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§1. Introduction.

Let £ be an algebraic number field of finite degree and b be its different.
Then for any non-zero number @ in ., we decompose the ideal (®)d into the
guotient of integral ideals a, b which are mutually prime:

(@b=-", @D=1.

The Gauss-Hecke sum is defined by an exponential sum
D Cl@)= 3 Q2TIS@ED) ,

kg moda

where S means the absolute trace with respect to 2 and £ runs over a com-
plete residue system of integers o modulo a.

Hecke obtained the following formula from a transformation formula of
the theta-function [2],

kqg))_ _ ~/ N26b *Tiivs*(sgn ) —02
@ VNa T ONE, ¢ (o)
where b, means an integral ideal satisfying 71% ,,:Mgl,, (a,5)=1 and & a
1

number in %k determined by d(8)=g, (g, b,)=1 and N the absolute norm, finally
S*(sgn w) the sum of signatures of real conjugates &® (p=1,2,---,7) of o,

that is, legn P,
p=1
Especially for two integers «, 8 in k satisfying («a, 2)=(8, 2)=(«a, f)=1,

Hecke derived from (2) for the quadratic power residue symbols (%), (~% -),
using some number @,

c =%« C( —C’)ﬁ)

) () (Cg) = c(zii) c ;ffzi@-) ’
1 4

- »_.] ®_.1
g=zg(a, =32 ig,,f}_;az sgn 52 .
p=1
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Siegel treated the following sum regarded as a generalization ot the
Gauss-Hecke sum,

@ Glw, )= 3 emsSwri+orn

r moda

where r denotes a number which satisfies the condition
4y Slwa*+war)=0 (mod 2) for any « in a.

If we have (ab, 2)=1, the reciprocity formula of Siegel reduces to the-
form:

1 . T st(sgn w)-Slwr)} 1 0w
5 —eG(w, t)=c¢* — Gl =, =7 .
) v/ Na (@ )= v/ Nb G( @’ 0 T>
From this formula, he gave a simple and beautiful proof of Hasse's for-
mula on the law of quadratic reciprocity in k.

®  (£)(4)=0"FE) @ p=tLa=p=1moa .

In this paper we prove in §2 that Siegel’s sum (4), under the assumption.
(ab, 2) =1, just coincides with the Gauss-Hecke sum C(2w), and in §3 there-
from we show that Hasse’s formula (6) can be derived from (2). In §4 we
prove also the formula of complementary law from (2) in a similar way. One-

remarkable fact is that C(Ag)-) with (@)»=», (b, 2)=1 consists essentially of:
only one term.

§2. A special sum C(%)

First we quote some important properties of the parameter = in (4).

In the case where (ab, 2)=1, a number r which satisfies (4Y for given @
can be chosen in a and is determined uniquely modulo 2a.” Hence it is legiti-
mate to write such as G(w, )= G(w). We shall use this notation in the sequel.

Furthermore for the z chosen in this way, we have

wrtt=1 (mod %—*)” .

Now we will simplify the sum C({;ﬁ under the conditions (m)b:%‘

(ab, 2)=(a, b)=1. First

1) In the case were 2jp holds, we may take 0 as r, and (4) becomes (1). Further-~
more note that (2) can be derived from the general formula of Siegel in

2) See [3, p. 117.

3) See Hilfssatz 2 in [3]
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()= 3 oEA g 5 e

£ mod & x mod 4a

By making use of an integer «, such that ac=(a,), (¢, 200)=1, we have

» e’er'S(%zcz): eznis(%('m“raom)z)
?
£ mod .a x1 mod a,gg mod §
2711'5(3(41;1 +2x2a0+;:3a'0)2)
—_ e 8
K3 réd 2 k1 rﬁodaz,xz mod 2 ‘
= 2 Hor),

al ¢/ mod 2a

omiS(“L 2k + /)2
where we set H(w, /)= Sy et e?)

ajg mod 2a
and are determined modulo 2a.
We assert that H(w, 7/)=0 if ¢/ does not coincide with Siegel’s number ¢
indicated in the first part of this section.
When ¢/ is not equal to r, there exists a number «’ in a such that
S(wa?+wr’'a’)= 0 (mod 2). Hence

The numbers ¢’ belong to a

C: eznis(%(zaw’)z) — e2ﬂis(£8’—(2zx+2a"+r’)z) ’

ala mod 2a ala mod 20

_ ezms(%(alhwr')) . ezm's(%(zwr/)z) ’

a|@ mod 2a

from which we conclude C=0.
Now a short calculation shows that

H(o, )= "G ¢ 5 ris(Ges?)
’ 2|k mod a

Hence our assertion is valid.
On the other hand if ¢’/ is equal to z, then

H(C(), T) = 27L 2 827:1'6:(-‘;(2“: +T)2) .

ol gmoda

Therefore we obtain

@ c(-g) =2 ). G
An particular, we see for a=oy,

) o(-g) =4 emS(e)

‘where the integer r satisfies the condition S(wv?+wvr)=0 (mod 2) for any v
in o,

By the way, for (@)= 7sz’ (a4, a,)=1, choose two numbers «,, a, such
142
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that a;¢; = (o), axe, = (@), (¢;, ;) = (¢,,0,)=1 hold, then we have by Hecke [2],
€] U@)=Udad) - A(Fasd).

Therefore for our number @, we have
(10) (g )=c(-“g-) - csw.

where «;, means an integer determined by ac, = («y), (¢;, 2)=1.
Hence we obtain

(1) c(g)=1"- ¢ TS0RE) | gy

Herein & means a number which satisfies the condition S(wa}?) = S(waivE)
(mod 2) for any integer v.

Set «,f =1, then r, satisfies S(wa? = S(war,) (mod 2) for any a in (a,).
Hence the number ¢ in (7) satisfies especially S(waz) = S(war,) (mod 2) for any

« in («a,), whence (@)(a;Xr—7,)C2d~'. Therefore r=r, (mod T%) which
1

gives us 7 =17, (mod 2a). This shows that we can choose 7, as 7 in (7).
By (7), (11), we finally obtain G(w)=C(8w).
Now we have in general

(12) o= (),
when (g, 2)=(qa, 8)=1, f =0 hold [2]

Hence we obtain

(13) Clw)= (—E\)C(w) = (=)@ = CCw).

This is an interesting equality which explains us a relationship between
Siegel’s sum and the Gauss-Hecke sum under our assumption (ab, 2)=1.

§3. Hasse’s formula.

We shall show that the formula (6) of Hasse can be obtained from (2) by
a slight modification of Siegel’s proof in [3]. We assume that (a, f)=1,
a= =1 (mod 2).

Following Siegel [3], we define numbers 7, §, ®; and an ideal ¢ by

Wy)=c, (¢, 2a)=1,

W= =", @=r,  wy=p,  w,=fr.
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() =gq, (g, 2(Bx)=1, g integral.

2
Furthermore we put wf= ——(%— (1=1,2,3,4). Then we have

CQwy = 2oy = () 2wy,

. '\/NC-{ " S*(Sgn w1)
CCo) =" Ng ¢ C('sa; ).

o v/ Na ELgx(sgn wy) —08°
CCov="pyne ¢ (5w, )

Therefore

v (o0,)

— 02
(.,,ﬁ,,ﬁ> _ ]. . elrj;(s*(sgn w1) —~S*(sgn w9)} . C( 80)1 >
«

Take an integer 7’ such that cc’ = ("), (¢/, 2)=1, then from (9) follow

(G =) e~ g5 r) - o(~552).

o) =g )=¢c(=5 ) o= 757,

Since (¢y'r~'0)=cc’/c"lg=1c’g, we see that 7 7"15 is an integer. Hence we have

(4 )= C(“’*aﬁr) c(-8-47)
(% S =c(-% ) c(~ 877%
S () o).

Here the assumption a¢=f=1 (mod 2) shows that r satisfies S(y£?%) = S(yx7)
(mod 2) for any integer x. Therefore

(-—) (5% (sgn w1) — S*(sgn wg) ~S(afrt®) +S(ayrh) <_ﬁ> Kevion)
V1 Nﬁ CQRwY¥)
Now
. '\/NBE i g+ (sgn o) —02
CEOD= ju/ng ¢ (- gar)
v Ne T gr(sgn o) —0
ceon=pnme T Clgar)-



Gauss-Hecke sum 37

Hence we have

_ Br.
_ggggz}g_ — e-%(s*(sgn %)~ S*(sgn w?)\/NBZErSh)); .

Therefore

(_@) (_a_> o 4 (SH(sEn Br)=S*(sgn ap) ~S*(sgn py) + (g 1))
«

B

X e%i‘{‘s(dﬁrrz) +8(ayt®) +S(Bre?) = S(re?)}

By making use of that yr2=1 (mod %) we see

’i*{S*(Sgn afr)—S*(sgn ay)—S*(sgn fy)+S*(sgn 1)} =g(a, f) (mod 2),

< (—S@Bre+S(are)tSBrey—Stred) = 5(15% 158 ) (moa 2.

This completes the proof of (6).

§4. Complementary law.

The formula (%}) =(—=1 S(%), where « is a totally positive number

and a=1 (mod 2), follows from (6). Our concern is to obtain the foermula

for <3[) .

Suppose that a =1 (mod 2), then we have

2y SR

o N —aa N
(=)
where ® means a number determined by (o )d0=05, (b,2)=1. This formula

follows easily from (2) by Hecke’s method as in the previous section.
Hence in the case where a =1 (mod 4) from (8) follows

By making use of that o'r*= (mod ?) we obtain

(2) =0,
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This is also a well-known formula of Hasse [1].

General Education Department,
Kyushu University
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