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On intermediate many-valued logiecs.

By Toshio UMEZAWA

(Received Oct. 5, 1958)

There have been many reseaches on many-valued propositional logics.
Rosser and Turquette [T], Dienes and Church investigated many-
valued logical extensions of two-valued logic which have the analogous
properties to classical logic. FYukasiewicz and Tarski and Kleene [5]
gave many-valued propositional logics which are not considered to be classical
logic. Furthermore, the truth-tables given in and do not contain all
formulas which are provable in intuitionistic propositional logic. In fact,
(AD7A)D7 A which is provable intuitionistically does not always take the
designated truth value in and ADA in where O and 77 denote im-
plication and negation respectively.

A treatment of many-valued propositional logics, in which every intui-
tionistically provable formula is true but not necessarily all classically
provable formulas, viz. of intermediate many-valued logics in our terminology,
was first achieved by Jaskowski[[6] The purpose of this paper is to investi-
gate details of intermediate many-valued logics.

A sufficient condition for a many-valued propositional logic to contain
every intuitionistically provable propositional formula is given in §1. Let
L, L, be arbitrary many-valued logics. We call L,,---, L, mutually inde-
pendent, if for every distinct i and j there is a formula which is true in
L; and not true in L; In §2, it is proved that there are at least enumerably
infinite mutually independent many-valued propositional logics.

In § 3 we construct a sequence of intermediate many-valued propositional
logics in which every member is a sublogic of the preceding ones. This
sequence is well-ordered and the ordinal number of the sequence is called
the length of the sequence. It is proved that there is a sequence of inter-
mediate many-valued propositional logics whose length is ®*’. In §4, special
many-valued propositional logics %, and R, are discussed. The many-valued
logics which can be reduced to R, is studied. Every provable formula in
LR, and LP,, special intermediate propositional logics in axiomatic stipula-
tion (cf. Umezawa and [9)), is true in R, and R, respectively.

In §5 we extend the results in §2 and § 3 to predicate calculus. Quanti-
fiers Y and 3 can be defined in the propositional logics which appear in the
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proof of Theorems 2 and 3 and hence these logics can be regarded as
predicate logics.

§1. A sufficient condition for a many-valued propositional logic to
contain all propositional formulas which are intuitionistically
provable.

Let L be any many-valued propositional logic, the set S of whose ele-
ments is non-empty. We denote the logical operations in L i.e. conjunction,
disjunction, implication and negation by A, V, D and 77 respectively. For
elements @, b of S, =0 means that ¢ and b are in a same subclass for a
classification of S. We make use of set-theoretic notations such as { }, {]}
and .

The following is called (])-condition.

()-condition. There is a classification of S such that the following holds.
Let a, b, ¢ be elements of S.

1. If a=b and b=, then a=c.

If a=b, then aAc=bAc and eaVvVc=bVe.
If a=0b, then aAb=aVb=a.
aNb=bAa and aVb=bVa.
aNbOAc)=(anb)Nc and aVdVe)=(aVbd)Ve.
an(eVb)=a and aV(eAb)=a.
aNbVe)=(aNb)ViaNc) and aVOAc)=(aVb)N(aVo).
There are sets T and £ defined thus:
T={t| for all xS xAt=x} and
F={f| for all xS xAf=f}
9. For ¢ and b, there is a set which contains ¢>b and whose element,

say 7, satisfies the condition: »

For all xS, (aAx)Ab=aAx is equivalent to xAr=x.

10. For any a<S, there is a set which contains 7¢ and whose element,

say 7, satisfies the condition:
For all xS, @ Ax)Af=aAx is equivalent to xAr =x where f is an
element of F in 8.
In virtue of 6, T and F can be also defined as follows:
T={t| for all xS xVvt=t¢} and
F={r]| for all xS xVf=x}.

Levmma 1. For any elements a, beS, aDbeT is equivalent to aNb=a.

Proor. Let ¢DbeT. By 9, we see that for all x=S @AX)ANb=aAx is
equivalent to xA(eDb)=2x. From the assumption and 8, xA(eDb)=x for all
x=S. Then for all xS (@eAx)Ab=a/Nx follows. Hence (@Aa)ANb=aAla.

O NS T W
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Since ¢ =a holds, we obtain eAb=a, using 1, 2 and 3. Conversely, assume
that eAnb=a. By means of 1, 2, 4 and 5, we obtain (@aAx)Ab=aAx. Con-
sequently, the set {r | for all xS (eAx)Ab=aAx is equivalent to xAr=x}
is equal to {r | for all xS xAr==x}, i.e. to T. Hence, aDb<eT.

Levma 2. Let f be an clement of F. 7a<T,aDfT and a=F are equi-
valent one another.

Proor. Let 7a=T. Then xA7a=x for all x&S. By 10, @AX)Nf=aNx
is equivalent to xA 7a=x for all xS. Hence, (eAX)Af=anx for all x=S.
Substituting ¢ for x and using e¢Na=a, we obtain aA f=ae. By Lemma 1,
this means ¢DfsT. From a¢Dfe7T, Lemma 1 and e f=f, we obtain ¢ =f.
Hence, a=F. Finally, let e F. By the definition of F, xAe=a for all xS
and hence fAe=a. Consequently, for all xS (@ANNASF=(AQAX=aNX.
In terms of the equivalence of (@AXASF=aAxtoxA 7a=x we obtain xA\ 7«
=x for all x&S. Hence 7a<T.

A formula is called #rue in L or L-true if the formula always takes the
designated element of L no matter what set of elements of L is assigned to
the variables of the formula.

Turorem 1. Every intuitionistically provable propositional formula is true in
any L which satisfies the (])-condition and takes T as the set of designated
elements.

Proor. We make use of Gentzen’s L] [7] to deduce all the intuitionis-
tically provable formulas. Since Gentzen adopts the sequent calculus, we
interprete a sequent as follows. A sequent I'—4 with non-empty I, 4 is
considered I'*2O4* where I'* and 4* denote A, A---AA, and B, V--VB, if I
and 4 represent A,,---, A, and B,,---, B, respectively. I'—4 with empty I" or
with empty 4 is considered 4* or 7I'* with the same meaning of * as the
above.

As for initial sequent A— A, the theorem holds by 3, because aDa<=T is
equivalent to e Aa=a by virtue of Then we proceed inductively.

Thinning-in-antecedent. This inference has the shape 71,;%% because
of the intuitionistic limitation. Hence, it should be proved that if yDieT,
then (¢Ay)Dh<=T where 7 is an element of L representing the value of I'.
By assumption and [Lemma 1, it follows that y AA=7r. Using 2 and 5, we
obtain (@eA7)AN2A=aANr and hence (aN7)Dh=T.

Thinning-in-succedent. It suffices to prove that if 7reT, then yDaesT
for any element ¢ of L. Let 7reT. In virtue of reF and hence
7Aa=r. By [Lemma 1, we obtain yDaecT.

Cut. This inference has the shape brA AA’ Ai[i. Hence, it should be

, d—H
proved that if yDesT and (@eAd)DhcT, then (y Ad)DheT. By assumption
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and Cemma 1, we may assume that rAe=7 and (@Ad)AL=aAd. Then it
follows successively that (FANAL=TADAINE=7r A(@ADNNR) =71 A(@ND)
= Na)NO=rAN0. Hence, (rAO)DheT.

Since other rules of inference can be proved similarly, we omit the rest
of proof.

§ 2. Many-valued propositional logics which are mutually independent."

Let L,,--+, L, be arbitrary many-valued propositional logics. L,, -, L, are
called mutually independent if for each i and j (i+j 1=1, j=n) there is a
formula which is true in L; and not true in L;.

Tuarorem 2. There are at least enumerably infinite many-valued propositional
logics which are mutually independent.

Proor. Let S; be the set defined as

Si: {(x)y)]x:y:() or (x::l) 2:"'; 2n+1—i(n+1) and y:17 2;"'} Z)}
where 1<z and 2=<{<n-1.
Let S;=2¢,b and a= (a,, a@,) and b= (b, b,). Logical operations are defined
thus:
a/Nb = Max(a,, b,), Max(a,, b)) .
a Vb= Min(a,, b,), Min(a,, b,)) .
0, 0) if e,=b, and a,=0b,,
1,s,) if a,=b, and a,<b,,
b, 1) if e, <b, and a,=0,,
b if @, <b, and a,<b,.
7a=aD@" 1 (y+1), 7).

The many-valued logic whose truth values are elements of S; and whose
logical operations are the just defined ones is denoted by L; where (0,0) is
the designated element.

We prove that L, L, L,,, are mutually independent. It suffices to
prove that for 2=<j<i=wn+1 L; and L; are mutually independent. Let us
consider a formula y(ApDAq) where \/ denotes the disjunction of (4,DA4,)'s

with » and ¢ which satisfy the condition C: 1=p=i, 1=¢=<iand p#q. This
formula is L;-true, since, by the assumption j <7, there are p and ¢ such that
the truth value corresponding to (4,DA4,)V(ADA,) is (0,0. However, this
is not L;-true if the wvalue of A, A=r=<#n) is @, i+1—r). Next we consider
\D/(AJ,DAQ) where D is the condition: p, ¢=S; and pAg#p. Since the number

of elements of S; is greater than that of elements of S;, there are ¢ and s,
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distinct elements of S;, such that A, and A, take a same truth value in S,

For any distinct p, g=S;, pAg+#p or pAg+q and hence the value of 4,04, a

fortiori, of \(4,DA4,) is (0,0). However, this formula is not L;true, if the
D

truth value which A, takes is ». Since » is an arbitrary positive integer, the
theorem follows.

§3. A sequence of intermediate many-valued logics.
First we introduce some definitions.
Q= Pt 1, 0) and = 3 (DY
(2 =i) where a naturally depends upon #, -, ¢, and ujh upon &, by

gk _1
p(k) = ?wo _;T Where w, /i O .

We define S(;,---, ¢,, n) recursively. Let A, B, A, be arbitrary sets. AUB
denotes the sum set of A and B and \U A, the sum set of A,’s which satisfy
C

the condition C.
Sn) = {(k, H)|0=k=n}.

Stiy =y oy m) = {(@'p(k)), a"p(RN 0=k =n and [[=0,1,,w, m= 53 -

j=h

)t; where 0<h=i; [=0,1,,w, m= 3] t5, w1} U{(@@p(k)+x, a2 p(k)+3)10
i=n
=k<n and (x, y)E\J SW, b1 £—1, 5,21, So, m) where j is determined by
C

the condition #y=--=#,_,=0 and #>0 and C denotes that 0 <s,.; < and
0<m< w}.
S(O’ ti,"'$ to’ ”) — S<t1:"") ZLO) n) .

Example. S(1, ») is the set, {(w(@2p(k), w2™p(R))|0=k=<n and [,m=0,1}
U {(w@p(R)+x, @2p(R)+3) |0 =< k<n and (x, y) EO<}nj<wS(m)} where p(k) =2F—1.

We express the set of #,---, %, # occurring in the definition of S, ¢, #)
by (¢, to, #). Given n, m (8>0), (L, -+, Loy 7) > (Sjy+y Sos M) ((Spye++y Sop 1) < (15777, Loy
n)) means that i) i>j or ii) there is an x such that i=yj, £, = s, {341 = Szs1
t,>s, or iil) i=7, ty=s, -, ty=So, n>m or iv) m=0. (t;, -, to, ) = (S;,"", So, M)
means that i=j, £, =sj,-, {, = s¢, n=1m.

Sty ¢y, m) contains S(s;---, so, m) as a proper subset if (¢, £, 7) > (S;
Sos M1)-

We denote by n a finite sequence of (#,--, , n)’s such that if (s, e, 72)
is a preceding member of (u, -, 2, [), then (s;,--+, so, ) > Uy, -+, %, 1) and j+#k
or for some x s,#u, Let n, and m, be x-th members of n and m respec-
tively. n>m@m<n) means that there is an x such that n,=m,,---,n,_;, =m,_,,
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n, >m, The number of members of n is denoted by /i(n).

Let An,) = a@¥pn)) where «, w, and p(n) are defined for f,,---, &, # in n,.
S, -+, by, ) is also denoted by S, if n, is (¢;,--, f, n). Now we define S,(n,)
and T(n).

S ={(E B+, T ) +2)] (3, D=S(n,)}

where 5 f(,) = §(m,)-+80n)+ -+ +5(),
= Sn).

1Sr=ih(n)

Logical operations are defined in 7(n) in what follows. Let ¢ and b are
elements of T(n) and @ = (@, @,) and b= (b, by).

a/Nb= Max(a,, b)), Max(a,, by)) .
aVb = Min(a;, b,), Min(a,, b,)).

Let ¢ be the least ordinal number of x's occurring in (x,b,)eT(n) and d
the least ordinal number of y’s occurring in (b, y)= T(n).

0,0 if a,=b, and ay=0b,,

(c,by) if a,=b, and a,<b,,
a>b=
(b,d) if a <b, and a,=b,,

(b, b)) if a, <b; and a,<b,.
Let 7 be the greatest ordinal number of all x’s occurring in (x,y)=T(n).

Za=a>(,7).

T(n) is closed with regard to A, Vv, D, 7.

We denote by L(n) the many-valued propositional logic as defined above
where the designated element is (0,0).

LemMma 3. L(n) is an intemediate many-valued propositional logic.

Proor. In virtue of Theorem 1, it suffices to prove that L(n) satisfies
(J)-condition. We take a trivial classification where every subclass consists of
only one element. Then = becomes = between elements of L(n). 1 and 2
are evident. 3-7 can be easily proved. As to 8, T and F are taken to be
{(0,0)} and {(7,7)} where r is the greatest ordinal number of all x’s occurring
in (x,y)=L(n).

Concerning 9 and 10, we take {¢Db} and {7a} as sets required in 9 and
10 respectively. We prove that for all xeL(n), (aAx)Ab=aAx is equivalent
to aN(@Db)==x. Let x=(x, x,), a=(a;, a,) and b= (b, b;). In case both a, =5,
and a@,=b,, it is evident. Assume that ¢, =5, and @,<b,. It suffices to show
that Max(b,, x,) = Max(a,, x,) is equivalent to both Max(x,, c¢) = x and Max(x,, b,)
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=x, where ¢ denotes the least ordinal number of x’s occurring in (x, by) = L(n).
For x,<b,, it clearly holds. For x,=0b,, it also holds, since if x,=05, then
x =c¢, and for x,>b, x, =c is also valid. Hence, what is to prove holds for
any (x;, x,)L(n). Furthermore, it can be proved that {¢Db} is the only szt
which satisfies 9. Other cases can be treated similarly.

We say that L(n) is a sublogic of L(m), if every L(n)-true formula is
L(m)-true and the converse is not the case.

Tueorem 3. If n>>m, then L(n) is a sublogic of L(m).

Proor. It follows from the assumption n>m that there is an x such
that ny=m,,---,n;y; =my., n,>>m,. Let r be the x as required. For every
v such that » <y = /h(m), n,>>m, and it is seen from the definition of S,

¢y, ) that (ygﬂ(mm)Jrzl, yg B(m,)+z,) =S(n,) where (z,, z,)€S(m,). Consequently,
Siim,) (r =y=<1lh(m)) is a subset of S,(m,) and hence U ) Si(m,)CS,(n,).

rEy=th(m

Therefore T'(m) is a subset of 7(n) and we obtain that if a formula is L(n)-
true, then it is L(n)-true.

Then, for the proof, it suffices to show a formula which is L(m)-true but
not L(n)-true. Let us define

S'n) = {(Z B +a@p(i), S A +a@mpE 0= =0 [1= 0,y w, m=

jﬁ)h(j—k)tj: [=0,,w, m= ‘i‘ it woj} where n, = (¢, -, t, ») and «, p(k), w, are
= j=0

defined for the #,--, ¢,.
We consider a formula F: \/(A,DA,) where \/ denotes the disjunction of
C

(A,DA4,)s with x,y which satisfy the condition C: x,yEIU S’(n,) and for

=z=v
x= (%1, %5), ¥y = (3, ¥2), Max(x,, y)#x, or Max(x,, y;)#x,. Since S'(n,) and r are
finite, F is a formula in propositioneil calculus. F'is not L(n)-true, because if
the value of A, is x, every A,DA, in F does not take (0,0) as its value, as
is seen from the definition of O.
Next we consider F in L(m). Any A,DA, in F where x,y& U S'(n,)

1=2<s
can take a value different from (0,0) in the same way as the above. Let n,
be (¢, %, n) and m, (sj--, s, m). Since n,>m,, i) i>j or ii) there is an x
such that i=j, ¢t =5, tps; = Sp41, £>Sy OF 1il) i=7j, ¢, =54, ¢ =S, n>m or
iv) m=0. Let i>j. S'(m,) (r<y=Ih(m)) does not contain i+1 elements such
that ¢Db+(0,0) and 6Da+(0,0). A.s in F’': \V/(A,DA,) in F where x,y=S'(n,)
must take values from \J S’(m,) in order that the value of F' be not (0,0).

1Sy=ih(m)

Since F’ contains a subformula of form \Y (B.DB,), then F’ takes

XY x,Y=1,-,i+1
(0,0) as its value in L(m). Hence F is L(m)-true. Also in other cases, not all

A DA, in F’ can take values different from (0,0) in \J S'(m,). F’ and

r<ysth(m)
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hence F take (0,0) as their values. Therefore F is L(m)-true.

We consider a sequence of L(n)'s in which every member is a sublogic
of the preceding ones. This sequence is well-ordered. The ordinal number
of such a sequence of L(n) is called the Jengts of the sequence.

Tenorem 4. There is a sequence of intermediate many-valued propositional
logics whose length is o

Proor. For convenience, we write “the length for n” instead of “the
length of a sequence of all L(m)'s where m<n and every mumber of the
sequence is a sublogic of preceding ones”.

We take L(n) where n consists of only n,=(1,1). Since for any m con-
sisting of only (m), m<n, the length for the n is w. Assume that the length
for n consisting of only n, = (1,0,---,0, 1) with i zeros is »*’. Then the length
for n consisting of only (1,0, 0,p) with i zeros is »*’p and hence the one
for n consisting of only n,=(1,0,+,0,1,1) with i—1 zeros is w*"*!. It can
be proved that the length for m consisting of only n,=(1,0,---,0,%,1) with
i—1 zeros is w®*' and hence for m consisting of only n =(1,0,,0,10,1)
with i—1 zeros it is w®*°. Similarly, it is proved that the length for n
consisting of only m,=(,0,---,0,1) with {+1 zeros is !, Since we can
take any integer for i, the theorem follows.

§ 4. Special many-valued propositional logics.

In this section we treat special many-valued logics. L(n) with n consist-
ing of only n, = (») in the preceding section is denoted by M,. We represent
R, in terms of truth-tables. Let 0,1,2,---,%# be truth values of R, and 0 the
designated element. Logical operation A, VV, D and 7 are defined in what
follows:

A 012 - n \Y 012 - n D 0123 --n | 7

0 012 - 2n 0 000 -0 0 0123 n | n

1 112 - n 1 011 -1 1 0023 n n

2 222 - nm 2 012 .2 2 0003 ”n 7

n nnn n n 012 n n—1{ 0000 n | n
n 0000 0 0

In virtue of [Theorem 3, it follows that if #>m, then %, is a sublogic

of R,.. R, is the contradictory logic and R, is the usual two-valued logic.
Two many-valued logics are called equivalent if the sets.of true formulas
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are the same. We now give two many-valued logics which are equivalent
to R,.

41. Let S, S,,---, S, be arbitrary non-empty sets, each two of which is
disjoint. The elements of Sy, S,,---, S, are taken as truth values of L,. Logical
operations are defined in the following.

Let ¢;=S; and b;=S;.

1) @;Ab;jESmax(.j -

i)  @;Vb;=Smint,j) -

ili) @, 2b;eS, if izj and @;Db;eS; if i<j.

iv) 7a,=S, and Ta, S, if i<n.

The designated elements of L, are elements of S,. Then L, is equivalent
to R,, because if we classify elements of L, into S,, S,,'*+, S,, then the result-
ing logic is isomorphic to R,.

4.2. Let S be any non-empty set. f; (0=i=#) is defined to be a function
such that for all x<S, fi(x)=i. Let F be the set of all functions of one
variable x with S as the range of x and with {0,1} as the domain. f; (1<i=n)
and elements of F are truth values of L,. f, and f; are elements of F. Let
S, &=L,

FAg=h, where 4,(x) = Max(f(x), g(x)).

Vg =h, where &,(x) = Min(f(x), g(x)).

fDg=h, where h;(x) =0 if f(x) = g(x) and 7Z;(x) = g(x) if flx)<g(x).

7f=rDfa

f, is the only designated element of L,. Then we prove that L, is equi-
valent to R,.

fo fi,o0, fn form a subtable isomorphic to R,. Hence, if a formula is L,-
true, then it is also R,-true.

Let S=a and T,= {f|f(a)=0 and f=F}. We denote the relative com-
plement of 7, with regard to F by F—7T,. For g, hcT, and for k,IlcF—T,,
the following hold:

i) ghheT, and gNk kAg, EANIEF—T,. For 2=5j<i=n, gNfi=fiNg=
ENfi=FiNkR=i i =FNfi=Ti

iiy For 2=<i=mn,gVh,gVk kVvg gVf,ivVesT, and kVI kVf;, fiVks
F—T, TFor 2=j=<i=n, f;\Vfi=fiNfi=fs

iii) For 2<j=<i=<wn, gDh, kDg, kDI, 1,28, /i Dk, fiDf;€T, and for 2=;7<
1= n, gDf=kDfi =i Dfi =\

iv) For i<wn, 7g=7k="7fi=f, and 7f,ET,.

It is seen from i)—iv) that Ty, F—T,, fe-, fn form a subtable isomorphic
to R, where T, corresponds to the designated element of R, Therefore, if
a formula is R,-true, then it takes an element of T, as its value. Since a&S

is an arbitrary element, the value of R,-true formula is (\STa= fo and hence
ac .
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Ly-true.

4.3. We here show some relations between many-valued logics and logics
by axiomatic stipulation. Concerning our axiomatic stipulation, we refer to
Gentzen [7] and Umezawa [8], [9]

LR, is defined in [8, §4] or in [9, §47] to be the intermediate logic re-

sulting from LJ’ (cf. [9, §1]) by adding the following as a new schema of
initial sequents

Rn: -"Al, AIDAﬂy A23A3,"'1 An—IDAn, 7An .

For any sequent Z, the formula which we obtain from Z in the same
way as in the proof of is denoted by Z*.

R,* is R,-true, as is seen from the truth-tables of R,. Since N, satisfies
the (J)-condition, we obtain that every R,-provable propositional formula is
Ro-true. R* (i<n) is not N,-true, since if the truth value of A; is j, then
R;* takes 1 as its truth value.

LP, is defined in [8, §2] to be the logic resulting from L]’ by adding
P, as a new schema of initial sequents

P,: —-A DA, A,DA,.

We denote by R, the truth-tables similar to R, except we take 0,1,2,---, »
as truth values instead of 0, 1,---, 7.

P* is R,-true, because for any ¢ and b of Ry, a=b or b=a. Since R,
also satisfies the (J)-condition, it follows that every P,-provable propositional
formula is R,-true. However, any R,* is not R,-true, as is seen from the
truth-tables of M,. It remains open whether the converse holds or not.

§ 5. Extension of propositional to predicate calculus.

Now quantifiers V and 3 are adjoined to the set of logical operations in
propositional calculus. We consider quantifiers to be defined for any subset
of our basic set of truth values. Let S be the basic set of truth values.
For any subset M of S, VxMx and JxMx take some elements of S as their
values.

(J)-condition with the following is called the extended (J)-condition.

11. For any subset M of S, there is a set which contains VxMx and whose
element, say 7, satisfies the condition:

For all yS, that for all ze M yAz=y is equivalent to yAr=y.

12. For any subset M of S, there is a set which contains JxMx and
whose element, say 7, satisfies the condition:

For all yeS, that for all ze M yAz=z is equivalent to yAr=7.

13. Let MAb be the set, {xAb|x=M}. For any subset M of S .and for
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any beS, dx(MAb)x = IxMxAb.

A formula in predicate calculus is called true in L or L-true if the for-
mula always takes the designated element of L under the interpretation that
a predicate variable A(x) represents an element Mx of a subset M of S and
VxA(x), 3xA(x) represent VxMx, JxMx respectively.

Tueorem 5. Every intuitionistically provable formula in predicate calculus
(of the first order) is true in any logic which satisfies the extended (J)-condition
and takes T as the set of designated elements.

Proor. We use the same method as in the proof of Theorem 1. In
virtue of Theorem 1, it suffices to treat the rules of inference for predicate

calculus.

_A@), I'=-H _
VxA(x), ' H
subset M of S, if (MaA7)DheT, then VxMxAy)DheT where Ma is an ele-
ment of M and r and % are elements of S. From 11, we obtain for all
yeS, that for all zeM yAnz=y is equivalent to yAVxMx=y. Taking VxMx
as v, it follows that for all zeM VxMxAz=VxMx. Hence VxMxAMa = VxMx.
In virtue of Lemma 1 and the assumption, (MaAr)Ak=MaANy. Therefore,
VaMxN\(Ma Ny ANB) =N¥xMxN\(MaAy). By the above fact, we obtain (VxMxA7r)
Ah=YxMxA7 and hence, in virtue of Lemma 1, (VxMxA7)DhsT.

in- . A, '—>H
For 3-in-antecedent: A, T H W

a shall not occur in the lower sequent, it suffices to prove that for any subset
M of S, if MaANy)DheT where a is an arbitrary element of M, then (AxMx A7)
DheT. By Lemma 1 and the assumption, (MaAy)Ah=MaANy. Since a is
an arbitrary element of M, it follows that for all ze MAy zA2=2z. Hence,
we obtain, using 12, that ZAIx(MA7)x=3x(MA7T)x. In virtue of 13, @xMxAT)
ANk =3xMxANr follows and hence (FxMxAr)DhesT.

Proofs for V-in-succedent and for 3I-in-succedent are similar.

In case the set of truth values is finite, 11, 12 and 13 are satisfied by
defining VYxMx. by M, A---AM,, IxMx by M,V ---\V M, where M,,---, M, are ele-
ments of M. This is proved as follows. The condition which the elements
of the requied set of 11 satisfy can be expressed thus: For all y=S, that
for all it 1=i=n) yAM;=y is equivalent to yAr=y. Thence, we obtain
that M, A - AMAr=MN---AM, and for all i 1=i=n) rAM,=r. Hence
r=MN---AM,. Since M A--NM, naturally exists for any M, 11 can be
written thus: VaMxe {r&eS|r=M,A---AM,} where M= {M,,--, M,}. This is
clearly satisfied if JxMx is defined as M, A---AM,. Similarly for 12. 13 is
obvious for this definition of IxMx.

Hence, if we define V and 3 for S, appeared in the proof of Theorem 2
in the above way, then S, is a predicate logic and the proof of Theorem 2 is

V-in-antecedent has the shape: We prove that for any

ith the restriction on variable that
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valid. Then we obtain

TueoreMm 6. There is a set of intermediate many-valued predicate logics
which arve mutually independent with any desived number of elements.

Next we introduce V and 3 into 7(r) in §3 by defining them thus. Let
M be a subset of T(nm). VxMx is the element » of T(n) such that for all
yeT(n), that for all zeM yAz=y is equivalent to yAr=y. JxMx is the
element r of 7T(n) such that for all ye=7(n), that for all zeM yAz=2z is
equivalent to yAe¢ =a. Uniqueness of such elements can be easily proved.
Existence of JxMx for any subset M is seen from the following: For any
subset M of T(n) there are d,,---,d, in M such that for i+#j d;Ad;#d;, and
d;\d;#d; and for every x&M there is a d; (1 =i =<#) which satisfies xA\d; =x.
It can be proved that IxMx=d,V---Vd, Hence, the existence of IxMx is
clear. Existence of VxMx can be proved from the existence of JxMnx.

Therefore 11 and 12 follow. We prove that 13 holds. Let xAbsMAD.
Since x= M, there is a d; such that xAd; = x and hence there is a d;Ab such
that (xABA(d;AD) =xAb. From 12, it is seen that for all y=T(n), that for
all ze MAb yAz=1z is equivalent to yAIx(MAb)x=IAx(MANb)x. Taking (d,V
-+ \Vdo)Ab as y, it follows that ((d,V---Vd,)Ab)Az=z for all ze MAb is equi-
valent to ((d,V - Vd)ADAIx(MAD)x = Ix(MAb)x. In virtue of the above fact,
for all ze MAD where z=xAb for an xM, (d,\V--Vd)AbAz=(d,\V NV d) A
OAN@ENAD) = N NAINONEGADINEND) = d,NOANXAb=x b=z Hence (d,V
NVAdINOAT(MAD)x =Ax(MAb)x. On the other hand, we obtain, by taking
dx(MAb)x as y, that for all zeMAb Ix(MAbxANz=2  Therefore for all
i 1=iZn) Ax(MAb)xNd;ANb=d;Ab and hence IAx(MADL)xNA(d,N - NVd)\b=
(d, V- Vd)ND. Combining the above equations, we see that x(MAb)x = (d,V
~Vd)ANb. Since IxMx=d,;V---\Vd,, thence 13 follows.

Hence, L(n) in which V and 3 are defined in the above way is an inter-
mediate many-valued predicate logic. The proof of goes validly.
Consequently, in virtue of Theorem 4, we obtain

Tueorem 7. There is a sequence of intermediate many-valued predicate

logics whose length is o’

Mathematical Institute,
Nagoya University.
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