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Preliminaries. Let G be a non-elementary finitely generated Kleinian group
with the region of discontinuity £2(G) and let B,(2(G), G) be the space of
bounded holomorphic automorphic forms of weight —2¢ for G operating on
2(G), where ¢(=2) is an integer. We denote by I1,,_, the vector space of
complex polynomials in one variable of degree at most 2¢g—2. Clearly I,
is a G-module with (v-7)(2)=v(y(2))y’(2)*"? for vell,,, and 7=G.

Now we can form the (first) cohomology space HYG, Il,,.,), that is,
HYG, I,,_,) is the space of cocycles Z'(G, I1,,_,) factored by the space of
coboundaries BYG, II,,.,). Let p be an element of Z¥G, I1,,.,). If p satisfies
the condition plg,=BYG,, II,,_,) for any parabolic cyclic subgroup G, of G,
then we say that p belongs to PZYG, II,,_,), the space of parabolic cocycles.
We denote by PHYG, II,,_,), the space of parabolic cohomology, that is, the
space of parabolic cocycles factored by the space of coboundaries. From this
definition, we see

dim PHY(G, 11,,.,)=dim PZXG, I1,,.,)—dim BYG, I1,,_,) .
Further, for a non-elementary Kleinian group G, the equality

dim BYG, Il,, ,)=2q—1
is known (see Bers [1]).
We have the so-called Bers’ map

B*: By(2(G), G) —> PHY(G, I1,,.,)

which is anti-linear and injective (see Bers and Kra [2]).

Throughout this paper, we call the group consisting only of the identity
to be trivial. This group is, of course, a cyclic group. Let H be a cyclic
subgroup of a Kleinian group G. The interior B of a closed topological disc
is called a precisely invariant disc under H if h(B—A(H))=B—A(H) for he H
and g(B—A(H)N(B—A(H)=0 for geG—H, where B is the closure of B,
A(H) is the limit set of H and B—A(H)CQ(G).

The following Maskit’s Combination Theorems play a fundamental role in
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our discussion.

COMBINATION THEOREM I. For i=1, 2, let B; be a precisely invariant disc
under H, a cyclic subgroup of both Kleinian groups G, and G,. Assume that
B, and B, have the common boundary C and B,N\B,=%. Let G be the group
generated by G, and G,. Then

(LD G is Kleinian,
(1.2) G is the free product of G, and G, with the amalgamated subgroup H,

and

(13) (6)/G=(2G)/G,—B,/H)\J((G,)/G,—B,/H),
where (8(G,)/G,— B/ H)N(XG,)/G,— B,/ H)=(CN(H))/H.

COMBINATION THEOREM II. Let G, be a Kleinian group with cyclic sub-
groups H, and H,. For i=1, 2, let B; be a precisely invariant disc for the cyclic
subgroup H, and let C, be the boundary of B;. Assume that T(EI)K\EZ:Q) for all
v in G,.. Let G, be the cyclic group generated by f, where f(C,)=C,, f(B,)N\B,
=0 and foH,of '=H, Let G be the group generated by G, and G,. Then

(I1.1D) G 1is Kleinian,

(11.2) every rvelation in G 1s a consequence of the relations in G,
and the relation foH,cof '=H,,
and

(I1.3) 2AG)/G=2G))/G,—(B,/H,\JB,/H,), where in 2G)/G, (CNAG))/H
is identified with (C,n2(G))/H,.

In this Combination Theorem II, note that the transformation f is a loxo-
dromic element.

A basic group is by definition a finitely generated Kleinian group which
has a simply connected invariant component and contains no accidental para-
bolic transformations. Hence a basic group is either elementary, degenerate
or quasi-Fuchsian (see Maskit [3]).

Let G be a non-elementary finitely generated Kleinian group with an
invariant component. In [4], Maskit proved that G can be constructed from
basic groups in a finite number of steps by using Combination Theorems I
and II, where in each step, the amalgamated subgroups and the conjugated
subgroups are trivial or elliptic cyclic or parabolic cyclic.

The purpose of this paper is to prove the following: Let G be a non-
elementary finitely generated Kleinian group with an invariant component and
let G be constructed from basic groups Gy, -+, G, by using Combination
Theorems I and II. Then G; is an elementary group or a quasi-Fuchsian
group for i=1, .-, s if and only if PHYG, II,)=F*B(2(G), G)).
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1. First we derive a relation of dim PZ'(G, I1,,,), dim PZG,, II,,.,) and
dim PZYG,, I1,,_,) for a group G which is generated by its subgroups G, and
G, by application of Combination Theorem I. For the purpose, we need three
lemmas.

LEMMA 1. Let G be a Kleinian group and let G, be an elliptic cyclic sub-
group of G. Then the map

res: ZXG, Il4_,) —> ZX(G,, IIy5)

G.G,
defined by g%s(p):p[GO is surjective.
»Gg
ProoOF. Let v be the order of G, and let y be a generator of G,. By
considering conjugation, we may assume y(z)=4z, 2*=1, 4#1. Let p, be an

n—2 A
element of ZYG,, I1,,_,). Set po(r)zz}j a;z*. Since y*=id, we have
=0

20—2 3 . .
O:po(rv)_____ E ai(1+21+1—q_+_ e +2(u—])(1+1—q))21 .
i=0
Hence py(7)=2>a;z%, where X’ means summation for indices i satisfying A"*1°¢
T 1 1

#1. Therefore we have p(y)=w-y—w for w(z)zZ’—ﬁJTa_ir_—lzi. Now it is
clear that p, can be extended to an element of Z'(G, I1,,_,). Hence the map
res is surjective.
V]
LEMMA 2. Let G be a Kleinian group and let G, be a parabolic cyclic sub-
group of G. Then the map
res: PZYG, I1,,.,) — PZ'(G,, I1,,_,)

G,GO
defined by rebs(p):plgo is surjective.
G,Gy

PROOF. Since G, is parabolic cyclic, we see that PZXG,, Il,,_,)=B'(G,, I1,,_,)
by definition of PZX(G,, II,,_,). Hence, for any p,= PZG,, Il ,,_,) there exists
a polynomial well,, , such that p,(y)=w-y—w. Therefore we have ar?% is
surjective.

The following lemma is well known.

LEMMA 3. Let G, and G, be subgroups of a group and let G be the free
product of G, and G, with the amalgamated subgroup H=G,NG,. Let G,=

H+3> Ha, and 62:H+%Hb‘e be the right coset representations of G, and G,,
respectively. Then any element y=G can be represented uniquely as
r:horlo 0T,

where heH and y; is some a, or some bg, and, y; and y.+, are not contained
simultaneously in the same G; (j=1, 2).
Now we can prove the following
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THEOREM 1. If G is a non-elementary Kleinian group which is generated
by its finitely generated subgroups G, and G, by application of Combination
Theorvem I and i1f H=G,N\G, is elliptic cyclic or parabolic cyclic or trivial, then

dim PZ\G, I ,,.,)=dim PZ\(G,, II,,_,)+dim PZ*(G,, I1,,_,)
—dim PZ'(H, I1,,_,).
ProOOF. Since G is generated by G, and G,, the linear mapping

@ : PZ\G, I1,,_,) —> PZ(G,, 11,,.,) X PZ'(G,, I1,,_,)

defined by @(p)=(p,, s), b= g%g(p)(:plgi), is injective. We consider the
mapping ot

& : [PZXG,, I14_2) X PZX(Gy, 4q_)1/P(PZ(G, IT,-,)) —> PZ(H, I, ;)

defined by ®({(p,, pg)})zgeg(pl)—gei(pz). It is easily seen that the mapping
1 2

@ is well defined and linear.

From and Cemma 2 we see that, for any p= PZ'(H, I1,,.,), there
exist elements p,€PZYG,, Il,,.,) (i=1,2) such that geg(pi)zp. Hence

D({(2p,, Pz)})=£e§1(21>1)— ge%(pz)::Zp——p:p. This shows the surjectivity of .
1 29 o -
Next we shall show the injectivity of @. Let @({(p,, p,)})=0. Then
res(p,)=res(p,). We set p=res(p,)=res(p,). For any element y=G we
G H Gy H G.H Gy H

have a unique representation y=hoy,0 -0y, by We define the
mapping p: G—Il,,_, as follows:

P =p(h)- (710 = o)+ i (1) (720 == 07 )+ Di,(72) - (750 - o)+ - +D:,(7e)

where 1,=1 if y,=€G, and i,=2 if y,€G, Take one more y’<G and let y'=
h’oyio -~ ors be a unique representation of y’. By induction on f, we can verify
Blroy =) r'+5(").

In fact, if =1 and if 7, and y; are contained in the same G;, say G,, then
.ho;floh’o;f{:ﬁoa,r for some a, and ﬁeH, 80 707’:ﬁoaaoréo ---oys. Here G,=
H+ :QHa,, is the right coset representation of G,. Hence, by the definition of

B, we have f(ror)=p(h)-(aoric = or)Fpiaa)- (150 -+ o)+ palrh)- (rio -+ oy + -+
+p:(rs). Since a,=h"'ohoy,oh’oy] and since p,=ZY(G,, I,,-,), we have p.(a,)
=—p(h)- (k™ ohoy 0h’or))+p(h)- (7 10h'or)+pi(ry)- (W oy +p(R')- i+ pi(ri). There-
fore p(yoy)=p(y)-7’+b(’). In a similar way, we can also prove p(yor)=
BA()-7’+5(y’) when 7, and 7/ are not contained simultaneously in the same G;.
Now assume that p(yor”)=p(y)-7’+5(’") holds for y=hoyo -+ 7, and y'=h’cyjo
oyt Let f=hoy,0 ---o7,,, be a unique representation of 7=G by
If 7,4, and 7{ are contained in the same G;, say G,, then rmo}z’or{:ﬁoaa for
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some a, and he H, so for’=hoy,0 - oy, ohoa.orso -+ o7l Hence, by the induction
hypothesis, we have p(For’)=p(hoy.o -+ =7)- (haepio - oyl +plheagorio -+ oyd).
So, by the definition of f, we have p(7>7")={H(h=ys0 - o vun) 7eh—Pi(renn) - 7eh} -
(hoaeoyse - 2y +p(h)-(aaeyie - o7+ puaa)- (rio - o)+ po(yD)- (50 -+ o7+ - +
biys). Since a,=h"'oy,,0n'0y and since p,eZNGy, Il,,-,), we have p,(a,)=
—p(B)- (R o aao b o)A Puyean)- (W oy +p(h)-7i+Di(7).  Therefore H(Foy’)=
p(@)-r'+p(y"). We can also prove this equality when 7,,; and y{ are not con-
tained simultaneously in the same G;. Therefore, p(yo7)=p(y)-7'+5(;") for
any 7 and 7’ in G.

Thus, p defined as above belongs to Z%G, II,,.,). Let yG be any para-
bolic element. Then there exist a parabolic element y;=G; (1=1 or 2) and an
element a«=G such that y=aoy,ca™ (see Maskit [4]). From the definition of
P, we see g'eéi(ﬁ):piePZ‘(Gi, II,,.,) and p(y;)=v-y;—v for some vell,,,.
Hence we have p(y)=p(a)-(yoa™ )+ (v -r;—v)-a*+ pla™)=—pla™)-(acyca™)+
(v-a ) (acypa)—v-a '+ pla)=w-y—w for w=v-a'—pla*)ell,,_,. There-
fore, we obtain p=PZ*G, Il,,.,), which shows (p,, p,)=P(P)eD(PZ'(G, Il ,,_,)),
that is {(py, p,)}=0. Thus the mapping @ is injective.

Therefore,  is bijective and consequently we have

dim ([PZY(G,, I 54-5) X PZX(G,, I1,,_,)]/O(PZ*(G, II,,-5)))
=dim PZ(H, I,,..).

From the injectivity of @, we have the desired equality.

2. Next we derive a relation between dim PZY(G, I1,,.,) and dim PZ*(G,,
11,,.,) for the group G which is generated by its subgroup G, and an element
f by application of Combination Theorem II.

First we shall prove the following

LEMMA 4. Let G be a non-elementary Kleinian group which is generated
by its finitely generated subgroup G, and an element f by application of Com-
bination Theorem II. Assume that a group H, (or H,) be elliptic cyclic or para-
bolic cyclic or trivial and let G, be the cyclic group generated by f. Then for
(D1, p2)EPZY Gy, 1,4 ,) XPZNG,, I1,,_,), there exists an element p= PZNG, I ,,_,)
such that plg,=p; for 1=1,2, if and only if

bo(S)-Chyof7ioha )+ pi(hy)- (12D +p( 1) b3t -+ pu(h ) =0,

where h; is a generator of H; satisfying foh,of *=h,.

Proor. It is sufficient to show only the if part. Let {a,, -+, @,, hy, h,} be
a system of generators of G,. For (p,, p,)EPZYG,, I1,, )X PZNG,, I1,,,) we
define a mapping p: {«ay, -+, ay, hy, hy, f}—11,, ,, defined on a system of gen-
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erators of G, as follows;
pla)=pa), plh;)=ph;), p()=pLS), 1=1,--,n, j=12.

By using (I1.2), we see that if p,(f)-(hof "ohs)+pi(h)-(f"Tohy)+p(f71) - hs'+
p,(h;1)=0, then p can be extended to an element of Z'(G, II,,_,) (see Weil [5]).
For the extended p it is obvious that pls,=p; (i=1, 2). Moreover, for any
parabolic element y=G there exists a parabolic element y, =G, and an element
acG such that y=acy,ca™ (see Maskit [4]). Since pls,€PZNG,, I,,-,), in
the same way as in the proof of [Theorem I, we see that pePZYG, II,,_,).
This completes the proof of our lemma.

THEOREM 2. If G is a non-elementary Kleinian group which is generated
by its finitely generated subgroup G, and an element f by application of Com-

bination Theorem II and if a group H, (or H,) 1is elliptic cyclic or parabolic
cyclic or trivial, then

dim PZXG, II,,.,) =dim PZY(G,, I ,;_;)+dim PZXG,, I,,_,)

—dlm PZI(sz qu—2) ’

where G, is the cyclic group generated by f.

ProOOF. Using the mapping @ defined in the proof of Theorem I, we con-
sider the mapping

U [PZNGy, I1,4-5) X PZN(Gy, I, )1/ D(PZX(G, IT,,_,))
—> PZI(sz qu-z)

defined by ¥ ({(py, p)})=p, where plh)=p,(F)-(hyof )—po(f)- 7 +pi(hy)-f 71—
pi(hy) for hy,=f"'ch,ofeH, It is easy to see pcPZ'(H, Il,,.,). The well-
definedness and the linearity of 7 is obvious.

To show that the mapping ¥ is injective, we assume that ¥ ({(p,, p,)})=0.
Then we have p,(f)-(h,of ) —=p(f)- f 7 +Di(h)-f1—=pi(h,)=0. Therefore

p(f)-(hyof Toh)+pi(hy)-(F Tl ohs )+ pu(f 1) - A+ pi(hy') =0.

Hence, by there exists an element p= PZ*(G, I1,,_,) such that p|s,=p;
for i=1, 2, which shows {(p,, p,)} =0, that is, ¥ is injective.

Next we shall show the surjectivity of ¥. Let p and p, be arbitrary ele-
ments of PZ'(H,, II,,_,) and PZ'(G, Il,,_,), respectively. For h,eH; (i=1, 2),
we see by the proofs of Lemma 1 and Lemma 2 that

p(hz):v-h2~v, p1(hl>:w'h1“‘w; pl(h2>:u‘hz"u

for some polynomials v, w, ull,, ,. Now, for hyH, and h,=H, such that
fohof '=h,, we have
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Bk F= P+ i) f=v-(hof )= v+ f— - hy—w) + (o )—u-f
=0 (foh)—v-f— {wr hy—w} +u(fohy)—u-f
= fmwu ) hy— (v f—wtu-f).

Since G, is a loxodromic cyclic group, we see that an element of PZY(G,, 11,,.,)
can be uniquely determined by determing its image at the generator f of G,.
So we define p,=PZYG,, I1,,.,) by

p)=v-f—wtu-f.
Then we have

P(hy) f—Di(hy)+Di(hy) - f = po( ) - hi—1(S) .

Hence p(hy)=p,(f)-(hyof )—=p(f)-f 1+ pi(hy)-f ' —pi(h,). Therefore we have
T({(py, po)})=D0, that is, ¥ is surjective.
Consequently we have

dim (CPZX(Gy, I 5q-) X PZX Gy, I54-,)1/P(PZX(G, I 5,-5)))

=dim PZY(H,, I1,,.,).

From the injectivity of @, we have the required equality.

3. We shall prove some lemmas for the later use.
LEMMA 5. Let G be an elliptic cyclic group of order v or a parabolic cyclic
group. Then

dim PZY(G, Iyy_)=2 g—L ],

where for a parabolic cyclic group G, v is regarded as co and [q—%’o—] is
regarded as to be equal to q—1.

PROOF. Let y be a generator of G. Considering conjugation by a linear
transformation, we may assume that y(z)=4z or y(z)=2z-+1 according to v<oco
or v=co. Let p be an element of PZYG,Il,,,). If y(z)=2z, then by the
proof of we have p(y)= ;’aizi and p is uniquely determined by

2[(1—%] parameters and these parameters can be chosen arbitrary. If y(2)

=z+1, then p(y)=v(z+1)—v(z) (€ll,,,) for some vell,, ,, whence p is uni-
quely determined by 2¢—2 parameters and these parameters can be chosen
arbitrary. Thus, in both cases v<co and y=co, we have dim PZY(G, Il,, )=

Lo ]

REMARK. When G is trivial, it is clear that dim PZ'(G, II,,_,)=0. In this
case, if we define that the order of G is 1, also holds for G.
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LEmMMA 6. If G is a loxodromic cyclic group, then the dimension of
PZXG, I1,,.,) is equal to 2g—1.

PrROOF. Since an element p of PZY(G, II,,.,) can be uniquely determined
by an arbitrary choice of p(y), where 7y is a generator of G, we have
dim PZXG, Il ,,_,)=2q—1.

Let G be a non-elementary finitely generated Kleinian group with 2(G)/G
=S+ -+ +S5; Let (&i; v =+, Vin;) be the signature of S;. Then it is well

k ny
known that dim B (£(G), G)—“—_Z’{ *[(Zq—l)(gi—l)Jr ]_El[q~~yq—]}. For an ele-
1= = ij
mentary group G with the signature (g:v, ---,v,) we define formally the
dimension of B, (2(G),G) by dim B(2(G), G)=(2¢—1)(g—1)+ 2 [q_ {_]
Under this convention we have the following lemmas. B ‘
LEMMA 7. If G is a Kleinian group which is generated by 1its finitely
generated subgroups G, and G, by application of Combination Theorem [ and
if H=G,N\G, is elliptic cyclic or parabolic cyclic or trivial, then

dim By(2(G), G)=dim B(2(G,), G,)+dim B2(G,), Gs)

+(2¢-1)—-2[¢—-1].
where v is the order of H.

Proor. We set 2(G,)/G,=S;;+ -+ +Si, and 2(G,)/G,=S,,+ - +S,,. Let
(&ii; veu - » Vis,) be the signature of Sy; (i=1, -, n) and let (g ; fti. -+, )
be the signature of S,; (i=1, ---, m). Since the precisely invariant disc B,
(=1, 2) under H is contained in a component of 2(G;), we may assume that
B,/JHCS,, and B,/HCS,,. Let H be an elliptic cyclic group of order v. Then
v=y, =g, for some ¢ (1=t<k;) and s (1=s=kj). We may assume that v=y,
=y,;,. From (1.3) we have

Q(G)/G:S—{—Sml,— +Sln+522+ +ng,

where S=(S,,—B,/H)\J(S,,—B,/H) with (S;,—B,/H)"\(S,,—B,/HY=(C~\Q2(H))/H.
Hence we see that the signature of S is (g1 +8e15 Viay ) Yikp fie oo, tar). We

have

ky b
1 —= — o 7, — _.*Q_ .___1_
dim B(2(G), &) =4~ gu+gn—1+ Bla—-"- ]+ Ble—-L

Iy

+3 {<2q—~1><gzi—1>+§él [o— 1)

n kl
+ E {(ZQ"l)<gli_1)+j§ [q— un‘

n ul
- 2{e-v@—n+ Ble—L))
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T fé {(2‘1“1><gu—1>+j% [q—;";]}ﬂzqq)-z[q*%]

=dim B,(2(Gy), G,)+dim B(R(Gy), G)+(2g—1)—2[ ¢—-L-].

The other cases are obtained in the same way as above.

LEMMA 8. If G is a Kleinian group which 1is generated by its finitely
generated subgroup G, and an element f by application of Combination Theorem
II and if H, (or H,) is elliptic cyclic or parabolic cyclic or trivial, then

dim By(£2(G), G) =dim B,(£(G)), Gl)+(zq_1>_2[q__g_] ,

where v is the order of H,.

PrOOF. We can prove the lemma in a similar way to that of
We use (I1.3) instead of (1.3).

4. In this section we shall show two theorems. These are essential parts
of the proof of Theorem stated in preliminaries.

THEOREM 3. Let G be a Kleinian group which is generated by its finitely
generated non-elementary subgroups G, and G, by application of Combination
Theorem I. Assume that H=G,N\G, be elliptic cyclic or parabolic cyclic or
trivial. Then PHXG, Il 5)=p*(B(2(G), G)) if and only if PHYG;, Il,,.,)=
B*(B(82(Gy), Gy)) for i=1, 2.

PROOF. Let v be the order of H. First we assume that PHYG,, I],,_,)=
BH(BL(G,), G;)) for i=1, 2. As stated in preliminaries we have dim PHYG,,
11,,.,) = dim PZXG, Il ,,_,) — dim B(G, Il ,4-,) and dim BYG,, I1,,_,) =2q—1.
Using this fact, [Theorem 1l and Lemma 5| we have

dim PHYG, Il ,,_,) =dim PHY(G,, I1,,_,)+dim PHYG,, II,,,_,)
+(2g-1)—2 g—].
Since dim PHXG;, I1,,_,)=dim B,(2(G,), G;), we have
dim PHXG, Il ,,-,) =dim B, ((G,), G,)+dim B,(2(G,), G,)
+2g—1—2¢—].
Hence, from we have dim PHY(G, I1,,_,)=dim B,(£2(G), G), that is,
PHYG, Il ,,_,)=B*(B(2(G), G)).

Conversely we assume that PHY(G, Il ,,-,)=B*(B(2(G), G)). It PHYG,,II,,_,)
2B¥(B(2(G)), Gy)) for some i, then



708 M. Nakapa

dim PHY G, I1,,-,) > dim B,(82(G,), G;).

‘Therefore, from [Theorem 1, [Lemma 5 and Lemma 7, we have
dim PHX(G, II,,.,) > dim B,(2(G), G).

This contradicts our hypothesis. Hence PHG,, II,,_,)=8*(B(2(G,), G;)) for
1=1, 2. Thus we have our Theorem.

THEOREM 4. Let G be a Kleinian group which is generated by its finitely
generated non-elementary subgroup G, and an element [ by application of Com-
bination Theovem II. Assume that H, (or H,) be elliptic cyclic or parabolic cyclic
or trivial. Then PHYG, II,,_,)=5*(B(2(G), G)) if and only if PHYG,, Il,,_,)=
BH(B(2(G,), Gy))-

PrROOF. Let v be the order of H,. We assume that PHYG,, Il,, ,)=
B*(B(2(G,), G)). From [Theorem 2, Lemma 5 and we have

dim PHY(G, [T, =dim PHY(Gy, Iy )+(20—1)—2[ g—L],
by the same argument as in the proof of Since dim PHY(G,, I1,,.,)
=dim B,(2(G,), G,), we have
dim PH'(G, IT,,_,) = dim B,(2(G,), G)+(2—1)—~2[¢—2].
Hence, from Lemma 8, we have dim PHY(G, IT,, ,)=dim B,(2(G), G), that is,
PHY(G, Il,4_,)=*(B(£(G), G)).

Next we assume that PHG, I1,,_,)=p*(B(2(G), G)). If PHYG,, I1,;_,)2
B*(B((G,), Gy)), then

dim PHY(G,, I1,,_,) > dim B,(2(G,), G,).

Therefore, from [Theorem 2, [Lemma 5, Lemma 6 and Lemma 8 we have
dim PHYG, I1,,_,)>dim B,(2(G), G). This contradicts our hypothesis. Hence
PHYGy, I1,4_,)=p*(B,(2(G,), G,)). Thus we have our Theorem.

5. In what follows, we always assume that ¢=2.
LEMMA 9. Let G, be an elementary group. Then
1 dim PZXG,, II,)=2 if 2(G,)/G, has the signature (0; v, v),
(2) dim PZY(G,, I1,)=3 if 2(G,)/G, has the signature (0; v,, vy, v,) or (1; —)
and
(3) dim PZYG,, I,)=4 if 2(G,)/G, has the signature (0;2, 2, 2, 2).

ProoF. The first statement (1) is obvious from Cemma 5. Now we assume
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that 2(G,)/G, has the signature (0; vy, v,, v,). There exists a finitely generated
quasi-Fuchsian group G, of the first kind such that isometric circles of all
elements of G, and their interiors lie inside the Ford fundamental region of
G,. It is clear that H=G,N\G,={id}. For H, G, and G,, we can take a pre-
cisely invariant disc B; (=1, 2) under H satisfying conditions in Combination
Theorem I. So we can construct a Kleinian group G generated by G, and G,

by application of Combination Theorem I
Therefore, by [Theorem 1, we have

dim PHY(G, Il,)=dim PHYG,, I1,)+dim PZ'(G,, I1,).

Since fS* is injective, the inequality dim PH(G, II,)=dim B,(£2(G), G) holds.
For the quasi-Fuchsian group G,, the equality dim PHY(G,, II,)=dim B,(£2(G,), G;)
is known (see [2]). Hence, by using we have

dim PZ*(G,, II,) = dim B,(2(G), G)—dim B,((G,), G,;)=3.

The inequality in the opposite direction is obtained by direct estimate of
dim PZ*(G,, I1,). For instance, let (0;2,4,4) be the signature of £2(G,)/G,.
We may assume that G, is generated by 7,(z)=2z+1 and y,(z)=1z. For pe
PZYG,, II,), set p(yy)=a,z°+a,z+a, and p(y,)=b,z*+bz+b,. Since p(y,)=
v-r,—v for some vell,, we have a,=0. Since p(y,")=0, we have b,=0. Hence
p(r)=a,z+a, and p(y,)=0b,z*+b,. Moreover p((y.07.)")=0, whence a,+(1+1)b,
=(0. Therefore we see that p can be uniquely determined by three parameters
a,, a4, by, which shows dim PZ'(G,, I1,)<3. For all elementary groups with the
signature (0; vy, v,, v;), we can also obtain dim PZ'(G,, II,)<3 in the same way.
Thus we see (2).

We can also prove (3) in a similar manner.

LEMMA 10. If G is a non-elementary Kleinian group which is generated by
its elementary subgroups G, and G, by application of Combination Theovem I
and if H=G,NG, 1is elliptic cyclic or trivial, then PHYG, I1,)=F*(B,(2(G), G)).

ProOOF. We assume that 2(G,)/G; has the signature (0; vy, vy, vis) for
i=1, 2 and that H=G,NG, is elliptic cyclic. By we have

dim PHXG, I1,)=dim PZX(G,, I1,)+dim PZ*(G,, II,)—dim PZ*(H, II,)-3.

By we have dim PZ¥G,, I1,)=3 and dim PZ*(H, Il,)=2, which yields
dim PHY(G, I1,)=1. On the other hand, dim B,(£2(G), G)=1 by Lemma 7. Hence
dim PHY(G, I1,)=dim B,(2(G), G), that is PHY(G, I1,)=/5*(B,(2(G), G)). We can
also prove all other cases in the same way as above.

LEMMA 11. If G is a non-elementary Kleinian group which is generated by
its elementary subgroup G, and an element f by application of Combination
Theorem II and if H, (or H,) is elliptic cyclic or parabolic cyclic or trivial, then
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PHYG, I1,)=p*(By(2(G), G)).

PROOF. Assume that £(G,)/G, has the signature (0; v,, v,, v,) and that H,
is an elliptic cyclic group. Using [Theorem 2 [Lemma 8 and Cemma 9, we
have dim PHYG, II,)=dim B,(2(G), G), that is, PHG, I1,)=p*(B,(2(G), G)).
All other cases can be proved in the same manner as in the above case.

LEMMA 12. Let G be a Kleinian group which is generated by its finitely
generated subgroups G, and G, by application of Combination Theorem I and
let H=G,N\G, be elliptic cyclic or parabolic cyclic or trivial, where G, is non-
elementary and G, is elementary. Then PHYG, Il,)=F*(B,(2(G), G)) if and
only if PHYG,, I,)=p*(B2(G,), G1)).

Proor. Using [Theorem I, Lemma 7 and we can easily verify
this Lemma.

6. Let G be a non-elementary finitely generated Kleinian group with an
invariant component. Then, as stated in preliminaries, we can construct G
from basic groups in a finite number of steps by using Combination Theorems
I and II, where, in each step, the amalgamated subgroups and the conjugated
subgroups are trivial or elliptic cyclic or parabolic cyclic.

Now we can prove the Theorem stated in preliminaries which is restated
as follows.

THEOREM 5. Let G be a non-elementary finitely generated Kleinian group
with an invariant component and let G be constructed from basic groups Gy, -+,
G,, by using Combination Theorems I and II. Then G, is an elementary group
or a quasi-Fuchsian group for i=1,---,s if and only if PHYG,II,)=
BX(B(£(G), G)).

ProoOF. First we assume that G; is an elementary group or a quasi-
Fuchsian group for i=l, --,s. For a quasi-Fuchsian group G;, we have
dim PHY(G,, I1,)=dim B,(£X(G;), G;), so PH'(G;, I1,)=p*(B,(2(G;), G;)). As men-
tioned already, in each step of using Combination Theorems I and II, the a-
malgamated subgroups and the conjugated subgroups are trivial or elliptic
cyclic or parabolic cyclic. Therefore, by [Theorem 3, [Theorem 4, Lemma 10,
Lemma 11 and Lemma 12, we have PHXG, I1,)=p*(B,(2(G), G)).

Next assume that for some ¢, G, is a degenerate basic group. Then G;
has no accidental parabolic transformation, so we have dim PHYG;, Il,)=
2dim B,(2(G,), G;) (see [2]). We have dim B,(2(G,), G,)+0, since G; is a
degenerate group. Therefore we have PHYG,, I1,)28*(B,((G;), G;)). Hence
by [Theorem 3, [Theorem 4 and Lemma 12, we have PHY(G, I1,)2 B*(B,(£(G), G)).

This completes the proof of
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