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THE p-ADIC DUALITY FOR THE FINITE STAR-MULTIPLE
POLYLOGARITHMS
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Abstract.  We prove the p-adic duality theorem for the finite star-multiple polyloga-
rithms. That is a generalization of Hoffman’s duality theorem for the finite multiple zeta-star
values.

1. Introduction. We begin with the duality for the finite multiple zeta(-star) values
(FMZ(S)Vs) in Subsection 1.1. Next, we explain the duality for the finite star-multiple poly-
logarithms (FSMPs) in Subsection 1.2. Our main results are Theorem 1.3, Theorem 1.5, and
Theorem 3.4. The first two theorems are special cases of Theorem 3.4.

1.1. Duality for FMZVs. For any positive integer n and an index k = (ki, ..., kn),
we define the truncated multiple harmonic sums £, (k) and £ (k) by

L=y ﬁ

n=ny>>n,>1 nl My
1
* I §
gn (k) L kl km )
nenzezn>1 o

respectively (we define {,(k) as O for an empty summation). Then, the multiple zeta
value (MZV) (k) and the multiple zeta-star value (MZSV) ¢*(k) are defined by {(k) :=
lim,_,o &p(K) and £*(K) := lim, . £ (k), respectively when k; > 2. The duality theorem for
MZVs {(k) = (k") was conjectured firstly by Hoffman in [1] and proved by using the iterated
integral (cf. [9]). Dualities for MZSVs are not found except a few cases (cf. [4]).

Recently, Kaneko and Zagier [5] introduced the finite multiple zeta values (FMZVs)
and several people are studying relations among FMZVs. The FMZV (k) and the finite
multiple zeta-star value (FMZSV) (7 (k) are defined by (k) := ({,-1(k) mod p), and
{Hk) = ({;_l(k) mod p), respectively in the Q-algebra A = (Hp Z/pZ)/(EBp Z/pZ),
where p runs over all prime numbers. Around 2000, the duality theorem for FMZSVs was
discovered and proved by Hoffman [2, Theorem 4.6]:

)] {ak) = =7k,
where k" is the Hoffman dual of the index k (See Definition 2.1). This is a counterpart to the

duality theorem for MZVs. Comparing with the duality of MZVs, it is worth mentioning that
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such a simple duality is satisfied by FMZSVs rather than by non-star FMZVs. The duality (1)
is one of basic relations among FMZ(S)Vs and some other proofs are given by Imatomi [3,
Corollary 4.1] and Yamamoto [8, p. 3].

In order to rewrite the duality (1) to relations for non-star FMZVs, let us recall termi-
nologies of Hoffman’s algebra. Let $ := Q(x, y) be a non-commutative polynomial algebra
in two variables and $' := Q + $y its subalgebra. Let z; := x*~'y for a natural number k
and zx := zi, - - - &, for an index k = (ky,...,k,). Then, ' is generated by z; (k = 1,2,...)
as a non-commutative algebra. We define the Q-linear map Z#: $' — A characterized by
Za(1) = 1 and Z#(zx) = {a(k) for each index k. We also define an algebra automorphism
Y ' — 9! by x = x+yand y — —y. In this setup, Hoffman proved that the duality theorem
(1) is equivalent to the following relations for FMZVs:

THEOREM 1.1 ([2, Theorem 4.7]). For any word w € $', we have

Y(w) —w e ker(Z) .

Next, we recall the Q-algebra A introduced by Rosen [6]. For any positive integer n, we
define A, to be the quotient ring (ﬂ » L/ p”Z)/ (@p 7/ p”Z). Then, the rings {A,} becomes
a projective system by natural projections and we define A to be the projective limit lim Ap.
We equip (A, with the discrete topology for each n and A with the projective limit topology
The Q- algebra Ais complete and not locally compact. There exist natural projections 7: Z=
[1,Z, —» Aandr,: A — A, for any n, where Z, is the ring of p-adic integers. We redefine
the FMZV (k) and the FMZSV {;‘A{(k) to be 7(({»-1(k)),) and ﬂ((g;‘_l(k)) »), respectively as
elements of A. Furthermore, {4,(k) := m,({7(k)) and {;(n(k) = nn({%(k)) in A,. We define
the element p := n((p),) € A and we also denote m.(p) € A, by p by abuse of notation. We
can check that the topology of Ais the p-adic topology (see Subsection 2.2).

Let 551 be the complet10n of $!. Namely, 55 is defined as the non-commutative formal
power series r1ng Q¢x,y» and 51 =Q+ Sﬁy Then, the weighted finite multiple zeta function

Zz . §! - Ais defined by
Z axglk Z akgﬁ(k)pwt(k) s
3 3

where a € Q and wt(k) is the weight of the index k. The algebra automorphism ¢ on $! is
extended continuously to the map on $' and we define a continuous algebra automorphism
D: 9 — H' by
1
*wl|.
I+y

Here, the harmonic product *: $' x §' — §! is defined Q-bilinearly and inductively by

w|—>(l+y)(

w1 =1xw=w, zrwy * zywy = Zx(wy * Zywy) + z)(zkwy * wp) + Ze(Wy * wo)
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for any positive integers k, [ and words w, w;,wa € $' and * is extended naturally to the
product on $'. Rosen generalized Theorem 1.1 as follows:

THEOREM 1.2 (Asymptotic duality theorem [6, Theorem 4.5]). For any w € 9!, we
have

Y(w) — D(w) € ker(Zz7) .

On the other hand, Zhao, Sakugawa, and the author proved the straightforward general-
ization of the duality (1) to an A,-relation ([10, Theorem 2.11] and [7, The equality (40)]).
We can rewrite the relation as the following symmetric form:

Cn () + &5, (Lkp = =5, (kY) = (5, (1L )p.
In this paper, we give the following p-adic version of the duality (1):

THEOREM 1.3 (The p-adic duality theorem for FMZSVs). Let k be an index. Then,
we have

DY Rp = = ) o1y k)P
i=0 i=0

in the ring A.
Here, the notation ({1}, k) means (1,...,1,k;,...,ky,) fork = (ki,...,k,). We remark
~———

that if we take the i = 0 part of the equality i;l the above theorem, then we recover the equality
(D).

1.2. Duality for FSMPs. In [7], Sakugawa and the author introduced the finite
(star-) multiple polylogarithms (F(S)MPs) and proved the following dual functional equation
of FSMPs which is a generalization of Hoffman’s duality theorem (1):

THEOREM 1.4 (Sakugawa-Seki [7, Theorem 1.3]). Let k be an index. Then, we have
—~x 1 —x 1
Enl0) = 300 = £y (1= 1) = SZ4(K")

in the ring Az = (11, 2/pZ1n)[ (B, Z/ pZIn).
See Definition 2.7 for the definition of FMPs.

In this paper, we prove the following p-adic version of Theorem 1.4 which contains
Theorem 1.3 as a special case:

THEOREM 1.5. LetK be an index. Then, we have

o

e 1 . e [~ 1 ) )
2) Z (£ﬁ,((1)i,k)(f) - E(;t({l}”k))ﬂ = Z (£ﬁ,(<|)5,kw(1 -1~ E(;;({l}',kv) )4

i=0 i=0
in the ring Az = lim (I, 2/ p"zi0) | (P, 2/ p" 2111

We remark that if we take the i = O part of the equality (2), then we recover Theorem
1.4. More generally, Sakugawa and the author proved the multi-variable and A,-version of
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Theorem 1.4 ([7, Theorem 3.12]) and the main result of this paper is the p-adic dual functional
equation for the multi-variable FSMPs (= Theorem 3.4) which contains [7, Theorem 3.12] and
Theorem 1.5 as special cases.

This paper is organized as follows. In Section 2, we prepare some notation and define the
finite multiple polylogarithms. In Section 3, we prove the p-adic reversal theorem for FMPs
and state the p-adic duality theorem for FSMPs. In Section 4, we complete the proof of main
results.

Acknowledgement. The author would like to express his sincere gratitude to his advisor Professor
Tadashi Ochiai for carefully reading the manuscript and helpful comments. The author also thanks Dr.
Kenji Sakugawa for useful discussion and helpful advice. In addition, the author would like to thank the
anonymous referee for pointing out several errors and useful suggestions. The proof of Proposition 4.2

was greatly shortened by his/her idea of using Lemma 4.1, though the author’s original proof was based
on more complicated calculations.

2. Notation and Definitions. For a tuple of indeterminates t = (¢, ..., t,), we define
t, 1 -ttt andttobe (t1,... .11, 1), (1 = t1,..., 1 =), (671, ..., 6D, and (tns ..., 11)
respectively. We use the notation R[t] as a polynomial ring R[?y, ..., t,] for aring R.

2.1. Indices. We call a tuple of positive integers k = (ky,...,k,,) an index and we

define the weight wt(k) (resp. depth dep(k)) of k to be k; + - - - + k,, (resp. m).
Letk = (ki, ko, ..., kn), K = (k],...,k,), andl = (I;,...,1,) be indices. Then, we define
the reverse index k of k, the summation k @ k’, and the concatenation index (k, 1) by

k:=(kp,.... k1),
koK =k +ki,....kn+k,),
(k’l)::(kl"",km,ll"'"lll),

respectively. We use the same notation for tuples of non-negative integers or indeterminates.
Let W be the free monoid generated by the set {0, 1}. We set W; := WI1. Then, there
exists a bijection from the set of all indices / to W, induced by the correspondence

k=(,....,kp)»0---010---01---10---01
~——— —— ——

and we denote the bijection as w. Let 7: W — W be a monoid homomorphism defined by
7(0)=1and 7(1) = 0.

DEFINITION 2.1 (cf. [2, Section 3]). For an index k, we define the Hoffman dual k"
of k by the relation w(k") = 7(w(k)17)1.

For any index k, wt(k) = wt(k") and dep(k) + dep(k") = wt(k) + 1 hold.
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2.2. The adelic ring. In order to define the finite multiple polylogarithms, we intro-
duce some adelic rings in a general setting.

DEFINITION 2.2. Let R be a commutative ring and 2" an infinite family of ideals of R.
Then, we define the ring ﬂi r for each positive integer n by

Anp = (]_[R/I")/(@R/I")

1eX

Then, {ﬂi r} becomes a projective system by natural projections and we define the ring é{%
by

F = lim ﬂi R-
We put the discrete topology on ﬂi r for each n and we define the topology of :ﬁﬁ to be the
projective limit topology.

LEMMA 2.3. We use the same notation as in Definition 2.2 and we define the I-adic
completion R; of R to be 1(21 R/I"R. Then, there exists the following natural surjective ring
n
homomorphism:

P/ nﬁj—hﬁg

IeX

PROOF. For a short exact sequence of projective systems of rings

0— { o R/I”} { [ R/I”} (A} — o0,

lex

the system {EB s R/ I”} satisfies the Mittag-Leffler condition. Therefore, there exists a natural

surjection
]_[R, ~lim [ [R/I" — .
n lex
m]

REMARK 2.4. We assume that some topology of R/I" is defined for any I € 2. If we
put the product topology on [[;cs R/I" and the quotient topology on ﬂz by [[;es R/T" —
ﬂn > then the topology is indiscrete. However, we consider the discrete topology of ?lz
this paper.

LEMMA 2.5. We use the same notation as in Definition 2.2 and Definition 2.3. We
assume that IR, is a principal ideal of Ry for any I € X. Furthermore, we define an ideal I of

?/{7 to be 7T((1R1)1€2) Let i, be the natural projection m,, : ﬂ —» ?{f g Jor any positive integer

n. Then, we have ker(nr,) = I". In particular, the topology of A ’E coincides with the I-adic
topology and ?/{%; is complete with respect to the I-adic topology.
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PROOF. Let n be a positive integer. Take any element x of ker(r,). Then, there exists
an element {x;};ex of [[;cs Rs such that x = 7((x/);ex) by Lemma 2.3. By the commutative
diagram

7 —— &

Iex
( mod I”)Igzl l”n
[ o1 —— 72,
leX

we have
7p(x) = 1, 0 m((x1)1ex) = pn((x; mod Mies) =0

Here, p, is the canonical projection. Therefore, there exists a subset 2’ of 2 such that X'\ 2’
is finite and x; € I"R; for every I € 2’. We can take a generator a; of IR, for any I € 2 by the
assumption. Then, there exists an element {y;};ex of [[;es k\, such that x; = a}y; holds for
any / € 2’. We define y; to be zero for I € 2"\ 2’. Then, we have

x = n((xprex) = n((@jyDies) = (m((apiex))" - 7((ynies) € I"

and we obtain the inclusion ker(xr,) € I". The opposite inclusion is trivial and the last assertion
follows from the fact that {ker(sr,)} is a neighborhood basis of zero. O

In the rest of this paper, we only use the case 2 = {pR | p is a prime number} and we
omit the notation 2. We will define the finite multlple polyloganthms as elements of the
Q-algebra ﬂZm in the next subsection. Let 7: [], Z[t] p ﬂz[ﬂ be the natural surjection
obtained by Lemma 2.3 where Z[t] p= gnn Z[t]/ p"7Z[t] is the p-adic completion of Z[t]. Let

Ty ﬁzm —» Ay 7;¢) be the natural projection for each n. The topology of ﬁzm coincides with
the p-adic topology and ﬁzm is complete with respect to the topology by Lemma 2.5. Since
an equality m(( X2, al(.p) pi)p) = Z;-Zo(al(.p) )pP' holds, in order to obtain a p-adic relation, it is
sufficient to show the p-adic relations given by taking the p-components for all but finitely
many prime numbers p. Here, a(l ) € Zp[t] and Zp) is the localization of Z at p, and note
that the opposite assertion does not hold in general.

2.3. The finite multiple polylogarithms.

DEFINITION 2.6. Let n be a positive integer, k = (ki,...,k;) an index, and t =
(t1,...,ty) atuple of indeterminates. Then, we define the four kinds of the truncated multiple
polylogarithms which are elements of Q[t] as follows:

1

% - 1 m
£ = Z T
>yl 0 m

1y N

M.t
*, % . 1 m
£n’k(t) ’ Z kl e km ’

n2ny 2 2n, =1 n] Ny
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ny=ny =1 M
£ (t) — tl tm—l I
K\ : : ki .k ’
n2ny > >n,>1 nl T
ny=ny M1~
AN

t
101, % o 1
£n,k (t) T Z ki kin

nxny 20,1 e
DEFINITION 2.7. Let k = (kj,...,ky) be an index and t = (#1,...,1,) a tuple of
indeterminates. Then, we define the four kinds of the finite multiple polylogarithms which
are elements of Az as follows:
£;;k(t) = ﬂ((;ﬁ;_]’k(t))p) (the finite harmonic multiple polylogarithm) ,
£;;*k(t) = 7T((£;’f1!k(t)) p) (the finite harmonic star-multiple polylogarithm) ,
£;;k(t) = 7T((£[“,I 1x(D)p) (the finite shuffle multiple polylogarithm)

£;i{';(t) = 7T((£1If;1k(t))p) (the finite shuffle star-multiple polylogarithm) .

This definition is well-defined since £;’_'Lk(t) is an element of Z,)[t] for each prime number
p, o € {xm}, and e € {0, x}. We also define the finite multiple polylogarithm £77  (t) as
elements of A, 7y by

£ (0 1= T (€2 (1)

for each positive integer n, o € {x,m}, and ® € {0, x}. We define 1-variable finite (star-)
multiple polylogarithms as follows:

. i % m—1y _ pme m 7.
£2,(0 1= £ (0. (1)") = £2° (11)") € Ay,
i . pHe m—1 _ puLe m—1 -
£7x(0) = £ﬁ,k({1} 0= £ﬁ,k({1} D) € Az
where 7 is an indeterminate and e € {(, x}.

3. The p-adic reversal theorem and the p-adic duality theorem.

3.1. The p-adic reversal theorem for FMPs. The reversal relation for FMZVs ([2,
Theorem 4.5]) has been extended to several general cases. For example, Rosen proved the
p-adic reversal relation for FMZVs in A ([6, Theorem 4.1]) and Sakugawa and the author
proved the reversal relation for FMPs in A 7 ([7, Proposition 3.11]). Here, we prove the
p-adic reversal relation for FMPs in ﬁzm.

THEOREM 3.1. Letk = (ki,...,ky,) be an index, t = (t1,...,t,) a tuple of indetermi-
nates, and o € {Q, x}. Then, we have the following p-adic relation in Az, :

- ki + 1 -1 —
£ = DO Y []_[(”lj’ )]ggk@,(t-l)pz

i=0 1=(ly )22, b j=1
wtl)=i

where (t; -+ t,)P = ((t1 - - ty)P)p € ﬁZ[t] and £;L;k®l(ﬁ_1) is an element of?’l\z[r]].
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PROOF. Let p be a prime number. Since a p-adically convergent identity

1 (k=1 p
(p—n)"_(_l);( ! )W

holds for a positive integer n < p, by the substitutions n; = p — n,,41—;, we have

1ny My
Moy
1 m
—(t) = S
[’ lk nkm._.nk]
p—1=n;>->n,>1 "1 m

Nl

1
(p = )b -+ (p — np)h

p—1=p-ny>->p-n;>1

= (=D)V®@ -1,

[+t

ki+1:—1 I A

[ ( I k1+11 o pkm
p=12n1>>n,21 (edm)eZ2y L j=1 J ny My
[oe)

= ki+1;— —
= (=" 0 1)” Y ]_[( i )}ﬁ}il,k@.a*)p’

i=0 1=(ly o)L, [ j=1

will)=i
in the ring Z[t],,. Therefore, we have the conclusion for non-star case. The star case is similar.
O

3.2. The p-adic duality theorem for FSMPs. In this subsection, we state the main
results. Let k be an index and t a tuple of dep(k) indeterminates. We define a p-adically
convergent series L}{k(t) with FSSMPs-coefficients by

00

1 .
3) ;f,k(t) :=Z(£Hi* Ly - £ ({1 )| p
i=0

A1) k) 2 A1 k)

THEOREM 3.2. Letw be a positive integer and t a tuple of w indeterminates. Then, we
have

Lo, 0=L% (-1

in the ring ﬁzm-
We will give a proof of Theorem 3.2 in the next section. Since finite multiple polyloga-

rithms in (3) are of shuffle type, the case k = {1}* (= Theorem 3.2) is essential. In fact, the
following lemma holds:

LEMMA 3.3. Letk = (ki,...,ky) be an index, w = wt(K), t = (#1,...,t,) a tuple of
indeterminates, and e € {0, x}. Then, we have

m, e 11, e k-1 km—1
£t = £2° (0 n o 10K k).
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PROOF. We can easily check it by the definition of the finite shuffle multiple polylog-

arithms. O

The main result of this paper is as follows:

THEOREM 3.4. Let r be a positive integer, ky,...,K, indices, and t = (t,...,t,) a
tuple of indeterminates. We define an index k to be (Kky,...,Kk,) and K’ to be (k{,..., k).
Furthermore, we define l; and I by I; := dep(k;) and I := dep(k)) respectively fori = 1,...,r,
Then, we have

Ty = L AT T )

Ak

in the ring ﬁZ[tl-

PROOF. We denote k; and k' as *D, . k(’)) and (k' .. k’(i)) respectively for i =
1,...,r. Letw := wt(k). Then, by Lemma 3.3, Theorem 3.2, and Definition 2. 1, we have

)

i W _ i) _
_ .E; [”"( {O}ki’_l’ 1, o {O}kli’l 1’ 1, {O}kli 1, f .. )

i Q) _ 0)_
= L5 G A0 0, T -

* ¥D_1 /ﬁfl] -1 k’ﬁf’—l
_Lﬂ{ll“( AT oy L0 L —1,..)

= L5, T L =n T =),

O

By considering the case r = 1, we obtain Theorem 1.5. Theorem 1.3 is obtained by the
substitution ¢ = 1 in the equality (2).

4. Proof of Theorem 3.2.

LEMMA 4.1. Let p be a prime number and n a positive integer satisfying n < p. Then,
we have the following p-adic expansion:

i

n_1 p— N
R

p—1>m;>-



120

PROOF.

This completes the proof of the lemma.

PROPOSITION 4.2. Let p be an odd prime number and t = (14, ...,

We can calculate as follows:

-1 -
n p—1

= -y (1-

S. SEKI

)
-n n \p—n

p-1

OI(-2)

O

ty) a tuple of inde-

terminates. Then, we have the following p-adic expansion:

tZwll ”wtnw

2

p=1zn;>--2>n,>1

PrROOF. By Lemma4.1, we have

(- 1)n1( 1) e
1 nlou

_ pILX 1, %
£P 1[1}"(t)+z(£P lll}uﬂ

* Ny

el i-1 i
) £p L1} 2,1 )= 1)({1} ,t))p

tZ)u 1l —Ny tnw

2

p=1zn;>-2>n,>1

1y —ny
t ..

1 w—1

[P 1A
1"
(=1 (m ) o

Ty =Ty Ty
-t ty

ny--- Ny

p=1=zn>->n,>1

00 P
2 (1—%) e

i=0 p—1>m;>--2m;>n;>--n,>1

_ el x 1II, %
=&, 1{1:“(t)+2(£p L

This completes the proof of the proposition.

PROPOSITION 4.3.
identity holds in Q[ty,...,1,] :

* Ny

pi
25 %
i=0 p—1>my>--2m;>n, my- - mi

t"u 1=y t"u )
w-1 i

Sming - -+ Ny,

L, % i-1 i
yo0 - £p Lyt apen A ,t))p

O

Let N and w be positive integers. Then, the following polynomial

t”u l_”u (" — _)

ORI

N>ny>->n,>1

(1=g)ynm...

ny--

‘Ny

N>ny>->n,>1

(1= )71 = 1) = 4}

ny---Ny
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PROOF. By [7, Theorem 2.5], we have

ni—ny . Juw-1"Ny Ny
Z (_l)ﬂl N tl tw 1 t
n] n] “en nw

N>ny>->n,>1

(1= oo (1 = £y Yt (1 = £,)™ — 1}

b}

n .« .. n
Non>ozn,>1 1 w

and by the substitution #,, = 1, we have
n—ny o -1y
3 (i
Nzny>--2n,>1 m iy Ny

(L= 1) e (1= )t

ni---Ny

Nzny>-2n,>1
By combining these two identities, we obtain the desired identity. O
In order to prove Theorem 3.2, it is sufficient to show the following theorem:

THEOREM 4.4. Let n and w be positive integers and t a tuple of w indeterminates. We
define L;[ [”,,,,(t) to be

—1
, i 1 11, i i
L;{,,,U;w(t) Z (£ﬂ*{““, ¥t — §£ﬂ*“]“’({l} ,tl))p

i=0

Then, we have

(4) ;(n,“l“'(t) = ;(m“]uv(l - t)
in ﬂn,Z[t]'

PROOF. We prove the equality (4) by induction on n. By combining Proposition 4.2
with Proposition 4.3, we have

. 1 .
£m* ()__£m* (tl) Z{(£HI* z,t)__£lg,* ({l}l,tl))

ALY w+i 2 A1y

1 )
®) - (£Hi* . (1t - 2> ({1}"1,t1))}p’

A2, 2 AL

111, % _ __LH* _
= £ -0 - SE . =D,

We see that the equality (4) for n = 1 holds by the projection n; : ﬁzm —» Azry. We assume
that the equation (4) for n — 1 holds for any tuple of indeterminates. By the equality (5) and
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the projection 7, : ﬁzm — Ay 7111, we have

(6)

Lo ® = €570 (1 = 1) = 2£;*:1w<<1—t>1)

Z(%*{W (11 1o, t) — 2£;*““,({1}"—1,¢0,t1))p1

10=0

On the other hand, by the induction hypothesis, we have

L* {1y u+l(t0’t) {1 u+1(1 t(),l _t)
Therefore, the right-hand s1de of (6) c01n01des W1th L;[ ,H}"'(l — t) and the equality (4) for n
holds. Here, note that there exists the canonical isomorphism A,_1 7 = pA, 714 m]
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