
J. Math. Soc. Japan
Vol. 26, No. 3, 1974

Periodicity and inequality

By Yukio HIRASHITA

(Received March 27, 1973)
(Revised July 21, 1973)

\S 0. Introduction.

In this paper, we consider a certain kind of periodicity by Fubini’s theo-
rem. Next in such a point of view, we prove the following inequality.

$\Gamma(n/2)/2\sqrt{\pi}\Gamma((n+1)/2)<\max_{I\subset\{1.2,p\}}.\Vert\sum_{i\in I}a_{i}\Vert\int\sum_{J=1}^{p}\Vert a_{j}\Vert$ ,

where $a_{j}$ ($j=1,2,$ $\cdots$ , p) is a real n-dimensional vector $(n\geqq 2)$ .
For example, A. Pietsch [2] used the lemma such that for any set of

complex numbers $\{a_{j}\in C;j\in J\}$ , where $|\sum_{iI}a_{i}|\leqq r$ for all finite subset $I$ of
$J$, we have $\sum_{i\in I}|a_{i}|\leqq 4r$ for all $I$ .

We can take $\pi$ in place of 4, and this estimate is the best, moreover this
is the generalization of Blaschke’s theorem on the oval.

\S 1. Periodicity and Fubini’s theorem.

THEOREM 1. Let $H(X, Y)$ be (1) real valued bounded measurable function
on $R^{n}\times R^{n},$ (2) $H(X, Y)=H(Y, X),$ (3) there exist $M$ and

$M=\lim_{\tau_{1},\tau_{2},\cdot\cdot,\tau_{n}-\infty}(2^{n}T_{1}T_{2}\cdots T_{n})^{-1}\int_{-\tau_{1}}^{\tau_{1}}\cdots\int_{-\tau_{n}}^{\tau_{n}}H(X, Y)dY$ ,

and this convergence is uniform. Let $B$ be $[0,1]^{n},$ $n\geqq 1$ . Let $C_{B}^{1}$ be the set
of all once continuously differentiable functions on B. Then

$\sup_{f\in C_{B}^{1}}Y^{\frac{n}{\subset}}R^{n}if\int_{B}H(f(Z), Y)dZ=M=\inf_{f_{-}^{\prime}C_{B}^{1}}\sup_{Y\in R^{n}}\int_{B}H(f(Z), Y)dZ$ .

PROOF. For any $f\in C_{B}^{1}$ , any $T_{1},$ $T_{2},$ $\cdots$ , $T_{n}>0,$ $H(f(Z), Y)$ is a bounded
measurable function on $B\times[-T_{1}, T_{1}]\times[-T_{2}, T_{2}]\times\cdots\times[-T_{n}, T_{n}]$ . By
Fubini’s theorem, we have

$(2^{n}T_{1}T_{2}\cdots T_{n})^{-1}\int_{-\tau_{1}}^{\tau_{1}}\cdots\int_{-\tau_{n}}^{\tau_{n}}\int_{B}H(f(Z), Y)dZdY$

$=\int_{B}(2^{n}T_{1}T_{2}\cdots T_{n})^{-1}\int_{-\tau_{1}}^{\tau_{1}}\cdots\int_{-\tau_{n}}^{\tau_{n}}H(f(Z), Y)dYdZ$ .
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By Lebesgue’s theorem, it holds that

$\lim_{\tau_{1},\tau_{2}\ldots..\tau_{n}-\infty}(2^{n}T_{1}T_{2}\cdots T_{n})^{-1}\int_{-T1}^{\tau_{1}}\cdots\int_{-\tau_{n}}^{\tau_{n}}\int_{B}H(f(Z), Y)dZdY=M$ ,

for all $f\in C_{B}^{1}$ . Then we have

$\sup_{f\in C_{B}^{1}}\inf_{Y\in R^{n}}\int_{B}H(f(Z), Y)dZ\leqq M\leqq\inf_{f\in C_{B}^{1}}\sup_{Y_{\subset}^{-}R^{n}}\int_{B}H(f(Z), Y)dZ$ .

Next, by the condition (3), for any $\epsilon>0$ , there exist $T_{1},$ $T_{2},$ $\cdots$ , $T_{n}>0$ , such
that

$ M-\epsilon\leqq(2^{n}T_{1}T_{2}\cdots T_{n})^{-1}\int_{-T1}^{\tau_{1}}\cdots\int_{-T_{n}}^{\tau_{n}}H(X, Y)dY\leqq M+\epsilon$ ,

for all $X\in R^{n}$ . By the change of variables such that $Z_{j}=(Y_{j}-T_{j})/2T_{jr}$

$j=1,2,$ $\cdots$ , $n$ , we obtain

$ M-\epsilon\leqq\int_{0}^{1}\cdots\int_{0}^{1}H(X, 2TZ+T)dZ\leqq M+\epsilon$ ,

and then

$ M-\epsilon\leqq\int_{B}H(2TZ+T, Y)dZ\leqq M+\epsilon$ ,

for all $Y\in R^{n}$ . Hence we have

$ M-\epsilon\leqq\inf_{Y}\int_{B}H(2TZ+T, Y)dZ\leqq\sup_{Y}\int_{B}H(2TZ+T, Y)dZ\leqq M+\epsilon$ .

Therefore

$\inf_{f\in C_{B}^{1}}\sup_{Y}\int_{B}H(f(Z), Y)dZ\leqq M\leqq f\propto\sup_{-c_{B}^{1}}\inf_{Y}\int_{B}H(f(Z), Y)dZ$ .

This completes the proof.
REMARK. If $H(X, Y)$ is continuous, then we can take the set of all

measurable functions on $B$ , in place of $C_{B}^{1}$ . If $H(X, Y)$ andf are Borel mea-
surable, then we can prove the theorem as above and the following.

DEFINITION. $H(x)$ is said to be almost periodic, if for any $\epsilon>0$ , there
exists a number $d_{\epsilon}>0$ , such that for any real number $r$ , there exists $ v\in$

$[r, r+d_{\epsilon}]$ , which satisfies

$ x^{\frac{u}{\subset}}sp|H(x+v)-H(x)|\leqq\epsilon$ .

(See, A. S. Besicovith, [1].)

THEOREM 2. Let $H(x)$ be almost Periodic real valued measurable function,
then
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$\sup_{f\equiv c_{[0.1]}^{1}}\inf_{y\in R}\int_{0}^{1}H(f(x)+y)dx=\lim_{T\rightarrow\infty}(2T)^{-1}\int_{-T}^{T}H(x)dx$

$=\inf_{feC_{I013}^{1}},\sup_{y\subset}\int_{0}^{1}H(f(x)+y)dx$ .

PROOF. We can apply Theorem 1 to $E(x, y)=H(x+y)$ . It is clear that
$E(x, y)$ is bounded, and $E(x, y)=E(y, x)$ . We must prove that the condition
\langle 3) is satisfied. For any $\epsilon>0$ , there exist $T_{0},$ $N_{0}$ , such that $ 4\Vert H\Vert d_{\epsilon}/T_{0}\leqq\epsilon$ ,
$\mathfrak{Z}\Vert H\Vert/N_{0}\leqq\epsilon$ . Then for any $X_{1},$ $X_{2}\geqq N_{0}T_{0}$ , we have

$|(2X_{1})^{-1}\int_{-x_{1}}^{X_{1}}H(x+y)dy-(2X_{2})^{-1}\int_{-X_{2}}^{x_{2}}H(x+y)dy|\leqq\&$ .

(See, A. S. Besicovith, [1].)
THEOREM 3. Let $H(X)$ be (1) real valued bounded measurable function on

$R^{n},$ (2) periodic function; its period is $L=(L_{1}, L_{2}, \cdots , L_{n})$ . Let $M$ be

$(L_{1}L_{2}\cdots L_{n})^{-1}\int_{0}^{L_{1}}\cdots\int_{0}^{L_{n}}H(X)dX$ ,

then we have

$\sup_{f}\inf_{Y}\int_{B}H(f(Z)+Y)dZ=M=\inf_{f}\sup_{Y}\int_{B}H(f(Z)+Y)dZ$ ,

and the following three ProPositions are equivalent, if $H(X)$ is continuous.

(a) $\sup_{Y}\int_{B}H(f(Z)+Y)dZ=M$ ,

(b) $\inf_{Y}\int_{B}H(f(Z)+Y)dZ=M$ ,

(c) $\int_{B}H(f(Z)+Y)dZ=M$ , for all $Y$ .

PROOF. By Fubini’s theorem

$(L_{1}L_{2}\cdots L_{n})^{-1}\int_{0}^{L_{1}}\cdots\int_{0}^{L_{n}}\int_{B}H(f(Z)+Y)dZdY$

$=\int_{B}(L_{1}L_{2}\cdots L_{n})^{-1}\int_{0}^{L_{1}}\cdots\int_{0}^{L_{n}}H(f(Z)+Y)dYdZ=\int_{B}MdZ=M$ ,

for all $f\in C_{B}^{1}$ . Then we have

$\sup_{f}\inf_{Y}\int_{B}H(f(Z)+Y)dZ\leqq M\leqq\inf_{f}\sup_{Y}\int_{B}H(f(Z)+Y)dZ$ .

Mere the equivalence relation is clear. On the other hand,
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$M=(L_{1}L_{2}\cdots L_{n})^{-1}\int_{0}^{L_{1}}\cdots\int_{0}^{L_{n}}H(2LZ+L+Y)dY$

$=\int_{B}H(2LZ+L+Y)dZ$ ,

for all $Y$ , and the theorem is proved.

\S 2. Periodicity on $S$.
We use the notations below.
$R^{n}$ ; real n-dimensional euclidean space.
\langle X, $ Y\rangle$ ; inner product in $R^{n}$ .
$S$ ; $\{X\in R^{n} ; \Vert X\Vert=1\}$ .
$m$ ; surface measure on $S$.
$Q_{n}$ ; $\Gamma(n/2)/2\sqrt{\pi}\Gamma((n+1)/2)$ .

As in the following lemma, the family of functions on $S,$ $\{|\langle X, Y\rangle| ; Y\in S\}$ ,
has a certain kind of periodicity.

LEMMA 4. $L(Y)=\int_{s}|\langle X, Y\rangle|dm$ is a constant function on S. Denote this

constant by number $R_{n}$ , then we have $R_{n}/\int_{s}dm=2Q_{n}$ .
PROOF. For any $Y_{1},$ $Y_{2}\in S,$ $\{X\in S;\langle X, Y_{1}\rangle=\cos\theta\}$ is congruent with

$\{X\in S;\langle X, Y_{2}\rangle=\cos\theta\}$ by the rotation $\gamma;\gamma(Y_{1})=Y_{2}$ . Let $mes_{(n- 2)}$ be $(n-2)-$

dimensional euclidean measure, then for any $Y\in S$

$ L(Y)=\int_{s}|\langle X, Y\rangle|dm=\int_{0}^{\pi}|\cos\theta|mes_{(n- 2)}\{X\in S;\langle X, Y\rangle=\cos\theta\}d\theta$ .

So $L(Y)$ is independent of $Y$ . If we set $Y_{0}=(0,0, \cdots , 0,1)$ , then by the n-
dimensional polar co-ordinate method, we have

$R_{n}=\int_{s}|x_{n}|dm=\int_{0}^{\pi}\cdots\int_{0}^{\pi}\int_{0}^{2\pi}|\cos\theta_{n-1}|\sin\theta_{2}\sin^{2}\theta_{3}\cdots\sin^{n-2}\theta_{n-1}d\theta_{1}d\theta_{2}\cdots d\theta_{n-1}$ .

On the other hand

$\int_{s}dm=\int_{0}^{\pi}\int_{0}^{\pi}\int_{0}^{2\pi}\sin\theta_{2}\sin^{2}\theta_{3}\cdots\sin^{n-2}\theta_{n-1}d\theta_{1}d\theta_{2}\cdots d\theta_{n-1}$ .
Therefore

$R_{n}[\int_{s}dm=\int_{0}^{\pi}\cos\theta_{n- 1}\sin^{n-2}\theta_{n- 1}d\theta_{n- 1}/\int_{0}^{\pi}\sin^{n-2}\theta_{n-1}d\theta_{n- 1}$

$=\int_{0}^{\pi/2}\cos\theta\sin^{n- 2}\theta d\theta/\int_{0}^{\pi/2}\sin^{n- 2}\theta d\theta$

$=2\Gamma(n/2)/(n-1)\sqrt{\pi}\Gamma((n-1)/2)=2Q_{n}$ .
This completes the proof.



444 Y. HIRASHITA

THEOREM 5. Let $C;C=C(t)$ be normal curve in $R^{n}$ , namely, $\frac{dC(t)}{dt}$ is

continuous function and never vanishes, $n\geqq 2$ , and its length be 1. Let $C_{L}$ be
the length of the locus of $C$ on a line $L$ , (see the proof), then there exist lines
$L_{1},$ $L_{2}$ , such that $C_{L_{2}}\leqq 2Q_{n}\leqq C_{L_{1}}$ , and the following three pr0p0siti0ns are equi-
valent, for the normal curve $C$ .

(a) $\sup_{L}C_{L}=2Q_{n}$ . (b) $\inf_{L}C_{L}=2Q_{n}$ . (c) $C_{L}=2Q_{n}$ , for all line $L$ .

PROOF. We can assume that $t=\int_{0}^{t}\Vert\frac{dC(t)}{dt}\Vert dt$ . The line $L$ can be con-

sidered to be oriented. Let $Y_{L}$ be $L’ s$ oriented unit vector, then

$C_{L}=C_{Y_{L}}=C_{Y}=\int_{0}^{1}|\langle\frac{dC(t)}{dt},$ $Y\rangle|dt$ .
By Fubini’s theorem

$\int_{s}C_{Y}dm=\int_{s}\int_{0}^{1}|\langle\frac{dC(t)}{dt},$ $Y\rangle|dtdm=\int_{0}^{1}\int_{s}|\langle\frac{dC(t)}{dt},$ $Y\rangle|dmdt=\int_{0}^{1}R_{n}dt$ .

Therefore

$\inf_{Y\in S}C_{Y}\int_{s}dm\leqq R_{n}\leqq Y_{=}^{\prime}su\xi)C_{Y}\int_{s}dm$ ,

and hence by Lemma 4
$\inf_{Y\in S}C_{Y}\leqq 2Q_{n}\leqq\sup_{Y\in S}C_{Y}$ .

By the continuity on the compact set $S$, there exist $Y_{1},$ $Y_{2}\in S$, such that
$C_{Y_{2}}\leqq 2Q_{n}\leqq C_{Y_{1}}$ . The others are clear.

DEFINITION. Let $a_{1},$ $a_{2},$ $\cdots$ , $a_{p}$ be n-dimensional vectors. By the notation
$[a_{1}, a_{2}, \cdots , a_{p}]_{L}$ , we mean the sum of the length of the shaddow of $a_{j}(j=1,2$ ,

, p) on the line $L$ .
THEOREM 6. For any in teger $n\geqq 2$ , and any positive number $\epsilon>0$ , there

exist finite number of n-dimensional vectors $a_{1},$ $a_{2},$
$\cdots$ , $a_{p}$ , such that

$|[a_{1}, a_{2}, a_{p}]_{L}T\sum_{J=1}^{p}\Vert a_{j}\Vert-2Q_{n}|<\epsilon$ ,

for all line $L$ .
PROOF. $\{|\langle X, Y\rangle| ; Y\in S\}$ is uniformly compact in $C_{R}(S)$ . $m$ is a posi-

tive measure on $S$. Then for any $\epsilon>0$ , there exists $w$ , positive point measure
on $S$, such that

$|\int_{s}|\langle X, Y\rangle|dw-\int_{s}|\langle X, Y\rangle|dm|<(\epsilon/4)\int_{s}dm$ ,

for all $Y\in S$, and
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$|\int_{s}dw-\int_{s}dm|<\min\{2^{-1}\int_{s}dm,$ $(\epsilon/2R_{n})(\int_{s}dm)^{2}\}$ .
We assume that $\int_{A_{j}}dw=p_{j}>0,$ $j=1,2,$ $\cdots$ , $p$ , and $\Vert w\Vert=\sum_{t-1}^{p}p_{j}$ . Let $a_{j}$ be
$p_{j}OA_{j}\rightarrow,$ $j=1,2,$ $\cdots$ , $p$ , then for any line $L$ , we have

$[a_{1}, a_{2}, \cdots a_{p}]_{L}=\sum_{J=1}^{p}|\langle a_{j}, Y_{L}\rangle|=\sum_{j=1}^{p}p_{j}|<\rightarrow OA_{j},$ $ Y_{L}\rangle$ $|=\int_{s}|\langle X, Y_{L}\rangle|dw$ .
Therefore

$|[a_{1}, a_{2}, a_{p}]_{L}/\sum_{j=1}^{p}\Vert a_{j}\Vert-2Q_{n}|$

$=|\int_{s}|\langle X, Y_{L}\rangle|dw/\int_{s}dw-\int_{s}|\langle X, Y_{L}\rangle|dm/\int_{s}dm|$

$=|\int_{s}\langle X, Y_{L}\rangle|dw-\int_{s}|\langle X, Y_{L}\rangle|dm|(\int_{s}dw+R^{n}|\int_{s}dw-\int_{s}dm|/|\int_{s}dw\int_{s}dm|$

$<\epsilon/2+\epsilon/2=\epsilon$ .
This completes the proof.

COROLLARY 7. For any curve $C$ with length 1 in $R^{n},$ $n\geqq 2$ , we have
$\inf_{L}C_{L}\leqq 2Q_{n}\leqq\sup_{L}C_{L}$ , and this estimate is the best. Moreover the following

three Propositions are equivalent.
(a) $\sup_{L}C_{L}=2Q_{n}$ . (b) $\inf_{L}C_{L}=2Q_{n}$ . (c) $C_{L}=2Q_{n}$ , for all line $L$ .
PROOF. For any curve $C$ with length 1, its length can be approximated

by the zigzag line method. Conversely, the length of any zigsag line can be
$approx]\lfloor mated$ by the normal curve. Then the corollary is proved by Theorems
5 and 6.

So far, we have considered the family of $f$ unctions $\{|\langle X, Y\rangle| ; Y\in S\}$ ,

and proved Lemma 4, Theorems 5, 6, and Corollary 7. On the family of
functions on $S,$ $\{\langle X, Y\rangle^{+}=(|\langle X, Y\rangle|+\langle X, Y\rangle)/2;Y\in S\}$ , we can prove the

same lemma, theorems and corollary. In this case, we have $\int_{s}\langle X, Y\rangle^{+}dm$

$=R_{n}/2$ .
Particularly, it is clear that for any n-dimensional vectors $a_{1},$ $a_{2},$ $\cdots$ , $a_{p}$ ,

there exists $Y_{0}\in S$ such that

$ Q_{n}\leqq\sum_{j=1}^{p}\langle a_{j}, Y_{0}\rangle^{+}/\sum_{j=1}^{p}\Vert a_{j}\Vert$ .

On the other hand, we can assume that $Y_{0}$ satisfies the following relation.

$\sum_{j=1}^{p}\langle a_{j}, Y_{0}\rangle^{+}=\max_{Y\in S}\sum_{j=1}^{p}\langle a_{j}, Y\rangle^{+}=\max_{I\subset\{1,2,\cdots p\}}.\Vert\sum_{i\in I}a_{i}\Vert$ .
Therefore
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$ Q_{n}\leqq\max_{I}\Vert\sum_{i\Leftarrow I}a_{i}\Vert/\sum_{J=1}^{p}\Vert a_{j}\Vert$ .
In the same way as the proof of Theorem 6, we can prove that this

estimate is the best. And by Theorem 5, we can prove that this inequality
is strict. So the following theorem and its corollary are obtained.

THEOREM 8. For any n-dimensional vectors, $a_{1},$ $a_{2},$
$\cdots$ , $a_{p},$ $n\geqq 2$ , we have

$ Q_{n}<\max_{I}\Vert\sum_{i\subset I}a_{\ell}\Vert/\sum_{j=1}^{p}\Vert a_{j}\Vert$ ,

and this estimate is the best.
COROLLARY 9. For any complex numbers, $a_{1},$ $a_{2},$ $\cdots$ , $a_{p}$ , we have

$1/\pi<\max_{I}|\sum_{i\in I}a_{i}|/\sum_{j=1}^{p}|a_{j}|$ ,

and this estimate is the best.
REMARK. If $n=1$ , then $Q_{1}\equiv\Gamma(1/2)/2\sqrt{\pi}\Gamma(1)=1/2$ . Here, it is clear that

for any l-dimensional vectors, $a_{1},$ $a_{2},$ $\cdots$ , $a_{p}$ , we have

$ 1/2\leqq\max_{I}\Vert\sum_{i-I}a_{i}\Vert/\sum_{j=1}^{p}\Vert a_{j}\Vert$ .

I am grateful to referee.
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