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Abstract.  We introduce Musielak-Orlicz Newtonian space on a metric measure space.
After discussing properties of weak upper gradients of functions in such spaces and Poincaré
inequalities for functions with zero boundary values in bounded open subsets, we prove the
existence and uniqueness of a solution to an obstacle problem for Musielak-Orlicz Dirichlet
energy integral.

1. Introduction. Sobolev spaces on metric measure spaces have been studied during
the last two decades, see [8, 9, 13, 26], etc.; systematic presentations are given in the book [4].
The theory was generalized to Orlicz-Sobolev spaces on metric measure spaces in [2, 3, 28]
and further to very general quasi-Banach function lattices in [18, 19].

The p-Dirichlet energy integral in metric measure spaces has been investigated by Shan-
mugalingam [27]. She proved the existence of a minimizer in Newtonian space N'"*(X), a
Sobolev type space, which is defined in terms of p-weak upper gradients of functions in a
metric measure space (X, d, 1). Kinnunen and Martio [15] studied the existence and unique-
ness of a solution to an obstacle problem for p-Dirichlet energy integrals in Newtonian spaces.
To show the existence of solutions, Poincaré inequalities play important roles. In [22], Mo-
canu proved the existence and uniqueness of a solution to an obstacle problem for an energy
integral in Orlicz-Sobolev spaces supporting a Poincaré inequality.

Variable exponent Lebesgue spaces and Sobolev spaces were introduced to discuss non-
linear partial differential equations with non-standard growth conditions (see [5, 6]). Acerbi
and Mingione [1] have studied the existence and the regularity of minimizers of the p(:)-
Dirichlet energy integral on a bounded domain in R". Harjulehto, Histo, Koskenoja and
Varonen [10] defined and studied variable exponent Sobolev spaces with zero boundary val-
ues in the Euclidean setting and proved that Dirichlet energy integral has a minimizer. Their
results are based on a p(-)-Poincaré inequality.

Variable exponent Sobolev spaces on metric measure spaces have been developed during
the past decades (see e.g. [7, 11, 12, 21]). Recently, we defined Musielak-Orlicz-Sobolev
space on a metric measure space X defined in terms of a function @(x, ) : XX [0, co) — [0, 00).
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We proved basic properties of such spaces (see [24]) and studied Musielak-Orlicz-Sobolev
spaces with zero boundary values on X (see [25]), as an extension of [10, 14].

In this paper, we develop the theories for obstacle problems in the framework of
Musielak-Orlicz-Sobolev space on a metric measure space X. We prove a Poincaré inequality
for Musielak-Orlicz Newtonian functions with zero boundary values in bounded open subsets
of X. Using the Poincaré inequality we prove the existence and uniqueness of a solution to an
obstacle problem for a @-Dirichlet energy integral on a bounded open set in X.

This present paper is organized as follows. In Section 2, we define Musielak-Orlicz
spaces L?(Q). In Section 3, we study @-weak upper gradients and introduce Musielak-Orlicz
Newtonian space N'?(Q). In Section 4, we study a capacity defined in terms of @. In Section
5, we define Musielak-Orlicz Newtonian spaces with zero boundary values and we consider
the Poincaré inequalities for such spaces. In Section 6, we solve the obstacle problem for
&-Dirichlet energy integral (see Theorem 6.1).

2. Musielak-Orlicz spaces. Throughout this paper, let C denote various constants
independent of the variables in question and C(a, b, . . . ) be a constant that dependson a, b, . . ..

We denote by (X, d, ) a metric measure spaces, where X is a set, d is a metric on X and
4 is a nonnegative complete Borel regular outer measure on X which is finite and positive for
every open balls in X. For simplicity, we often write X instead of (X, d,u). For x € X and
r > 0, we denote by B(x, r) the open ball centered at x with radius r and dg = sup{d(x,y) :
x,y € E} for aset E C X. We denote by yg the characteristic function of E C X.

We consider a function

D(x,1) : X X [0, 00) = [0, 00)

satisfying the following conditions (®@1) — (P4):

(@1) @(-,1) is measurable on X for each r > 0 and @(x, -) is continuous on [0, co) for
each x € X;

(P2) D(x,0) =0 and D(x, -) is a convex function on [0, o) for every x € X;

(@3) 0 <infyep P(x,1) < sup,.z P(x, 1) < oo for every open ball Bin X;

(P4) there exists a constant A; > 2 such that

D(x,2t) < AyD(x,t) forall xe X and t>0.
Note that ($2) and (®4) imply
Ad log, A
2.1 ad(x,t) < D(x,at) < 7(1 S8284@(x,f) fora>1;
in particular,

A
(2.2) td(x,1) < D(x, 1) < Tdtlong"(D(x, 1) fort>1.
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REMARK 2.1. Let pg > 1. Suppose @(x, t) satisfies (@1), (P3), (P4) and

(D25 po) t > 7P°P(x, 1) is uniformly almost increasing, namely there exists a constant A” > 1
such that

rPd(x,t) <A'sPPD(x,s) forallx € X whenever0<t<s.

Then,

!
D(x, 1) = 7! f { sup s~ D(x, s)} dr
0 0<s<r

satisfies (@1), (P2), (P3) and (P4) with the same A,; further
D(x,1/2) < D(x, 1) < A’ D(x, 1)

forall x e X and ¢ > 0.
D(x, ) is strictly convex if pg > 1.

LEMMA 2.2. Forevery € > 0, there exists a constant A(g) > 0 such that
(2.3) |D(x, 1) — D(x, 1) < e{D(x,11) + D(x, 12)} + A(e)D(x, |11 — 1)

forallx e Xandt,t, > 0.

PROOF. We may assume #; > f,. If @(x,1)) — D(x,1;) < eD(x, 1), then (2.3) trivially
holds. Thus, consider the case

D(x, 1) — D(x, 1) > eD(x,ty).

By (@2) and (4), we see

h—n

I
B(x, 1) < t—zcb(x, f) + D(x, 1) + 1)
1

151

< (D(x, l‘z) +

-t
p zAd(D(x, t).
1

Hence

h

ed(x, 1) < D(x, 1) — D(x, 1) < p

-t
2AaP(x,11)

1

which implies #; < (Ag/€)(t) — t2). Thus,

|D(x,11) = P(x, )| < D(x, 11) < D(x, (Ag/e)(t) — 12))
<A(E)D(x,t1 — 1).
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EXAMPLE 2.3. Let w be a positive measurable function on X such that 0 <
infyep w(x) < sup,.p w(x) < oo for every open ball Bin X. Let p(-) and ¢;(-), j = 1,...,k, be
measurable functions on X such that

(P1) 1< p™ :=infiex p(x) < sup, oy p(x) =: p* < o0
and
Q1) 0<gq; :=infrex q;(x) < sup,ex gj(x) =1 g} <0
forall j=1,...,k. . .
Set Lo(r) = log(c + 1) for¢ > eand t > 0, L (¢r) = L.(1), LYV (1) = L.(LY (1)) and

s k
@(X, l) = w(x)tP(X) f [ l_[(L(Cj)(s))qj(x)] ds.
0 |5y

Then, @(x, 1) satisfies (P1), (D2), (D3) and (D4).

Let Q be a measurable set in X. For @(x, ?) satisfying (@1), (P2), (P3) and (P4), the
associated Musielak-Orlicz space

L?(Q) = { f : measurable function on Q such that L D(y, |f(y)]) duly) < oo}

is a Banach space with respect to the norm

/1l = inf {/l >0; fg@(y, lf I/ ) dply) < 1}

if we identify functions which are equal u-a.e. (cf. [23]). Note that L?(Q) c L'(Q) if u(Q) <
oo by (2.2).
For a measurable function f on Q, we define the modular pg o(f) by

poolf) = fg O 1f o)) duly)

If Q = X, we denote pg o(f) by pao(f).
By convexity of @(x, ) and (2.1), we see that

A .
24 1oy < poo(f) < 7d||f||‘£¢(9) if ||flle@ 21
and
(2.5) 2(Ad)_1||f||‘f¢(9) <peo(f) S flleey  if 1flle@ <1,

where w = log, Ay.
By (2.5), we have

LEMMA 2.4 (cf. [16, Lemma 2.2] and [23, Theorem 8.14]). Let {f;} be a sequence in
L®(Q). Then pg.o(f;) converges to 0 if and only if || fill Loy converges to 0.

LEMMA 2.5. Let{f;} be a sequence in L*(Q) and f € L*(Q). If pg.o(f; — f) converges
to 0, then pg o(f;) converges to pgp o(f).
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PROOF. First, note that {pg o(f;)} is bounded. In fact, by the above lemma, ||f; —
SfllLe@) — 0, and hence {||fill.»@)} is bounded, which implies that {pg o(f;)} is bounded by
2.4).

Let € > 0 be arbitrarily given. By Lemma 2.2,

loe.o(f) = po.o(f)l < fg [P, | £i(0)]) = Dx, | f(X)D] dpa(x)

< &lpo o(f) + po.o(f)} + A©)po.olfi — ).
so that

lim sup po,o(fi) + poo(f )] .

1—00

limsuplpoo(f) — poo(fl < &

1—00

Since {pg.o(fi)} is bounded and € > 0 is arbitrary, it follows that pg o(f;) = po.o(f)- O
LEMMA 2.6. Let B be an open ball in X. Then

||1||L4’(B) < max{l,u(B) sup @(.X, 1)} .

xX€B
PROOF. Letd = u(B)sup,z P(x, 1).
If A > 1, then by convexity

f@(x, 1/d) du(x) < (l/ﬂ)f@(x, Ddux) <1,
B B

so that ||1||L4’(B) <A
If A< 1, then [, &(x,1)du(x) < A< 1, 50 that |[1]| 2 < 1. O

3. &-weak upper gradient and Musielak-Orlicz Newtonian space N"?(Q). Let
I'(Q) be the family of all rectifiable curves in a set 2 ¢ X. Each y € I'(X) is a nonconstant
continuous map vy : [0,£,] — X, where ¢, is the length of y. For I" C I'(X), we denote by
F(I') the set of all Borel measurable functions # : X — [0, co] such that

fhdszl
Y

for every y € I', where ds represents integration with respect to arc length. We define the
@-modulus of I ¢ I'(X) by

Ma(I') = hei;l(fr)pqs(h) .

If F(I') = 0, then we set Mg(I") = co.
For a set 2 C X, we say that a property holds for Mg-a.e. y € I'(Q), if it holds on
yelI'(Q)\ T forafamily I' c I'(X) with Mg(I") = 0.

REMARK 3.1. 1In [19], in a general setting of quasi-Banach function lattices, Maly
defined modulus of curves in terms of norms instead of modular. His definition applied to our
case is:

Mod;ex) () = hei}-“l(i;") Allpecxy -
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This plays almost the same roles as our Mg; in particular, since
Mg(I')=0 ifandonlyif Mod;ex)(I') =0,

in view of Lemma 2.4, the notions “Mg-a.e” and “Mod»x-a.e” coincide. Further,
proofs of the results in [18] and [19] are often applicable to the proofs of corresponding
results in this paper.

LEMMA 3.2 ([19, Lemma4.10]). Let Q2 be a measurable set in X and h be a nonneg-
ative measurable function on Q. Then L hds is well-defined for Mg-a.e. y € I'(Q); in fact, if
hi is a nonnegative Borel functions on X such that hy = h u-a.e. in Q, then

fhdsthlds
y ¥

Let Q be a measurable set in X and let u be a function Q — [—o0, c0]. A nonnegative
measurable function 4 on @ is said to be a @-weak upper gradient of u in Q if

for Mp-a.e. y € I'(Q).

3.1) U((0)) — u(y(L)] < f hds
Y

holds for Mg-a.e. y € I'(€2). Here, by saying that (3.1) holds, we understand that Lhds is
well-defined and Lhds = oo in case |u(y(0))| = oo or |u(y(£,))| = oo (cf. [4]).

REMARK 3.3. Let&’ c Q be ameasurable set. If 1 is a @-weak upper gradient of u in
Q, then h| is a @-weak upper gradient of u|y in £'.

The Musielak-Orlicz Newtonian space N'?(Q) is defined to be the family of all u €
L?(Q) having a ®-weak upper gradient 1 € L?(Q) in Q. For u € N""?(Q) we define

[lullyrey = llullpe) + inf ||AllLeq)

where the infimum is taken over all @-weak upper gradients of u in Q.

We say that u is absolutely continuous on a curve v, if u o v is absolutely continuous on
[0, 4,]. Let ACC (L) be the family of measurable functions on £ each of which is absolutely
continuous on Mg-a.e.y € I'(Q).

LEMMA 3.4 ([19, Theorem 6.7]). Ifu e NY2(Q), then u € ACCp(Q).

LEMMA 3.5 ([19, Lemma 6.8]). Let u € ACC»(Q) and let g be a nonnegative mea-
surable function on Q. If, for Mg-a.e. v € I'(Q),

(3.2 lwoy) @ <g(y®) forae te[0,4],

then g is a @-weak upper gradient of u in Q.
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Conversely, let u € ACCo(RQ) and let g € LP(Q) be a d-weak upper gradient of u in Q.
Then (3.2) holds for Mg-a.e. v € I'(Q).

We say that h, € L?(Q) is a minimal ®-weak upper gradient of u € N'?(Q) in Q if h,
is a @-weak upper gradient of u in 2 and h, < h u-a.e. in £ for all @-weak upper gradients
he L?(Q) of uin Q.

LEMMA 3.6 (cf. [18, Theorem 4.6]). Let u € N“?(Q). Then there exists a minimal
D-weak upper gradient h, of u in Q.
Moreover h,, is unique up to sets of measure zero.

LEMMA 3.7 (cf. [4, Corollary 2.20]). Let u,v € N"*(Q) and let h, and h, be minimal
D-weak upper gradients of u and v in Q respectively. Then hy) sy + hyX sy is a minimal
D-weak upper gradient of max{u, v} in Q and hy) s, + hyX sy is a minimal ®-weak upper
gradient of min{u, v} in Q.

LEMMA 3.8 (cf. [4, Corollary 2.21]). Let u,v € N"*(Q) and let h, and h, be minimal
@D-weak upper gradients of u and v in Q respectively. Then h, = h, u-a.e. on {x € Q : u(x) =

v(x)}.

LEMMA 3.9 (cf. [4, Lemma 2.23]). Let E C Q be an open set. If u € N-®(Q) and h,
is a minimal ®@-weak upper gradient of u in Q, then h,|g is a minimal ®-weak upper gradient
ofulgin E.

LEMMA 3.10 ([19, Proposition 6.10]). Letu,v € N“*(Q) and let h, and h, be minimal
D-weak upper gradients of u and v in Q respectively. Then |ulh, + |v|h, is a ®P-weak upper
gradient of uv in Q.

4. Capacity cg. Foru € N'®(Q), we set
Pa.o() = poou) + inf py o(h)

where the infimum is taken over all @-weak upper gradients of u in Q.
For E C Q, we denote

so(E; Q) ={ue N"?(Q):u>1onE)}
and define the @-capacity with respect to 2 by
E; )= inf p .
co(E; Q) vt Q)p¢,g(u)

In case sg(E; Q) = 0, we set cp(E; Q) = oo, If X = Q, we denote s¢(E; Q) and ce(E; 2) by
sa(E) and co(E) respectively.

ce( -5 Q) is an outer measure; in particular, it is countably subadditive (see [24, Proposi-
tion 4.5]).

REMARK 4.1. ForE C Q, co(E; Q) < co(E).
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REMARK 4.2. In [19], Maly defined a capacity in terms of norms instead of modular.
As remarked for the notion of modulus of curves in Remark 3.1, our capacity cg plays almost
the same roles as the capacity defined in [19].

LEMMA 4.3. Let B be an open ball with radius r in X. Then
co(B) < (1 +max{r™, Agr= /2}) u(2B) sup P(x, 1),
x€2B
where w =log, Ag.

PROOF. Set u(x) = max{1l — d(x, B)/r,0} and
1/r for xe€ 2B
h(x) =
0 for xe X\ 2B.

Then u € L?(X), u = 1 on B and h is a d-weak upper gradient of u in X, so that u € s¢(B).
Hence we have by (92) and (2.1)

cep(B) < f D (x,1) du(x) + f cD(x, l) du(x)
2B 2B r

<u@2B)sup D(x, 1)+ u(2B) sup D(x, 1) max{r~', Agr~/2},
x€2B xe2B

as required. O

For a set E C Q, we say that a property holds ca(-; £2)-g.e. in E, if it holds on E except
of aset F C E with ce(F; Q) = 0, where g.e. stands for quasi-everywhere.

LEMMA 4.4 ([19, Corollary 5.11]). Ifu =vcge(-; 92)-q.e. in Q and his a D-weak upper
gradient of u with respect to Q, then h is also a @-weak upper gradient of v in Q.

LEMMA 4.5 ([19, Proposition 6.12]). Ifu,v € N*?(Q) and u = v u-a.e. in Q, then
u=uvcg(;Q2)-q.e in Q.
Moreover, if Q is an open set in X, then u = v cp-q.e. in Q.

LEMMA 4.6 ([18, Proposition 5.6]). Let Q be an open set in X. Let h; € L?(Q) be
a D-weak upper gradient of u; € N"®(Q) in Q for i = 1,2,.... Suppose {u;} converges to
a function u in L*(Q) and {h;} converges to a nonnegative function h in L*(Q). Then there
exists a measurable function it such that it = u p-a.e. in Q and h is a @-weak upper gradient
of it in Q, and there exists a subsequence {u; } which converges to i pointwise cp-q.e. in Q.

Moreover, if there exists a subsequence {u;, } which converges to u pointwise cp-q.e. in £,
then we may choose it = u in Q.

LEMMA 4.7 (cf. [4, Lemma 6.2]). Let Q be an open set in X. Assume that L*(Q) is
reflexive. Suppose {u;} and {h;} are bounded sequences in L*(Q) such that h; is a -weak
upper gradient of u; in Q fori = 1,2,.... Then there exist u,h € L?(Q), subsequences {u;,}
and {h;,} and convex combinations vy = Zflvi « Qknlti, and gy = Zflvi « Qknhi, such that

(1) {ve) and {gx} converge to u and h in L*(Q) respectively;

(2) there exists a subsequence {vy,} which converges pointwise to u ce-q.e. in §;
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) his a ®-weak upper gradient of u in Q.

5. Musielak-Orlicz Newtonian spaces with zero boundary values Né"p(E) and
Poincaré inequality. For FE C X, we define

NyP(E)={flg: feN"*(X)and f =0in X \ E}.
By Lemma 4.4, we have
NyP(E)={flg: feN'"*(X)and f = 0 co-qe.in X \ E}.
LEMMA 5.1 (cf. [4, Lemma 2.37]). Letu € N"®(Q) and let v,w € NA’CD(Q) be such
thatv < u < w cg-q.e. in Q. Thenu € N(i’(p(Q).

LEMMA 5.2. Let Q C X be an open set. Let u; € Né’(p(.Q) and let hy be a @-weak
upper gradient of u; in Q. Set

= uy on Q and  h= h on Q
10 on X\Q 10 on X\ Q.

Then h is a @-weak upper gradient of u in X.

PROOF. Since u € N"**(X) by definition, there exists a minimal @-weak upper gradient
hy of u in X by Lemma 3.6. Then, by Lemma 3.8, we may assume that %, is identically zero
outside ©. On the other hand, A,|o is a minimal @-weak upper gradient of #; in £2 by Lemma
3.9, and hence h, < h; p-a.e. in Q, so that i, < h p-a.e. in X. Hence, we obtain the required
result by Lemma 3.2. O

We say that X supports a @-Poincaré inequality if, for every open ball B in X, there exist
constants Cp(B) > 0 and A > 1 such that
llu — upllei) < Cp(B)||All 2
holds whenever 4 is a @-weak upper gradient of u on AB and u is integrable on B, where
up = 3% u du is the mean-value of # on B.
EXAMPLE 5.3. RY supports a @-Poincaré inequality if ®(x, ) satisfies (P2’; po) for
po > 1 and the following condition for 0 < v < po/N:

(®5;v) Forevery y > 0, there exists a constant B,,, > 1 such that

D(x,1) < By, Py, 1)
whenever [x —y| <y and ¢ > 1.
We give a proof of this fact in the Appendix (Section 7).

PROPOSITION 5.4 (cf. [4, Lemma 5.53]). Assume that X supports a ®-Poincaré
inequality. Let B = B(xg,r) be an open ball in X. Then there exists a constant C =
C(sup,erp P(x, 1), Ag, Cp(B), u(2B), r) > 0 such that

co(BNS)|ullropy < Cllhullie@is)
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for all u € N“®(X), where A is the constant in the ®-Poincaré inequality, S = {x € X : u(x) =
0} and h, € L®(X) is a minimal ®-weak upper gradient of u in X.

PROOF. Denote by h, a minimal @-weak upper gradient of g in X. Let u € N"?(X).
First note from the @-Poincar€ inequality that u is a constant u-a.e. in 2B if ||h, |2 218y = O,
so that it is sufficient to prove that there exists a constant C = C(Sup,.,p DP(x, 1), Ay, Cp(B),
u(2B), r) > 0 such that

(5.1) co(BNS)|ullrpp < C

for all u € N“*(X) with ||l 2.8 = 1. Further, we may assume that u is nonnegative on 2B
by Lemma 3.7.

If lulle2py < IILllL22), then we see that (5.1) holds by Lemmas 2.6 and 4.3. Thus,
assume that [lull #p > [I1llzocs and set @ = lullsop /I loes> 1). Let n(x) = max{l —
dist(x, B)/r,0}. Then h, < (1/r)y2p. Set v = n(l — u/a). By Lemma 3.10, we see that
(hylu — @ + hy)/a is a @-weak upper gradient of v in X, so that v € N*?(X). Since v = 1 in
B NS, wehave

(5.2) ce(BNS) < pa(v) + pa(hy) .
Since a > 1,
1
pa() < peprp(l —uja) < ;;045,23(14 -a).

By (®4) and convexity of &D(x, -),

A
paop(U — @) < Td(pqiv,ZB(“ — urp) + po2p(og — @)).
Since

lMZB”l”L‘I’(ZB) - “u”L‘D(ZB)l

luzp — al =

Mllz228)
e — u2pllre2m) < Cp(B)
Mzeesy  — Ilees)

by the @-Poincaré inequality, we see that
pa28(uzp — @) < Crpe28(1/|1z2@p) < Ci
by (2.1), where C; = max{Cp(B), A;,Cp(B)*/2}. By (2.4), (2.5) and the ®-Poincaré inequality,
po2p( —uzp) < Cy .
Hence,
(5.3) po2p —a) < AyCy,

so that pg(v) < A4Ct/a.
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Since

h < hylu — ol + hy

1/1
X2B < — (—Iu —al+ hu)XZB
(04 a\r

and « > 1, we see that

1 1
pao(hy) £ —peop (—Iu —al+ hu)
a r

A 1
< —2”’ {pm (—(u - a)) + p¢,23(hu)}
a r

A
< Zﬁ {max{1/r, Aa/(2r*)\pe2p(u — a) + 1}

< C2(Ay4, Cp(B), 1)
a
in view of (5.3). Since 1/a < C3(Sup,ez P(x, 1), u(2B))/llull 2p), We finally obtain (5.1)
from (5.2). O

By Lemma 3.8 and Proposition 5.4, we have the following Poincaré inequalities for
NyP(E).
0

COROLLARY 5.5 (cf. [4, Corollary 5.54]). Assume that X supports a ®-Poincaré in-
equality. Let Q be a bounded set in X with cg(X \ Q) > 0. Then there exists a constant C > 0
such that

lleellzexy < CllAullze )

forallu € Né’qb(Q), where h, € L?(X) is a minimal ®-weak upper gradient of u in X (by
considering asu = 0on X \ Q).

PROOF. Letu € Né’d)(Q). Then we may assume that u € N"?(X) andu = 0O on X \ Q.
Let h, € L®(X) be a minimal @-weak upper gradient of u in X. By Lemma 3.8, we have
h, =0 p-ae. in X \ Q. Since Q is a bounded set in X with ce(X \ ) > 0, there exists an open
ball B > © such that cg(B \ Q) > 0. By Proposition 5.4, we find

llullzexy = llulliees) < mﬂhuﬂmmm = Cllhyllex) s

as required. O

6. Obstacle problem in N'?(Q). From now on, we assume that Q is an open
bounded set with c(X \ ) > 0. We denote by /i, a minimal @-weak upper gradient of g
in Q.

For f € N"®(Q) and ¢ : Q — [~o0, o], we define

Ky r(Q) ={ue N Q) :u-feNy®(Q) andu > ¢ co-qee. in Q).
A function u € Ky (L) is called a solution of the K, (£2)-obstacle problem in N L2(Q) if

fQ D(x, hy(x)) du(x) < fQ D(x, hy(x)) dp(x)
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for all v € Ky, 7 ().

THEOREM 6.1 (cf. [4, Theorem 7.2]). Assume that L*(Q) is reflexive and X supports
a @-Poincaré inequality. Let f € N"*(Q) and  : Q — [—o0,00]. If K #(Q) # 0, then there
exists a solution of the K, s(£)-obstacle problem in N Le(Q),

Further, if @(x,-) is strictly convex for p-a.e. x € €, then the solution of the Ky (£2)-
obstacle problem in N-®(Q) is unique (up to sets of ce-capacity zero).

PROOF. Set

I = inf D(x, hy(x)) du(x).
il fg (x, hy(x)) dpa(x)
Then 0 < I < oo since Ky () # 0. Take {v;} C K, 7(£) such that fgcb(x, hy,(x)) du(x)
converges to [ as j — oo. Here note that {A,,} is bounded in L*(Q). By Corollary 5.5 and
Lemmas 3.8 and 3.9, we have

o = Flle) < Cllhy, sl < C (o llzoc@) + fllia) -

Hence {v;} is bounded in N'?(Q).

By Lemma 4.7, there exist sequences {u;}, {h;} C L®(Q) and functions u,h € L?(Q)
such that {u;} and {h;} converge to u and % in L?(Q) respectively, {u j} converges pointwise
to u cg-q.e. in Q, h; and h are d-weak upper gradients of u; and u in Q respectively, where
uj, hj are convex combinations of subsequences of {v;}i>j, {hy, }i=; respectively. It follows that
u € N"®(Q). Further, u; > ¥ cg-q.e. in Q, which implies u > ¢ co-q.e. in Q. Also, we see
that u; — f € Ny®(Q). Letw; € N"?(X) be such that w; = u; — fon Qand w; = 0 on X \ 2.
Then, w; converges to w in L?(X), where w = u — fonQand w =0on X \ 2. We consider
gj = hj+hyand g := h + hy to be identically zero outside £. Since g; is a P-weak upper
gradient of w; in X by Lemma 5.2 and {w;} and {g} converge to w and g in L?(X) respectively,
we have w € N"?(X) by Lemma 4.6, so that u — f € Ny®(Q). Therefore u € K ;(Q). By
convexity of @(x, ),

fg D(x, hj(x)) du(x) < sup fQ D(x, hy,(x)) du(x) ,

k>

so that
lim f D(x, hj(x))du(x) < 1.
Jj—=o Jo
Hence
1< f D(x, hy(x)) du(x) < f D(x, h(x)) du(x) = lim f D(x, hj(x))du(x) < 1
Q Q = Jo

by Lemma 2.5, which shows that u is the desired minimizer.
We next prove the uniqueness. Assume that u#; and u; are solutions of the K (£2)-
obstacle problem. Then, since uz = (u; + uz)/2 € K, 7(€2), we have by strictly convexity
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of @

fQ B(x, hy, (X)) du(x) < fQ B(x, hay (X)) da()
< f @(x, —h“‘(x)+h"2(x))du(x)
B 2

<1( f B, hy, (X)) da() + f B, hay (X)) da()
2 Q Q

= L D(x, hy, (x)) dp(x)

if u({x € Q: hy, (x) # hy,(x)}) > 0. Hence, h,, = h,, y-a.e. in Q.
For ¢ € R, set

u. = max{uy, min{u,, c}} .
Then u. € N"®(Q) and u, > ¢ ce-q.e. in Q. Since
ue = f < max{ur — fouz ~ f) € Ny®(@)

andu.—f>u—fe€ Né’¢(9), we have u,— f € Né’¢(9) by Lemma 5.1, so that u, € K, ().
Let

Ve={xe€eQ:uj(x) <c<u(x)}.
Then note that V. € {x € Q : u.(x) = c}, so that h,, = O p-a.e. in V. by Lemma 3.8. The
minimizer property of &,, implies

fg D(x, hy, (X)) du(x) < fg D(x, hy,(x)) dp(x)

= f D(x, hy, (x)) du(x) = f D(x, hy, (x)) du(x)
Q\V, .

c

since hy, = hy,, = h,, p-a.e.in 2\ V. by Lemma 3.7. Hence, we have h,, = h,, = O y-a.e. in
V. for all ¢ € R. Since

{xe Q:u(x) <uy(x)} c U V.,
ceQ

we see that h,, = h,, = O p-a.e. in {x € Q : u;(x) < up(x)}. Similarly, h,, = h,, = 0 y-a.e. in
{x € Q:u(x) > uy(x)}. It follows that

oy, (%) < (B (%) + huy QO (xeu w#un 0y = 0
for u-a.e in Q. In view of Lemma 3.9, we find
llur — uzllpo) < Cllayy -y o) = 0

by Corollary 5.5. Hence we have u; = u; cg-q.e. in 2 by Lemma 4.5, as required. O
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REMARK 6.2. If f € N'?(Q) and max{y — f,0} € Ny®(Q), then u = max{f,y} €
Ky, £(Q). Conversely, if Ky (Q) # 0 for f € N'?(Q) and ¢ € N'?(Q), then we see that
max{y — f,0} € NA’QD(Q) by Lemma 5.1; cf. [4, Proposition 7.4].

REMARK 6.3. A solution u of the K, (£2)-obstacle problem is a superminimizer of
the @-Dirichlet energy integral on ©Q, namely

(6.1 f D(x, hy(x)) du(x) < f D(x, hyr (X)) dp(x),
{yeQ:p(y)#0}

{ye:p(y)#0}

for all nonnegative ¢ € Né’q}(Q).
In fact, since u + ¢ € Ky (Q),

fg Px, h()) da(x) < fQ P, By (1) ().
Since Ay, = h, p-a.e. on {y € Q : ¢(y) = 0} by Lemma 3.8, we have (6.1).
7. Appendix: @-Poincaré inequality for N'-¢(R").
LEMMA 7.1 ([20, Lemma 1.50]). Let B be an open ball in RN and u € W' (B). Then

lu(x) —upg| < C f| [Vu)l dy forae xe€B

YN
with a constant C > 0 depending only on N.

The Hardy-Littlewood maximal function M f of f € L} (R") is defined by

Mf(x) := sup lfwldy .,

r>0 |B( )l B(x,r)

where |B(x, r)| is the Lebesgue measure of B(x, r).

LEMMA 7.2 (cf. [20, Lemma 1.32]). Let B be an open ball in RN and f € L'(B).
Then, for x € B,

f _J® dy < CdgM f(x)
B

lx =y
with a constant C > 0 depending only on N, where dg denotes the diameter of B and f is the
function f extended by 0 outside B.

As to the boundedness of the maximal operator M, we have shown (see [17, Theorem 7
and Remark 1]):

LEMMA 7.3. Assume that @(x, t) satisfies (P2'; po) and (P5;v) given in Example 5.3
for py > 1and0 < v < py/N. Then, for every open ball B in RY, there is a constant C(B) > 1
such that

IM fllzem) < CBIfllLe,)
forall f € L*(B).
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LEMMA 7.4 (cf. [28, Theorem 6.19]). Let Q be an open set in RY. Then N'?(Q) c
WY(Q) and if u € NY®(Q) and h € LP(Q) is a d-weak upper gradient of u in Q, then
|Vu| < VNh a.e. in Q.

PROOF. Let u € N"?(Q). Then, u € ACCy(Q) by Lemma 3.4. It follows that u €
ACL(L), namely u is absolutely continuous along almost every compact line segment in £
(cf. [28, Lemma 4.7]); here note that L?(Q) c L! (Q) by (2.2).

loc
Hence u has partial derivatives d;u a.e. in . Furthermore, [0;u| < h a.e. in Q for every

@-weak upper gradient 4 of u by Lemma 3.5. It then follows that u € Wllg' Cl (@) and [Vu| < VNh
a.e.in Q. It in turn follows that |Vu| € L?(Q), namely u € W'®(Q).
m]

Combining these lemmas, we obtain Poincaré inequality for N"*(R"):

THEOREM 7.5. If @(x, 1) satisfies (P2'; po) and (D5; v) with pg > 1 and 0 < v < py/N,
then for every open ball B in RY there is a constant C(B) > 0 such that

llu = ugllLo) < CBIIAlL2H)

for all u € N“®(B) and ®-weak upper gradients h in B.
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