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In my recent paper [9], I have introduced an invariant y(G) for a con-
nected semi-simple algebraic group G, which generalizes the classical invariants
of Hasse and of Minkowski-Hasse, and have shown that, for a classical simple
group G, y(G) can actually be determined explicitly in terms of these classical
invariants®. For exceptional groups, however, I gave only a very brief indica-
tion for the case where the ground field is a local field or an algebraic number
field (9], 250-251). The purpose of this note? is to give a more comprehensive
account for a more general case, establishing a principle which enables us to
reduce the determination of y(G) for an exceptional group G to that for a
suitably chosen classical subgroup G’ of G defined over the same ground field.
The existence of such a subgroup G’ will be ascertained for the groups of
type E; and E, constructed recently by Tits [12]

1. Throughout this paper, k is a field of characteristic zero, (though it
seems likely that most of our results remain true over any perfect field of
characteristic different from 2 and 3). £ is a fixed algebraic closure of & and
¢ =Gal (k/k) is the Galois group of k/k operating on k from the right. For an
algebraic group G defined over k, we write the Galois cohomology set or group
H¥ @, Gz) (i=1,2) as Hi(k, G). E,={{,} is the group of all n-th roots of unity
contained in 2. In principle, we follow the notation in [9]

Let G, be an algebraic group defined over k. By an inner k-form of G,

*) Partially supported by NSF grant GP-6654.

1) Taking this opportunity, I would like to correct some of the misprints in the
relevant part of [9] On page 246, line 10, for “ ®3m:” read “@im;”; similar correc-
tions are also necessary for the formulas (28), (28’) in page 250. On page 249, line 9,
for “ k(v (=1)Vzar det (S)) 7 read “ k(v (—=1)/znr det (S))

2) By a communication from Professor Tits, the author learnt after completion of
the paper that similar topics had also been treated by him in a series of lectures de-
livered at Yale University in the winter of 1967.

Added in proof: By a communication with Tits, it appeared that in 8 the relation
§,~%’ and so [(II) is always true without any assumption.
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we understand a pair (G, f) formed of an algebraic group G defined over k
and a k-isomorphism f of G onto G, such that f%o /! is an inner automorphism
of G, for every o = ¢. To such a pair (G, f), we associate an element y(G, f)
in H*k, Z,), where Z, is the center of G,, as follows. Put

floft=1I, and  0(g)=858:8,4=Corc’

where g, < (G)r and I,, denotes the inner automorphism of G, defined by I,,(g)
=g,gg; for g G,. Then it is clear that (¢,.) is a 2-cocycle of & in (Z)g,
whose cohomology class is uniquely determined, independently of the choice
of the l-cochain (g,). (We always take it implicitly that all cochains we con-
sider are E-rational and continuous in the sense of Krull topology on ¢.) We
denote the cohomology class of (¢, ) by 74(G, f) or simply by 7(G, /) whenever
k is tacitly fixed.

Two inner k-forms (G, f) and (G, /) of G, are said to be i-equivalent if
there exists a k-isomorphism ¢ of G onto G’ such that f/o¢@o - is an inner
automorphism of G,. It is immediate that the cohomology class y(G, ) depends
only on the i-equivalenc class of (G, f).

In the case where G, is a connected reductive algebraic group, the number
of i-equivalence classes of inner k-forms of G, contained in a k-isomorphism
class of k-forms of G, (in the ordinary sense) is finite. Moreover, it is known
{[9] p. 242) that, for any connected semi-simple algebraic group G defined
over k, there exists an inner k-form (G,, /1) of G such that G, is of Steinberg
type, and the i-equivalence class of such (G,, /- is uniquely determined by G.
Hence, in this case, we define the inveriant y(G) by setting y(G)=r(G,, [
e H*(k, Z), Z denoting the center of G. If one denotes by f* the isomorphism
of H%(k, Z) onto H%*k, Z,) induced in a natural way by f, then one has

@ 7@ =*Y (G, ).
(Note that f induces on Zz a g-isomorphism Zz —(Z))z.)

ExAMPLE. G =SL (m, ®,), where &, is a normal division algebra of degree
v over k. Let f be a k-isomorphism of G onto G, = SL (mr) determined by the
(unique) irreducible representation of ®, (as an associative algebra). Then
(G,, /7% is an inner k-form of G as described above, and through the natural
identification Z=Z,=E,, (induced by f), one has y(G)=c(R,) < H¥k, E,,)
(where ¢(®,) denotes the ““ Hasse invariant” of &,).

2. The following lemma is fundamental.

LEMMA 1. Let G, and Gj be algebraic groups defined over k, and let ¢, be
a k-morphism of Gi into G,. Suppose there is a k-closed subgroup G{ of G,
such that, denoting by Z,, Z|, Z{ the center of G, G|, G{, respectively, one has

® Za(py(GD) = @(ZD) - GY'
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Zg,(--+) denoting the centralizer of --- in G,;

(ii) o0(ZD)=Z, X Z{ (direct product);

(iii) the natural map H'(k, G{’/Zi/)iHZ(k, Z) is bejective.
Let further (G’, f') be an inner k-form of G,. Then:

1) There exist an inner k-form (G, f) of G, and a k-morphism ¢ of G’ into
G such that one has foo=¢, o f".

2) If (G, f, @) is another triple satisfying the same condition as (G, f, ¢),
then there is a k-isomorphism ¢ of G onto G such that g=¢ o, fodof11is
an inner automorphism of Gy, and ¢°o gb-l—:_ld;f where (d)) is a l-cocycle of &
in (2.

3) For any inner k-form (G, f) of G, satisfying the condition in 1), y(G, f)
coincides with the Z,-part of ¢¥(y(G’, f1) in the direct decomposition (ii), where
¥ denotes the natural homomorphism of H2(k, Z}) into H2(k, ¢,(Z}) induced
by ¢,.

ProOOF. 1) Put f7of'=1Iy, g, e (GDr, and d(g;) = ¢, € Z{. By (i) one
has

(2) ng(C;,r) =Cqr* C:f’.;l s

where (¢,,.;) and (c.) are (uniquely determined) 2-cocycles of ¢ in Z; and Z7,
respectively. By (iii) (the surjectivity), there exists g/ & (G{)z such that d(g/y
=cl/.. Put

8a=0:(85)- 87 ;
then by (i) one has d(g,)=c,.. Hence there is an inner k-form (G, f) of G,
such that f7of-1=1I,. Put ¢ =f"1'o@,of’. Then, for every ¢ < g, one has

Sp":f“’ogpl of”’:_}L1 o [gzo @, 0 Ig;of’:f“l o Ig;l 01’ o §01°f/ .

Since by (i) one has g, !'-¢,(g)) e G C Zs(p,(GY), one has ¢’=¢, i.e. ¢ is
defined over k. (Note that the converse of this is also true).

2) Let (G, f, @) be another triple satisfying the conditions stated in 1), and
put f?o f1=1I5, (&) =170 With 3, & (G)r, &€ Z,. As we have just noted
above, ¢’=¢ (¢ € g) implies that g;':¢,(g)) € Z4,(¢.(G)). Hence, by (i), one:
may put

27 o8 =p:cp) 85 or G,=o(cgy) - &Y
with ¢, e (Z)x and g7 (G{)x. Then one has

Caye = 0(@i(c) ™ - @1(¢5,0) - O(ZT)

which, by (i), (i), implies that 6(g%) € G/ N o(Z)=Z{. Writing ¢,(c,)=c¢, - c]/™*
with ¢, Z, and ¢/ € Z; and comparing the Z-parts and Z”-parts in the above
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equality, one obtains in view of (2)
C_'a,r - 5(617)‘10:1,7 ’
3(Z)= () - che=d(cigl) -

By (iii) (the injectivity), the second equality of [2a) implies that there is
he(G)x and a l-cocycle (a?) of ¢ in (Z})% such that one has

(2a)

gy =ajcy hogyht;

then one has also g,=c;'h’g,h7*-a/. Now put ¢=Ff"1ol,of. Then, since
h e Zg(¢,(GY))), one has

Qbo@:f_lolnofo(/):f_lO]no¢1°f/:f_1°§01°f/:¢

and, for every o < g,

P=FCohuof'=F"olzlolyol, of=F 1oLy of
= 17—1 (a;/‘l) o gb ,

i.e., one has ¢ o ¢t =l with d!=fF-Yal"D) e f(Z)).

3) is clear from the definitions and (2), g.e.d.

REMARK 1. The conditions (i), (ii) imply () Zg(o(G))=Z X G’ (direct
product); and (i)’ in turn implies (iiy ¢, (Z)CZ, X Z!. As is seen from the
above proof, the conditions (i), (ii) in can be replaced by a weaker
condition (i)’.

REMARK 2. The condition (iii) is satisfied if G{ is k-isomorphic to SL (n)
and if the ground field % has the following property: (P, For any normal
diwvision algebra & over k such that & ~1 one has deg &|n.

In fact, it is well-known that the canonical map 4:H%k, SL (n)/E,)
— H*(k, E,) is injective, and also there is a canonical monomorphism of H?(k, E,)
into the Brauer group #(k) of k (see Example in 1). If the algebra class of a
normal division algebra @ over k belongs to the image of this monomorphism,
then one has clearly 8~ 1. On the other hand, the algebra class of ® comes
from an element of H'(k, SL (n)/E,) if and only if it contains a k-form of .,
(the total matric algebra of degree n), or, in other words, the degree of &
divides n. Hence, under the condition (P,), 4 is bijective. It should also be
noted that for the proofs of 2) and 3) we needed only the injectivity of 4,
which holds whenever G/ is k-isomorphic to SL (n), without the assumption
(P, for k.

3. We shall now apply to the following situation. Let G, and
G/ be (connected) simply connected (absolutely simple) Steinberg groups over
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k of one of the types listed below:

G, | CE 2E,
& 1A, 2A,

| E7 Dy ‘D,

LD | BAY GAD

(For the meaning of the notation, see [11]) Then the centers of G, and Gf
are as follows:

| E, | E, X E,
7l = E, ? E, X E, E, X E, XE,

The isomorphism in this list is a g-isomorphism, if and only if the group G,
or G{ is of Chevalley type. In general, the corresponding G, and G} will have
a common splitting field %/, and the action of ¢ on Z, and Z] will be deter-
mined uniquely by %’. In each case, we shall construct a k-morphism ¢, of G
into G, (which will turn out to be a monomorphism) in such a way that ¢,(G;)
is a “regular ” k-closed subgroup of G,». (By a regular closed subgroup of G,,
we mean a closed subgroup corresponding to a “regular” subalgebra of the
Lie algebra of G, in the sense of Dynkin [4]) For all cases, G/ will be a k-
closed subgroup of G, which is a simply connected Chevalley group of type
A, and so Z' is = E,. Thus, by the Remark 2 in 2, the condition (iii) of
is satisfied, provided k satisfies the condition (P,).

4. The case 'Eg Let G, and G be simply connected Chevalley groups
over k of type Eg and A,, respectively. Then, one has ¢-isomorphisms

€)) Z, =2 E,, Zi=E,.
Let T, and T; be k-trivial maximal tori in G, and G}, respectively. Let further
v be the root system of G, relative to T, 4 = {a,, -+, a,} a fundamental system
a, A, a, o, '
Oo— O O- -O— O
Qg
i
|
i
op

3) It can be proven directly that, if G, is a simply connected semi-simple algebraic
group and if H, is a regular closed subgroup corresponding to a subset of a fundamental
system of G,;, then H, is also simply connected.
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of v, and p the lowest root (i.e, —p=a,+2a,+3a;+2a,+a;+2a,) (see the
figure). Then it is clear that there is a k-isogeny ¢, of G{ onto a regular k-
closed subgroup G,({ay, -+, as}) such that ¢ (T)T,. (In general, for any
subset [ of v, one denotes by G,(I") the regular closed subgroup of G, corre-
sponding to the (closed) subsystem r\ {I"'}z of r.) One puts also G =G, ({u}).

In order to see that the conditions (i), (ii) of are satisfied, we
need the following

LEMMA 2. Let p, be an irreducible representation of G, of dimension 27

with the highest weight 21:7§7(4a1+5a2+6a3+4a4—[—2a5—{—3a6). Then one has

01 ° @1~ pi+pi+pi,
where p} stands for the i1-th skew-symmetric tensor representation of G| in the
standard numbering.

(Cf. [2] pp. 142-143; [3], pp. 20-23. In Cartan’s notation, one has a;
=W, =0;— 8,1 S1L0), A= Ws67 = B+ B+ D7, ft = woe0=3@,. The weights
of p, are given by @;—®, ®;+2a, —&;—@;—o, 1=1, j<6, i+#j). It is then
easy to see that (—@;,—®;—a,) o (¢,|T{) (resp. (@;—d,) o (¢,|T}), resp. (&;+2w,)
o (¢,|T9) constitute the set of weights of pj (resp. pi, resp. pj) relative to T'1{.)

It follows that one can find a generator z of Z] such that

01(p,(2)=diag.({elyar Chlis)

where ¢, is the primitive r-th root of unity (in ) and 1, is the unit matrix of
degree . This shows that both p, and ¢, are faithful and ¢,(2%) is a generator
of Z,.. On the other hand, it is clear that G/ is contained in the centralizer
Ze,(0(G)). By Schur’s lemma, the matrices of degree 27 which commute ele-
mentwise with p,(¢,(G)) are of the form diag.(x®1,, 71,;), where x & GL (2) and
» is a scalar. Hence, in order to complete the proof of (i), it is enough to
show that, if a matrix of the form diag.(¢1,,, 71;5) is in p(G,), then it is in
e(o(Z). From the fact that p,(G,) leaves a certain cubic form (%C X VieZix

— 3 z142,0%4c in the notation of [2] loc. cit.) invariant, it follows that &*p=y53=1,
whence &5=1, = £, which proves our assertion. At the same time, one sees
that G/ is k-isomorphic to SL (2) and ¢,(z%) is the generator of Z;. Thus we
have also (ii).

When £ satisfies the condition (P,), the condition (iii) of is also
satisfied. Therefore, applying one concludes that to every i-equi-
valence class of inner k-form (G, f/) of G/ there corresponds a certain number
of i-equivalence classes of inner k-forms (G, f) of G,, for whith one has

@ 7(G) = Z-part of ¢*(y(G"))
= *[(G))*,
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where Z (resp. Z') is the center of G (resp. G’), which is also g-isomorphic to
E, (resp. E,). More specifically, when G’ is k-isomorphic to SL (6/r, &,), one
may identify Z’/ with E, through the irreducible representation of SL (6/7, &)
(defined over %) which comes from the (unique) irreducible representation of &,
(as an associative algebra). Then, by what we have proved above, this identi-
fication gives rise to the corresponding identification of Z with E,, and in this
sense one has

@) 7(G)=c(®)",

where ¢(f,) € H¥(k, E;) is the Hasse invariant of {,.

We may reformulate our result in the following form, which also gives a
characterization of the k-forms G obtained by our method.

THEOREM 1. Let G be a simply connected absolutely simple algebraic group
of type Eq defined over k. Suppose there exists a regular k-closed subgroup G’
of type *A;. Then G is of type *Es. If G’ is k-isomorphic to SL(6/r, &), then
through the natural identification mentioned above one has

r(G)=c(&)" .

PrOOF. Since there is only one class of regular closed subgroups of type
Ay in G with respect to the inner automorphisms ([4], p. 149, Table 11), one
may suppose that G’ is of the form G{{a,, ---, «;}) with respect to a maximal
torus 7' defined over £ and a fundamental system {a,, -+, a;}. Let G, be a
simply connected Chevalley group of type E; over k2 and let T, be a k-trivial
maximal torus in G,. Then one can find a k-isomorphism f:G—G, such that
f(I)Y=T, Let ¢:G'—G be the inclusion monomorphism (defined over k), and
put f'=f|G’, Gi=/"(G"), and ¢, =fo¢pof~t. Then G{=G,({ay -+, as}) (With
respect to T,), so that G{ is a k-closed subgroup of G,, which is a simply con-
nected Chevalley group of type A; over &, and ¢, is also defined over k. Since
G’ is of type 1A, the isomorphism 7’ = E, is a g-isomorphism. Therefore the
same is also true for Z= E, which means that G is of type 1E,. It follows
that f%o f~1 (resp. f/° o f/~1) is an inner automorphism of G, (resp. G}). Thus
one restores the situation considered above (except for the condition (P,) on
k, which we do not need), and the last statement of the Theorem follows.

5. The case *E,. Let G, and G{ be simply connected Steinberg groups
over k of type 2E, and 2A,, respectively. Then there exists a quadratic exten-
sion k’ of k over which G, splits (i.e., becomes of Chevalley type). For any
fixed isomorphism Z, = E,, the ‘splitting field’ 2’ can be characterized by the
action of the Galois group as follows:
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Z,2zolcE,;

27 if o< Galk/k),
— P T if o Gal(g/F).

The situation is quite similar for G{. Hence, if there is a k-morphism ¢, :
G|{— G, as described in then the injection: Z,—¢,(Z) will induce
a g-monomorphism of Z, into Z{, and so the splitting fields for G, and Gf
should coincide. Conversely, if G, and G{ have a common splitting field %/,
then one can find a k-morphism ¢, as follows. Let 7, and T'{ be maximal tori
defined over % in G, and GI, respectively, containing a maximal k-trivial torus
in the respective groups, and take a g¢-fundamental system 4= {a,, ---, a¢} in
the sense of [8]. (These imply that T, and T{ are k’-trivial and, if ¢, denotes
the generator of Gal(k’/k), one has a{*=a; as°=a, af®=a; al®=ag) Itis
then clear that G,({ay, -+, a;}) is a k-closed subgroup of G,, which is also a
Steinberg group with the same splitting field &/, and T, G,({a,, -+, a5}) con-
tains a maximal k-trivial torus in G;({ay, :--, a;s}). Therefore, there exists a
k-isogeny ¢, of G{ onto G,({ay, ---, a;s}) such that ¢,(T)C T, 8] p. 233).

Since the conditions (i), (ii) of have nothing to do with the
ground field k, the proofs given in 4 remain valid in the present case. Also
one has G{'=G,({¢}) = SL (2) (over k). Hence one can apply to ob-
tain a quite similar result as in 4. In particular, if (G, f) is an inner k-form
of G, corresponding to an inner k-form (G’, f*) of G{in the sense of [Lemma 1,
then y(G) is given by the Z-part of ¢*(y(G’)). Also, by a similar argument,
one obtains the following

THEOREM 1’. Let G be a simply connected absolutely simple algebraic group
of type Eq defined over k. Suppose there exists a regular k-closed subgroup G’
of type 2A,. Then, G is of type *E, (belonging to the same quadratic extension
k'/k) and y(G) is given by the Z-part of y(G').

6. The case E,. Let G, and G{ be simply connected Chevalley groups over
k of type E, and D, respectively. Then one has

'®) Z,=E,, Z{=E, X E,.
(This time the operations of the Galois group are all trivial) Let T, and TY{
be k-trivial maximal tori in G, and Gji, respectively, and let {«,, ---, a,} be a
oy ay g a, A X ¢
o oO— o o -0 O-- -0

oy



330 I. SATAKE

fundamental system of G, relative to T,, and g the lowest root (i.e., —p
=a,+2a,+3a,+4a,+3a;+2a+2a,) (see the figure). Then one has a k-isogeny
¢, of G{ onto G,({ay, -+, a5, a;}) such that ¢ (T{)C T, One puts also G{
=G ({¢}). Then one has the following

LEMMA 3. Let p, be an irreducible representation of G, of dimension 56

with the highest weight 2= 3 a,+2a,+ 3 aut3act2astast 5 o Then, one
has
P10 @1~ pi+pi+ps,
where p| and p} are the irreducible representations of G| corresponding to the
Sundamental weights 2{ and 2}, respectively. (The As are numerated in such a
e, 45
aj, ai)

In particular, p} is the “second spin representation ” in this numbering.)

(Cf. [2] pp. 143-144; [3] pp. 24-27. Note that in this case p,(G,) leaves
an alternating form invariant.)

In virtue of this Lemma, it can be proved exactly as in 4 that the condi-
tions (i), (ii) of are satisfied. Moreover, one can find generators z,
and z, of Z/ such that

way that =0,; wWhere aj=a;o(p,|T1) for 1<i<5 and aj=a,0(@;|T)-

(01(@1(21)) =diag.(—1.s 1s) »

Pl(ﬂol(zz» - “156 .

Thus ¢,(z;) and ¢,(z,) are the generators of Z{' and Z, respectively. In the
following, we shall fix once and for all the isomorphisms (5) given by this
choice of the generators.

One concludes from that, if (G, f) is an inner k-form of G, cor-
responding to an inner k-form (G’, f’) of Gf, then y(G) is given by the Z-part
of ¢*(y(G")). Through the identification of Z’ = Z{ (resp. Z= Z,) with E, X E,
(resp. E,) mentioned above, one has

©) 7(GN=(c@), @), 1) =c6y),

where €, and @, denote the first and the second Clifford algebras (over k)
associated with G’ supplying the spin representations p; and pj§ respectively
9] p. 249. From this, one obtains the following

THEOREM 2. Let G be a simply connected absolutely simple algebraic group
of type E, over k. Suppose there exists a regular k-closed subgroup G’ of type
D,. Then, G’ is of type *Dy and, if €, is the second Clifford algebra associated
with G’ (in the sense explained above), one has

7(G)=c(6,) .

In fact, since there is only one class of regular closed subgroups of type
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D in G ([4], loc. cit.), one may suppose that G’ is of the form G({«;, -+, as aq})-
On the other hand, since the Galois group operates trivially on Z/ =2ZxZ2", G’
is of type 'D,. The rest of the proof runs exactly in the same way as for

7. Tits gave recently a new method of constructing k-forms of (ab-
solutely) simple Lie algebras of type F, and E, which contain in an obvious
way simple Lie algebras of type A; and D, respectively. The invariant y(G)
of the corresponding simply connected simple algebraic group G defined over
k can therefore be determined by Theorems 1, 1/ and 2. Moreover, when £ is
a local field, all k-forms of E, and E, are obtained in this manner.

First, let us recall briefly the construction of Tits for the case E . Let
D (resp. £) be a quaternion (resp. octanion) algebra over k, and let 4 be a
normal simple Jordan algebra of degree 3 and of dimension 9 over %k (with
the product ). Then one obtains simple Lie algebras of type E, and A, over
k in the following form:

{ g:D(C)—}—CO@JO—I—D(J) ,
¢’ =D®)+D, QI+ D),

where D(---) denotes the derivation algebra of --- and (---), is the subspace of

... formed of all elements of (reduced) trace zero. The product [ ] in g is defined

by the following rule: (i) D(C) and D(Y4) are Lie subalgebras of ¢ satisfying

(D), D(9)1=0; (i) for D e D(C), D' = D(9), and a@u = C,Q I, one has
[D+D’, a®@ul=(Da)Qu+a@(D'u);

(i) for a@u, bRQv ey Y, one has

La@u, b@v]=(u, v)<a, b)+-(ax b)Q(u * v)+(a, b){u, v,

@

where (a, b) = ;—tr(ab), axb=ab—(a, b)leC, and {a, b> is a derivation of C
defined by

{a, bX(x)= }41[[[‘1’ b1, x]———i'[a, b, x] for xeC,
and similarly (u, v)= —é#r(u ov), uxv=1uov—u, v)l, and

{u, vY(X)=uo(Wox)—vo(uox) for xe 4.

The product in g’ is defined similarly.
Now suppose ® . Then one may write C=D+De, with ¢, =C,, ei=1

4) Actually there are two different constructions of the Lie algebras of type FE;
and E,;, but for the sake of simplicity we consider here only one of them.
5) For the theory of Jordan algebras the reader is referred to [7], [10], [12], [13].
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< k, A+ 0, and one has

(a+be)c+de)=(ac+ Adb)+(da+bé)e,

for a, b, ¢, d =D, where the bar denotes the canonical involution in ®©. We
imbed D(®) into D(C) as follows. One has D(®)={D, (a €D,)}, where D,(x)
=[a, x] for x=9D, and D, can be extended to a derivation of C by setting

Dy(x+ye)=T[a, x]—(ya)e, .
(Note that this extension of D, is independent of the choice of &) The injec-
tion D(®)— D(C) thus defined is clearly a monomorphism of Lie algebra, and
gives rise in a natural way to a monomorphism of g’ into g. In this sense,
we have the following
LEMMA 4. When DCC, ¢ is a regular subalgebra of g.

In fact, take any non-zero element g, in ®,. Then one can define another
sort of derivation of ¢ by setting

Da (x+-ye) = (a, ), -

It is easy to check that one has [D},, X]=0 for all X=g¢’. Hence, if q, is
semi-simple and if §’ is any Cartan subalgebra of g/, then )= {D,, },+)’ is a
Cartan subalgebra of g such that [§, ¢’]Jc¢’. Therefore, ¢’ is a regular sub-
algebra of g with respect to §.

Now we have the following two cases:

1°. 9=4Q1), where %, is a normal simple (associative) algebra of degree
3 over k and 4(%,) denotes the Jordan algebra obtained from %, by endowing

it with the Jordan product xoy:%—(xy—kyx) for x, yeU,.

2°. I=49N, ¢), where U} is a normal simple (associative) algebra of de-
gree 3 over a quadratic extension k2’ of 2 with an involution of the second
kind ¢, and 4N, ¢) denotes the Jordan algebra formed of all ‘¢-hermitian’
element in A, (.e., all x=N, such that x‘=x) with the Jordan product as
above. In particular, when ;~1 (over k’), one may write

I=9(k'[k; V1 72 Ts): {X6ﬂ3(k/)|H_ltXH:X} s

where y; €k, 7,0 1=:1<3), and H=diag.(yy, 72 72

It is then easy to show that, in the case 1°, ¢’ is canonically identified
with the Lie algebra (DX®U,), with the Lie product [x, y]=xy—yx; while, in
the case 2°, g’ is canonically identified with the Lie algebra formed of all
x € DR A; such that trgeyw(x)=0 and x“+x=0, with the Lie product as
above, where ¢’ denotes the involution of the second kind in D) A, defined
by (xRy)' ' =iQ®y for x€D, yeN;. Let G and G’ be the simply connected
simple algebraic groups defined over % correspnding to g and g/, respectively.
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Then, in the case 1°, G’ is of type 'A; and by one has

) 7(G) =) .

In the case 2°, G’ is of type 24, and 7(G) can be determined by 1/
and by [9], p. 245, (14); in particular, if A~ 1 (over %’), one has

7(G)=(coe)s

where
1 if o< Gal(k/k),

Che=1 Yrrers =t if oaGal(k/k), v Gal(k/k),
Yyiars ' if o, & Gal (B/k),
whence it is easy to see that (c},.)~1 and so y(G)=1.
8. The simple Lie algebras of type E, and D, constructed by Tits are of
the following form :»
g=D(O)+C,RI4+D(I"),
¢’ =D®)+D, QI+ D(I"),

where © and C are as before, but 4’ is a normal simple Jordan algebra of
degree 3 and of dimension 15 over k. When k satisfies (P,), one may assume

©)

10 I =K (D T T2 7’3) ,

where @’ is another quaternion algebra over &, y; €k, y;#0, and 4,(D; 7,
72 7s) denotes the Jordan algebra formed of all X € My(®’) such that H-YXH
= X with H=diag.(yy, 7. 7s)- The products are defined quite similarly as in 7.

Now, analogously to one sees that, when DCC, ¢ is a regular
subalgebra of g. Also, it is easy to see that ¢’ can be identified canonically
with the Lie algebra formed of all X € % ,(DRD’) such that {r(X)=0 and
tXH+HX =0, where X is defined by means of the involution of the first kind
in ®R® defined by xQyv=iQR7F for xD, yeD. It follows that G’ is
of type D, and so by denoting by €, the second Clifford algebra
associated with G’, one has

7(G)=c(C,).
In the special cases, where @' C C or C~1, one can show that €,~% and so
11 7(G)=c(®).

(This is always the case when % is a local field.)
In fact, if © CC, one may take D= =(B, 7). Then DY’ ~1 and the
3-dimensional hermitian vector space over DR D’ with the hermitian form H
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reduces in an obvious manner to a 12-dimensional quadratic vector space over
k with a symmetric bilinear form S=diag.(1, —8, —7, fr)Q@H. By an easy
calculation, one then sees that the full Clifford algebra C(S) is ~ (8, 7) and so
€, ~C,~(B, 7). Next, when ¢'~1, one may take D~1; put ®' =8, ).
Then the 3-dimensional hermitian vector space over DRI reduces to a 6-
dimensional (right) vector space V' over ©’ with a skew-hermitian form of
index 3. Let (e, ---, e;) be any basis of ¥V’ over ¥’ for which the skew-

hermitian form takes the form <(1) —(1)3) and put ¢;=e;s); (1 <1<6), where
8

HeD), ef=p, e, = éA(qu\/F’""s{). Put further K=Fk(+~/f). Then W= {e,

-+, ¢} x 15 a maximal totally isotropic subspace of Viel;, which is now viewed
as a 12-dimensional quadratic vector space over K. Let W’ = {e,, ---, e,,}x be a
complementary totally isotropic subspace such that S(e;, ¢;4.,)=0d,; 1 <1, 7<6), S
denoting the symmetric bilinear form on Viej;. In terms of this basis, one can
show that the second Clifford algebra €, (in the sense explained in 6) corresponds
to the simple component of the even Clifford algebra C+(S) whose unit element is

given by u%{H— 1§[ (eiei,,e—emei)}. From this, one can conclude by a straight-
i=1
forward calculation that €,~ (8, 7).

9. The cases 3D, and ¢D,. Let G, and G{(zIsIG{i) be simply connected
i=1

Steinberg groups over k of type 3D, (or ¢D,) and *3A,) (or ¢(3A,)), respectively.
Then, there is a cubic extension k{ of k such that G{= R;,(G{), and the
splitting field %2’ for G{ is the smallest Galois extension (of degree 3 or 6) of
k containing %{. One has

Z, = E, XE,,
Z{ = Ez X Ez X Ez (: Rk’l/k(Ez)) .

12)

Qs

po”

In view of the operations of the Galois group on Z, and Z, it is easy to see
(as in 5) that one has a k-isogeny ¢, of Gi onto G,({a,, a;, a,}) if and only if
G, has the same splitting field 2’. One puts also G{'= G,({¢}), where g is the
lowest root. Then (as in 4) one can show that all the assumptions of
1 are satisfied, provided k& satisfies (P,). Moreover, if one calls z; the generator
of the center of G/; (1 =1, 2, 3), one sees that ¢,(z,2,) and ¢,(z,z,) are generators
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of Z, and ¢(z,2,z;) is the generator of Z{. One fixes once and for all the
isomorphisms defined by this choice of the generators. Then, by the same
argument as before one obtains the following

THEOREM 3. Let G be a simply connected absolutely simple algebraic group
of type D, defined over k. Suppose there exists a regular k-closed subgroup G’
of type 33A)) or 3A). Then, G is of type 3D, or D, (with the same ‘ nuclear’
Sield k' ®). If G’ is k-isomorphic to Ry, x(SL (1, D)), where ki is a cubic exten-
sion of k and ' is a quaternion algebra over k|, then y(G) is given by the Z-
part of R, (D))< H¥Xk, Z/).

In particular, if there is a quaternion algebra ® over k such that ©'
=DRk’ (as is always the case when % is a local field), then it can easily be
seen that y(G)=1.
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