cone K. Then K is a polyhedric set under the simple hypothesis that x—
x*=sup{x, 0} is a bounded map. If f:[0, T[—H is right-differentiable, then by
setting u(#)=Projg(f(t)), the preceding theorem gives

[

+ ) d+
viel[0, T, j-d—;t- =Projz u» —'dif‘
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Let us now assume the stronger condition:
VxeH, {x*, x>=<0.

+
Then, under the hypothesis that V¢, idti eK*, we get

d+ . dr
“E;L :PrOJanuct)(—jtJi) K.

In §3, we give some applications to variational inequalities by using the
above results in the two cases:

{ H=H(%), K={xeH, x=0}
H=H'(2), K={x€H, x:0=0},

2 being an open subset of RY, with sufficiently regular boundary. We obtain
results that were proved in by completely different methods. For a gen-
eralization in another direction, see [3].

I. Some general facts about the projection onto convex sets.

Let K and P be as in the introduction, v and z two elements of H. We
set

O ERACREL LA

Since P is a contraction, |y(#)|=|z], Vi>0.
PROPOSITION 1. Let y be a weak limit-point of y(t) as t—0. Then,
{ rEZK(v)J <T; Z——r>§o
Ywe Sg(Pv)N[v—Pv]*, {z—7y, w)=0.
Proor. Since P(v+tz)=ty(¢#)-+Pv, we have -

v+tz—(ty(t)+Pv), Pv—(ty(t)+Pv)»=0
> 3 y(t), y()—z>=tv—Pv, y(1))={v—Pv, P(v+tz)—Pv)=0.

Dividing by t?, then using the weak lower semi-continuity of the norm, we
obtain {y, y—2>=0 for each weak limit-point y. Moreover, 0=<{v—Pv, y(?)>=
Ky(), y(t)—2z>. Since y(f) is bounded, we deduce <v—Pv, y>=0. In any case
we have r<IIx(Pv), so we conclude that y&3x(v). Let us now assume y(Z,)
—7, with t,—0 as n—+oco, and set 0,=y(f,)—7y. If we consider uK such that
{v—Pv, u—Pv)=0, then by <{v—Pv, r>=0, the inequality

<U—Pv+tn(z—r)_tn5ny M—Pv—tnr_tn5n>§0
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implies
<2_r7 u—-P‘U>§<U—PUy 5n>+<5m u_PU>+C[n ’

where C is a finite constant. Hence as n—--oc0, we get
{z—7, u—Pv)=0.

Now if weSg(Pv)n[v—Pv]*, we have w=A(u—Pv) for some 4>0 and some
us K. Since <u—Pv, v—Pv)>=0, we can apply the previous result and obtain
(z—7, wy=0.
THEOREM 1. Let KC H be a closed convex set. We fix ve H and we X x(v).
We assume that there exists a bounded lLinear self-adjoint operator L on H such
that
{ LeProjs g, =Projz o L,

Plo+tw)=Pv+tL*w+o(t) (t>0).

Then, for any z&€ H such that Projg .« (2)=w, we have P(v+tz)=Pv+tL*w+o(?).
PROOF. Let us first verify the following property:

P(v+tz)—Pv

Vze H, Yw' (X g))*, lim sup< ;
-0t

, w’>§0.

P(v+t,2)—Pv
tn

there are a subsequence f,, and y<H such that

We use [Proposition 1. If < ,w/>2a>0 for ¢,—0 and large n,

P(v+t,,z)—Pv

nk

{y, w>=Za>0, which is contradictory with the two facts: y=>x(v) and w’'e
). Now take z=w+w’ with w' e(3x(®)) and <{(w, w'>=0. Then we
have

—7. Then

| P(v-+tz)— Plv+tw)| P = (tw’, Po+1tz)—Plv+tw))

={tw’, Pv—Pw+tw)>+{tw’, P(v+tz)—Pv).
But
{tw’, Pv—Pv+tw))=—1tXw’, L*w)—<tw’, o(t)) .

Since L is linear and commutes with Py (., it also commutes with Pz ycpns=

I*Psz- Thus (Lw, Lw’>=0. Dividing by #?, and using the above results,

P(v+tz)—P(v+tw) |?
t

we get lim sup =0, and the conclusion follows.

t—0
Before we describe some consequences of this theorem for the polyhedric

cones of functional analysis, let us illustrate it by some examples.
ExamrLE 1. K={uesH, |u|<1}.
For veK, and we X x(v), let us study P(v+tw)
—1If |v| <1, then P(v+tw)=v-+tw for small values of t.
—If |v]|=1, then Xx(v)={weH, {v,w)=0}. So |v+tw|=A+t*|w|>)"?=
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v+tw
sup {1, |v+tw|}

—1If |v|>1, then by Pu:-l%| we have X x()=[v]*. So if weXx®),

1+o0(¢). And we have P(v-+iw)=

=v+tw-+o(t).

lv+-tw|=(|v]|*+*|w|?)?=|v|+o(t). And then P(v—i—tw):Perﬁtw%—o(t).
Using with L:——l_ld, we get that VveH, VzeH,

sup{l, |v|}
P(v+tz) is strongly right-differentiable at ¢=0, with derivative

1 ,
“supTl, o]} Froizxw(2)-

EXAMPLE 2. H=RY" and K is a compact convex subset with C? boundary.
We may assume that K has interior points. Let v be a point outside K.
IIx(Pv) is a closed half-space in H, the dual cone of the half-line generated
by v—Pv. We may assume for convenience Pv=0 and X x(v)=R¥%.

In a neighbourhood of 0, the boundary of K may be represented by the
equation: xy=—¢(x,, -:+, xy.,) where ¢ is a C? convex function, defined in a
neighbourhood of 0 in R¥"!, such that ¢(0)=0, D¢(0)=0. w being an element
of RV-*=3,(v), the projection of v+tw onto K is the element (x(¢), —¢@(x(1)))
of RY for which 1\/IIvinl‘((|v—Pv|+g0(x))2+|x—tw12) is achieved.

RN-

It is easily seen that this condition implies that
| v—Pv| D*¢(0)(x(t)+x(t)=tw+o(1),

and we notice that D%p(0): RY*—R¥"!is a positive self-adjoint linear operator.
Setting L=(I+|v—Pv|D*¢(0))""*oProjs ,c»», we deduce from that P
is differentiable at v, with differential

dP()=(I+|v—Pv|D*(0))" o Projz v, -

This formula has a simple geometric interpretation: v H\K being chosen, we
find ¢ after a suitable change of coordinates. The different eigenvalues
(ay, ay, -+, @) of D?p(0) are exactly the principal curvature numbers for 0K
at Pv. If we denote by P,x the projection of x=H onto the eigen-space cor-
responding to the eigenvalue «,, the differential of P at v is given by the
formula: )
k P
dP(U): > 1+|U_TPUICYT .

r=1

EXAMPLE 3. H=R*?! K={(x,v)eH, y<—|x|¥*}. The boundary of K is
C', but not C%. We consider the point v=(0, 1).

The convex set K being invariant by symmetry with respect to y-axis, it
is enough to consider w=(1,0). Then P(t, 1)=(x(t), —(x(#))**) with x()=0.

From the equation (t~x(z‘))—-%(x(t))‘”(l+(x(t))3"2)=0, we deduce first x(t)=0(t?),
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v

R (KO

and then x(t);—g—tg. So by (with L=0), for any z= H the curve

P(q+tz) starts for t=0 with a speed equal to 0.

Let us say that P is semi-differentiable at v if there exists a map dP(v):
H—H positively homogeneous of degree one such that, for <0, P(v+tz)—Pv
=tdP(v)(z)+o(t), Vz= H.

ExaMPLE 4. It we take the product of a finite number of regular convex
sets such as in Example 2, we get in the general case a manifold with boundary
and corners (the most simple case being a square in R*). For such a convex
set, one can prove that P is semi-differentiable at every point.

It is also possible to take infinite products. As a particular case, let (2, p)
be a positively measured space, 4 a real Hilbert space. We set

H=L*2, %),
K={veH, |v(x)| <1, p.a.e. in £}.
It is obvious that
Zrw)={weH wxel(x), p.a.e in 2}
where C(x) is a convex cone, p.a.e. defined by
C={z=4,<{z,v(x)>=0} if Jv(x)|=1,
C()={ze4,{z, v(x)>=0  if [v(x)[>1.
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So Ps ., is commuting with all transformations of the type

(T2)(x)=A(x)z(x), A=L>(£, R), A(x)=0, p.a.e.

1/2

Applying with (Lw)(x):< sup(d llv(x)[} ) w(x), we get the result
that P is semi-differentiable at every point ve H, and Yve H, Yz H, (dP(v))(z)(x)

T {1,1|v(x)!} (P (D)), 2. €. in Q.

THEOREM 2. We suppose now that YveH, Sg(Pv)N[v—Pv]* is dense in
MM PHYN[v—Pv]*. Then, for any f:[0, T[—H right-differentiable at every
point, w(t)=P(f(t)) is right-differentiable, and

d*u : (L
Ji = Proju gcuanncscor-uw —d,{i :

PrROOF. Since P is a contraction, it is enough to prove the result at =0
for a curve g(f)=v+tz. Thus will be a consequence of the Theo-
rem 1 applied with L=Id if we prove

LEMMA 1. Let K and v be as in Theorem 1. Then, for any we
Sg(PYNLv—Pv]*+ we have P(v+tw)=Pv+tw+o(t).

Proor. We have to prove that

lim ( —————— —w>:0 .

20 t
First if weSg(Pv)N[v—Pv]*, then Pv+tweK for small t. Moreover, for any
us K we have
v+tw—(Pv+tw), u—(Pv+tw))y=<{v—Pv, u—Pv)—t{v—Pv, w).
And then, by virtue of we[v—Pv]*4, this expression is <0, by the definition
of Pv. So Plv+tw)—Pv=tw for ¢ small enough, and the result is true for

weSg(Pv)N[v—Pv]*. Since the maps: we—ﬂl)——H—?tP—v—w are uniformly

lipschitzian for ¢>0, the result is true by density for weSx(Pv)N[v—Pv]*.
REMARK 1. It is also possible to deduce simply the result of
from [Proposition 1 and the estimate {y(f), y(t)—2z>=0.

II. Study of the projection onto the positive cone of a Hilbert lattice.

Let X, Y be two real Banach spaces, and T:X—Y a positively homo-
geneous map, of degree 1. The equivalence of the three following assertions
will be used later:

i) T is continuous at 0, from X to Y with the weak topology of Y.

ii) T is continuous at 0, from X to Y.

iii) AM<+oo:VxeX, |Tx|ly=M| x| x.
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It is enough to see that i) = iii). If iii) is not satisfied, there exists a sequence
{x,} of vectors in X, such that

Irlx=1,  (Txalyzn’.

We set y,= JZ‘ . Then y,—0, \lTynHY:%HTanYEn, so Ty, has no limit point

for the weak topology of Y.

THEOREM 3. Let X, Y be two Banach spaces. We assume that Y is a refle-
xive Banach lattice, and that K={veY, y=0} is closed. Let T: X—Y be posi-
tively homogeneous of degree 1, and Vx,, x,, T(x,+x,) <Tx,+Tx,. Then,

a) T is continuous from X to Y with its weak topology if and only if it is
continuous at 0.

b) If we have for any x€ X, |Tx|y=|x|x, and Y is uniformly convex, then
T is continuous from X to Y with the strong topology.

PrROOF. T being continuous at 0, there exists M such that

VxeX, |Txlr=M]|x|x.

So if x,—x, Tx, is bounded in Y. Let y be a weak limit-point for the sequence
Tx,. We have

Tx,—Tx+T(x—x,)eK and Tx—Tx,+T(x,—x)K.

Since T is continuous at 0, as n—-+oo, T(x—x,)—0 and T(x,—x)—0. Since K
is weakly closed, passing to the limit we have y—Tx=K and Tx—y<K and
hence y=T=x.

COROLLARY 1. Let H be a Hilbert lattice, with K={x=H, x=0} closed.

a) The map x—x*=sup{x, 0} is continuous from H to H with the weak
topology, if and only if it is bounded. As a particular case, this is the case if
we have

VxeH, {(x*, x>=0.
b) If we have for any x€H, {x*, x">=0, then the previous mapping is
continuous from H to H.

ProoF. We consider Tx=x*+x". Since we have VxeH, |Tx|*—|x|?=
4{x*, x7), we observe that |Tx|<|x|e{x*, x>=<0, and |Tx|=|x|e {x*, x)>=0.

Using x"*Z%(XWLTX), appears as an immediate consequence of
COROLLARY 2. H and K being as in the beginning of Corollary 1, we assume
that for any xeH, |x*|<M|x|. Also let ueK and heIx(w)*. Then
Sk)NChT*=TIx(w)N[h]*
ProOOF. First, —¢=<u, if ¢=K—u. Since u=0, u=sup{—¢, 0}=¢, so ¢~
e—(K—u). Since the positive part is positively homogeneous of degree 1, and
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continuous from H to the weak topology of H, the condition ¢=Tlx(u)N\[A]*
implies ¢" e KN—TIx(w)C[h]*. Then ¢*=¢+¢-eKN[h]* CTSg(u)N[A]*. Let
now ¢,—¢~ with ¢,=—S,(u). Then we have ¢i—¢~, and (—¢,) =¢fe
—Sr(u)NKCT—Sg(u)N[AT, so that ¢,=¢*—¢reSxg(u)N[h]*, and ¢,—¢.

CQROLLARY 3. Let H be a Hilbert lattice as in We suppose
now that for any xe H, {x*, x"><0. Then, for any ue K we have Projn g (K*)
Cc—K.

We shall use

LEMMA 2. Let C,, C, be two closed convex subsets of H. If Je>0 such
that YxeC,, YyeC,, <{x, y>=(—1)|x]||y|, then the sum C,+C, is closed.

PrROOF. We may suppose ¢<1. Then,

VxeC, Yyel,, |xt+y*Z x| +2(e— D x| [y + [y *ze(| x>+ |¥]?).

Let 2:n1im (xp+ya), x,€Cy, y,€C,. Then |x,| and |v,| are bounded in H. If
Xnp=X, Yn,—Y, 2=x+y€C+C,.

PrOOF OF COROLLARY 3. It is equivalent to prove

K CcM ) +Tx(u)Nn—K.

By Lemma 2, with e=1, the sum (ITx()*+IIx(u)"—K is closed. So, by
duality we have to check ITx(u)NTIc(u)N—K)*CK. If wellglu), w e
KN\ —TIx(u). If moreover we(IIx(u)N—K)*, we get <w™, w)=0. Then,

lw™ |P={w* —w, wH=<{w*, wH—<w, w =0
>w =0, or wekK.

Let H be a Hilbert lattice, such that K={xe H, x=0} is closed, and let M
be a constant such that for any xeH, |x*|=M|x|.
For g: [0, T[—H, we consider the solution u(¢) of the variational inequality :

{ ut)eK

VvekK, {gt)—u(t), v—u(t)><0.
Then we have
THEOREM 4. If g is rvight-differentiable, then u is also right-differentiable.

+
Its derivative % is given by the variational system

L ) ALe(—u®]*,
(S) for alt weKALat) -2 (-4, wut)) (-5, w—uto),
dtu |*_/ d*g d*u
—<_dt" dt >

Sdt
ProOOF. Let P be the projection operator onto K. First we notice that
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if veH, then
I x(Pv)N[v—Pv]*=(K+[Pv])N[v—Pv]* (Corollary 2)
=KNn\[v—Pv]*+[Pv] (since (v, v—Pv)=0)

=TI xnro-po1e(PV).
g(t) being right-differentiable, we know from [Corollary 2 and [Theorem 2 that
u(t) is also right-differentiable, and 4

+
; is characterized by the relations:
d*u L
L e M) NLe(h—utl*,

+ A+ d*g d+
Y, O[Ot (4w —-L (L w,— )
+ + 2 + +
Setting w,=0, and then wIZZ%?u—, we get -dd;L :<~%§g—,%}%>. In the

. . . d*u d*g . .
residual inequality —gf W = g5 Wi) it is necessary and sufficient to

substitute w,=w—u(t), we KN\[g®)—u(t)]*.
COROLLARY 4. We add the hypothesis

VxeH, {xt, x>0,

If we have d;f eK* for any t[0, T[, the system (S) can be replaced by the

simpler one:

{ L () —K

(Sy) Ywelk, <ic;ti’ w—u(t)>g<—d(;§g—, w—u(t)>
l dru |*_[ dg itu,>
dt |7\ dt ’> dt /-

+
Proor. By Corollary 3, if %-f—eK, we get

. y d*g L
Projn yeuon(~gr- ) € e N—KCLeB—u®] N—K.
So
. d* . da* d*
ProJIIK(u(t))<—d'ig;):PrOJZK(g(L))( df’):kdtit‘e_K-

III. Applications to variational inequalities.

First we recall the essential results about capacity theory in Dirichlet
spaces. For more details, c.f. A. Ancona [1].
Let (X, A, &) be a positively measured topological space with its borelian
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o-algebra. We assume that X is locally compact, admitting a countable com-
pact covering, and, for any X compact CX, & KX)<+co. We consider a vector

subspace H of L*(X), with a hilbertian scalar product denoted by (( )z with
the following properties i)~vi).

i) The inclusion of H into L*X) is continuous,

ii) H is a sublattice of L% X) for the order defined by K={ucH, u=0,
£.a.e. in X},

iii) VxeH, ((x*, x7)g<0. :
iv) Let C(X) be the space of continuous functions with compact support
in X.
Z=C(X)N\H is dense in H and in C(X).

v) VX compact CX,VYV a neighbourhood of £ in X, 3f€Z such that
f=1in X, supp (f)CV, f=1in «. Using the Hahn-Banach theorem, one can
deduce from v) the following.

vi) If g H* such that {g, f>=0, V/€KNZ, then there exists a nonnega-
tive measure # such that f|z;=p¢|,. By iv) this measure is unique.

For xH, we set Tx=x*+x". The norm in H* is denoted by | [z
Denoting by #(X) the space of Radon measures in X, we can draw the fol-
lowing inclusion diagram

H M(X)

~
VA L3 X) Z¥=(HNC(X)H*.
o(x) H*

DEFINITION 1. Let A=A, f a measurable function such that its &.a.e.
equivalence class is in H, we set

f=2in A in the sense of H (f=42 in A)
e3f,eH, f,—f asn—+oo, and f,=2, &.a.e.in a neighbourhood of A.
H

Our aim is to define pointwise the elements of H, 'in a manner which is
both more precise than &.a.e. equivalence, and compatible with the inequality
of For that we define an adequate notion of magnitude for
measurable sets.

DEFINITION 2. For A=A, we introduce the closed convex set

FA:{uEH,u§1 in A},
and then
Inf ||u[|2H if I’A$0
cap (A):{ “sr'a
+OO if FA:‘Q'
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PROPOSITION 2. Let KX be a compact set CX. Then f=yzd in Xe3f,e2Z,
fazdin K, fa—of.
H
PROOF. a) Let us first suppose that f,—f, f»€Z, f,=2 in X. We choose

heZ such that A=1 in KA. Then gn::fn+—7%4h converges to f as n—-oo, and
»=1 in a neighbourhood of X.

b) As a particular case, let us first suppose /=50 in K. We introduce
C,={feH, =40 in &} and C,={f=Z, f=0 in X}.

To prove C,DOC,, we have just to check that if e H* is nonnegative on
C,, it is also nonnegative on C,. But if g is nonnegative on C,, it is trivially
nonnegative on KN\Z. So by vi), we can identify (in Z*) ¢ with a nonnega-
tive measure f# in X. By iv), ¢ is nonnegative on C, if and only if supp (#)
CX. Since g is nondecreasing in H ordered by K, to prove that g is non-
negative on C,, it is sufficient to check that p(u)=0, YueK such that u=0,
£.a.e in a neighbourhood of . (Because u=lim (u}—u;), with u,€H, u,=0,
§.a.e in a neighbourhood of X). Let ¢,=Z such that ¢, converges to u.
Then ¢i—u*=u. So we get a subsequence n, and numbers «;,,=0 for 1=p

]
=n, such that X a,,.¢5=¢,—>u. And ¢,€KNZ. By hypothesis, u=0,
p=1

N—4-co

E.a.e in an open VOX. We consider he KNZ such that supp (A)CV, h=1 in
K. And for any [N, inf {¢;, [-h}—0 as k—-oo, hence also

<#, inf {@k, l‘h}>H’Hx”_)O as k—++OO_

On the other hand, #(T(0r— @i )=, T(Cr—r+r)Pu,m <Nl | T(Lr—Ppsr) |1
Slellaller—@re-lz by iii). So ¢4, being a Cauchy sequence in L'(f), converges
to { in LY(#). By Fatou lemma: ;I(C):,&(lgrlninf (inf {¢4, I-h}))<0. And so
£(¢r)—0 as k—-+co. Since Pr U and pe H* we get p(u)=0. In the general
case, we consider he KNZ, h<1, h=1in K. Then f—Ah=Z40 in A>Ty, eZ,
0220 K, [ ga—(f=AWI = . Then go=Ahtg, 22 in K, and g~ <.

COROLLARY 5. VAed, cap(A)=0>Vus H*n M (X), p(A)=0.

First if &« is a compact subset of X, such that cap (X)=0, then Ve>0,
JpsZ:9p=1in X and |l¢|z<e. Hence #(K)=i(@)=<t, O>u,m=|ptl e, Ye>0.
Now if A is only measurable, we consider a sequence of compact sets &, such
that U KA,=X. Setting A,=H,NA, we have cap(A4,)=0, and (4, =

nz0
sup {pu(X): XCA,, K compact}=0.
PrROPOSITION 3. Let (A,)neny be measurable sets CX. Then cap(\U A,)
=< g_,ocap (Ay). =
LeEmMmA 3. YACX, BCX measurable sets, cap (A\UB)<cap A+cap B.
It is enough to prove that if (u, v)e HX H, then
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Isup {u, v} P <llul*+[v]®.

First, if we H, then we have
lutw* = u*+2((u, w*))+w*|*
=lul*+2((u+w*, w*)—llw P < llul*+2((u+w, w*))—w|?
=lullP+lw+ul*—lutw—w* P <l + w+u)®.

Setting w=v—u, we have sup {u, v} =u+w*, and v=w+u.
LEMMA 4. Let (I')nen be a sequence of closed convex sets in H. Then if
I, is decreasing,

dist (x, N\ I',)=supdist(x,1,).
nz0 nz=o0

The proof of is trivial.
Now to deduce we set B,= |/ A, and I',=TIg, (c.f. Def.
0<i=n
2). Then FgoAn: QOF" (c.f. [I], Prop. 6). And

cap ( UOAn):[dist O0,NI))P= sup cap (Bx)
nz nzo n=

= sup (22; cap (Ai>):n§0 cap (A,).

As a particular case, cap (A)=0 and cap (B)=0 imply cap (AUB)=0. We shall
say that a property is true quasi-everywhere in X (q.e.) if it is true in X\A4,
with cap (A)=0. So if P and Q are true q.e. in X, the property “P and Q”
is also g.e. in X. )

DEFINITION 4. Let f be a measurable function: X—R. We shall say that
/ is quasi-continuous if there exists a nonincreasing sequence {w,} of open
sets in X such that lim cap (®,)=0, and f|X\w, continuous, V7.

N—+oo

PROPOSITION 4. If f is quasi-continuous and f=0, &. a.e, then cap ({f<0})
=0.

PrOOF. We set A={x=X, f(x)>0}. Since A\w, is an open subset of
X\w,, AVw, is open in X. Since §(A)=0, if o, H, ¢,=1, . a.¢e in w,, we
have ¢,=1, &.a.e in AVw,, a neighbourhood of A. So cap(AVw,)<cap (w,).

COROLLARY 6. If f, and f, are two quasi-continuous functions having the
same &. a.e equivalence class, cap ({f1#/f,})=0.

We give now the fundamental results of this theory.

THEOREM 5. If x&H, it has a q.e defined quasi-continuous representative.
Moreover, for any X quasi-continuous representative for x, A{f,} such that
VYneN, f,e2Z, f, converging to X pointwise q.e in X, and in the norm of the
space H. '
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By two quasi-continuous representatives are equal gq.e. So it
suffices to see that there exists a quasi-continuous representative for x, which.

is a limit, pointwise q.e and in H of a sequence f,=Z. We consider a sequ-
ence f,<Z such that

fo =1, SAH frri—fillP< 40 .
H k=1

If w,={{eX, [(fk+1ffk)(§)| >27%, cap () 4% fes1—S1)%  Setting w,= O Wy,
we have cap (w,)< i}élkﬂfkﬂ—fkllz. fn» converges simply outside of ﬁ ), uni-
n 1

formly on each X\w,. The limit function ¥ (we set ¥=0 in F\‘w;) has the
desired properties. 1

THEOREM 6. We consider x< H, with quasi-continuous representative ¥. If
ve H¥*N\M*(X),X is measurable for v, v. a. e defined, X< L'(v), and L{fdu:@, Y)u,

By and Corollary 5, X is v.a.e. defined. Moreover, let f,€Z
be such that f,—X% in H, and q.e in X. Then f, is a Cauchy sequence in
L*(v) and H: its limit in the two spaces is equal to X. Since the equality to
check is true by the definition of the f,=Z, the proof is done. Now if we
consider x= H, it will be understood that we consider a quasi-continuous repre-
sentative. The important properties contained in the following remark will
be used later, but not proved, c.f. [1] (the proof relies on potential-theoretic
tools).
REMARK 2. a) If A= 4 and f= H, then we have f=yz4 on A=cap({f<i} NA)
=0,

b) If f,H and f,—f in H, then there exists a subsequence f,, such that
Fap(0)—f(x) q.e. inX.

We now apply to differentiation in variational inequalities. Let
QCRY an open bounded set, with smooth boundary I

EXAMPLE 5. H=H{({), with the scalar product:

(u, v)H(x):gggrad u-gradvdx.
Let f: [0, T[—H *(2) be a right-differentiable curve. We may consider the
one-parameter depending variational problem
u)=0,  dut)=—f(1)
{ (du(@®)+1())u@®)=0

in the following sense: u(t) is chosen quasi-continuous for the Hj-capacity
(defined later), V>0, —(du(t)+f(£))=v(t) is a nonnegative distribution in £,
hence an element of H*()NH*(¥) and Vie[0, T[, u(®)=0, v(?). a.e. in 2.
This problem can be represented by the variational inequalitjr:
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u(t)eK={veH,,v=0 a.e. in £}
1) [

YvekK, fﬂ grad u()-grad (v—u(t))dnggf(t)(v-u(t))dx

and introducing g(t)=(—4)"'f(¢), it becomes
{ u(t) e K
YWwek, u), v—ul®) g =(g®), v—u(t))m .

First we observe that H is a lattice for the order given by K. If ueHi(%2),
grad u*-grad u==0, a.e > (u*, u”)z=0. The properties i), iv) and v) are trivi-
ally checked, so setting X=£, H=HY{), we can apply the capacity theory.

LEMMA 5. ueK>IIx(w)={weH, w=0 q.e in {u=0}}.

The inclusion IIx(u)C{weH,w=0 q.e in {u=0}} is a consequence of
Remark 2, b). On the other hand, [TIx(w)]*=K*N[ul*={zeH, —dz=ve M (L),
v({u>0})=0} so that (TIx(uw))*C{weH, w=0 q.e in {u=0}}* by [Theorem 6.
And {weH,w=0 q.e in {u=0}}=IIx(u) since ITx(w) is closed.

COROLLARY 7. The solution u(t) of problem (1) is right-differentiable, the

+
derivative % is given by

&4 ~0 gein w=0}, wO({-LL>0})=0

dt
d*u df
(L.D) vwek, (Lt w—u®))m= jg—dt—w—u(t))dx
2. du df
=) "t ar @

fg'grad( dd+tu )

where v(1)=A(g(t)—u(t)), and

K,={weH{2), w=0 and v(t) (w>0)=0}.

PROOF. We show that if {=0 g.e in {s(t)=0}, ({, () —u(D)my=0=1(D(>0)
=0. By {eL'(v(1)), and

J  Edu=<C, Mgy =)= —(C, g)~u(®)

Since (u(?), g()—u(t)=0, we have »()u()>0)=0. Thus ({, g(O)—u(t)=
_j( (t):O}Cdym, and we are done.

REMARK 3. We could deduce from the study of t-differentia-
tion for the variational problem

{ ut)zg(1)
Au()=—/(Q1),

(Au(®)+ /() (u()—H(1)=0.
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COROLLARY 8. Under the additional hypothesis: ~24-<0,Vt<[0, T[, the

dt
deri . dtu .
erivative aF satisfies the system
d+ dt :
d—;‘go, ~# =0 q.ein {u(t)=0},
(1.2) YweK, j grad( - )-grad (w—u(®)dx= j —~(w u(f))dx,
_ d*f ) d+
foleraa ()| =[G a,
which is equivalent to
+ +
Thco, LE=0 qein{wn=0),

1Adt+%f =), HHEHW),
w(t) (u(f)>0)=0.

EXAMPLE 6. H=H({) with the scalar product (u, v):jggrad u-grad v-dx
+jguva’x

K={ueJd,u|p=0, a.e on I'}.

Let /: [0, T[—L*®) and ¢: [0, T]—L*£2) be two right-differentiable functions.
We consider the ¢-depending variational inequality

u(heK, Vtel[0,T[,

@
ek, @), v—u®)z] fO@—uB)dxt] e®@—u®)dl .

We notice that by the “trace theorem ”, the mapping:
H— Hhwd ¢ daI’
weH— [ fiwdct| omwlr

is continuous for every f, and so represented by an element of (H(2))*.

We introduce H=H"*(I"), K={we H, w=0}, and for uc H we consider the
solution # of the equation #=.9, —Au-+u#=0, %|r=u. We define the scalar
product on H by the ((u,v))z=(&, ¥)y. H is a Hilbert sublattice of L*I") for
the ordering given by K since we have sup {u,v} €H, Y(u,v)e HXH. On the
other hand, it can be regarded as a subspace of 4, by means of the map:

Uu-—>u.
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We now follow an idea of Sylverstein to show that
VUEH, ((u+y u_>)H§O .

If ueH, we set Tu=u*+u~. And for xe 4, Cx=x*+x",x* being the positive
part for the natural ordering on H'(£).

First we remark that for any v=X such that v|,=0, and for any weH,
we have (W, v)=0. Then for usH, we have Tulp:CiLIr:Tu, taking w="Tu,
v=Tu—Ci, we also have | Tu|*—|Cit|*=(2Tu, Tu—C%)— | Tu—Cit|*=— | Tu—Cii|*
<0. Hence, |Tullz=|Tu|<|Cit|=]it|=|lully, YucH. The properties i), iv) and
v) are easy to check, setting X=1', H as above, we may apply the capacity
theory. The inequality (2) admits the pointwise formulation:

u(t)=0, a.e on I’
[ —Au()+u(t)=f(t) in 2

8u(z‘) = ¢(t) on I" and (—@‘(Q— (0)“(030 on I,

where u|, is chosen quasi-continuous for the H'*(I')-capacity, in the sense
au t ou(t

v(t)(u(t)>0)—0. For ueX, we set u,=ulp, uZ:ProjHém)(u). Introducing the
solution ¢(#) of the problem

[ —Ad(D)+¢(1)=0
—ag—n@:gp(t) on I

that — —¢(t) is a positive measure on /', and setting v(f)=

and setting g(£)=¢()|r, the system (2) is equivalent to
—Au,()+u()=/(1),
u,(Hek,
YveK, ((u,(8), v—u,(O))N=(g®), v—u,(t))).

Bu(t)

Setting v()=—=>* —¢(?) (a nonnegative measure on /) and

Kyp={veH,v|r=0, q.e, v()v|r>0)=0},

we get immediately from the following

+
COROLLARY 0. u(f) is right-differentiable, and —dag‘— is the solution of the
vartiational problem
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J+

L1120, g.e in TATuh=0}, w(O(-%% 17>0)=0,

(2.1) VweKm,( e w—u®m = [ Glw—umax+ | L€ w-uwyr,

d*u ;_1{_ _ d*f (i‘L d¢ d u
Sl at dx=[ =+ ]
COROLLARY 10. Under the additional hypotheses that Vi, ddtf e M (2),
+
dt eI, the derivative %— satisfies the system
+ +
ddt <0, LA =0 q.cin In{u®=0},

@2 (Vwek (<G, w-u®))moz ] - w—ue)dr+ | L€ w—uepar,

JQ %{uﬂ 2dx+f 1grad< d'u

So -2 (LN~ L0 — ), with p(e D), HOH> 00

+ )
SKETCH OF PROOF. In X, g K* because 8n d g )— a ‘“ <0. So

“dx —j d+f d+ d+j ‘0 +t“d1’.

dt
+
d df L =—K, and the inequality for g, gets simpler. Moreover, we have
U, 2 d*u ..
[ r=0, and (—A-+1) I =0 by the max. principle.

The rest of deduction is a purely algebraic matter.
Corollaries 8 and 10 are results of H. Brézis, who got them from direct

functional arguments. The idea of is due to F. Mignot ([3].
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