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Abstract. For a given compact connected Lie group and an involution on it, we can
define a hyperpolar action. We study the orbit space and the properties of each orbit of the
action. The result is a natural extension of maximal torus theory.

Introduction. Let o be an automorphism of a compact connected Lie group G. The
action of G on itself defined by g - x = gxo(g)~ " is called a o-action ([7]). A o-action is
a hyperpolar action. In general an isometric action of a Lie group on a Riemannian manifold
is hyperpolar if there exists a closed flat submanifold A such that every orbit intersects A
orthogonally. Such a submanifold A is called a section. It is known that a section is a totally
geodesic submanifold ([3]). When o is identity, then o -action is nothing but an adjoint action
defined by x > gxg~'. More generally when o is of inner type, then the o-action is essen-
tially the same as the adjoint action (Lemma 1.4). Since there are many studies on adjoint
action, we focus our attention to the case where o is of outer type. Moreover we mainly deal
with the o -action when G is simple and o is an involution of outer type. Further when G is
of classical type, we studied the o-action in [5]. In this paper we study the orbit space of a o'-
action and the properties of each orbit such as regular, singular, minimal, austere and totally
geodesic when G is a compact connected simple Lie group with a biinvariant Riemannian
metric and o is an involution of outer type. These are a generalization of the results in [5].
Here the notion of an austere submanifold was introduced by Harvey-Lawson ([2]), which is
a kind of minimal submanifold whose second fundamental form has a certain symmetry.

The organization of this paper is as follows: In Section 1 we mainly construct a sym-
metric triad (X, ¥, W) from a compact connected simple Lie group G and an involution o
of outer type. Here the notion of a symmetric triad, which was introduced in [4], is a gener-
alization of that of an irreducible root system. In Section 2 we describe the orbit space of a
o-action using the symmetric triad ( Z~‘, X, W). We also study the each orbit.
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1. o-action. Let G be a compact connected Lie group. Take a maximal torus 7 of G.
It is known that

(1.1 G=|Jgrg"
geG

In Subsection 1.1 we will show (1.2) in the below for a given automorphism o. When o is
equal to identity, the relation (1.2) reduced to (1.1). Thus (1.2) is a generalization of (1.1). In
this section we review the definition of a o-action, and we mainly study the o -action when o
is an involution.

1.1. General case. In this subsection let G be a compact connected Lie group and o
an automorphism of G. An action of G on itself defined by ¢ - x = gxa(¢9)~! (9, x € G) is
called a o-action [7]. We define two involutions 81 and 6, on G x G by

61(g. 1) = (0" (h),a(9)), 62(g,h) = (h,g).

The two involutions ¢ and 8, commute each other if and only if o is an involution, that is,
o2 = 1. Denote by F(¥;, G x G) the fixed point set of 6;. Then

F1,6xG)={(g,0(9) g€ G}, F,GxG)=AG={(4g,9|g¢€G}.

Thus a triple (G x G, F(61,G x G), AG) is a compact symmetric triad, that is, (G X
G, F(01,G x G)) and (G x G, AG) are compact symmetric pairs. Take a biinvariant Rie-
mannian metric { , ) on G. Then we get an action of F (01, G x G) on (G x G)/AG by

(9.0(9)((a,b)AG) = (ga, o (9)b)AG ,

which is a kind of Hermann actions. If we identify (G x G)/AG with G by the map (G x
G)/AG — G; (a,b)AG — ab~!, then we can see that the Hermann action of this type is
nothing but the o-action. Since a Hermann action is hyperpolar, a o-action is also hyperpolar.
In order to study a section of the o-action, we denote by g the Lie algebra of G. Define a
closed subgroup K, of G by K, = F (o, G). Then the Lie algebra £, of K, is given by

b =F(o,9) ={Xeg|o(X) =X},
where we denote the differentiation of o by the same symbol o. Denote by ¢; and m; the (4-1)
and (—1)-eigenspace of ; in g x g respectively. Then
h={X,o(X)|Xegl, &2={X,X)|Xeg},
mp={(X,—o(X)) [ X eg}, m={X,-X)|Xeg}.
Thus we have
BNk ={X.X) | Xet}, mnm={X-X)|Xet},
Enm={X,-X)|o(X)=-X}, BNm ={X,X)|oX)=-X}.

For aset X and amap ¢ : X — X we define F(¢, X) = {x € X | ¢(x) = x}. We use this notation throughout
the paper.
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Take a maximal torus A in K, and denote by a the Lie algebra of A. Define a subspace a in
m; Nmy by
a={(H,—H)| H €a}.

Then & is a maximal abelian subspace of m;Nm;. Hence exp AAG is a section of the o -action,
where expa = {(a, a b | a € A} ([3]). In particular

(G x G)/AG = | J(g.0(9)) expaAG.

geG
If we identify (G x G)/AG with G, then we have
(1.2) G=JgAo™".
geG

Denote by g€ the complexification of g. For « € a, we define a subspace g(a, «) of g€ by
8(a,0) = (X € g° | [H, X] = V=T{o, H)X (H € a))
and set
S ={eca—{0} g # {0}
Then we have
(1.3) “=0@.0® ) gaa).
>

Denote by ~ the conjugation of g€ with respect to g. If  is in ¥ then —a is also in X since
g(a, ) = g(a, —a). We denote the complex linear extension of o to gcC by the same symbol
o. The following two lemmas were proved in [5].

LEMMA 1.1 [5, Lemma 3].

(1) [g(a, @), g(a, B)] C gla, o+ B).
(2) g(a, o) is o-invariant.

Denote by 3 the center of g.
LEMMA 1.2 [5,Lemma4]. span(i‘) = 5J‘ Na.

Denote by X' the root system of £, with respect to a. Then X' is a reduced root system.
The multiplicity m(X) of each A € X' is equal to two. Denote by W (X') the Weyl group of X.

For (a,b) € G x G we denote by 7(, ;) the inner automorphism defined by (a, b):
Tab)(x, y) = (@, b)(x, y)(a, b)~".

DEFINITION 1.3 ([9]). Let (61, 62) and (6], 6}) be two pairs of involutions of G x G.
Then (61, 62) and (67, 05) are equivalent if there exist an automorphism p € Aut(G x G) of
G x G and (a, b) € G x G such that

9{ = T(cz,b)pelp_lf(;}h) ’ Qé = 092/0_1 .

In this case we write (01, 62) ~ (6], 95). The relation ~ is an equivalent relation.
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The following lemma means that when o is of inner type, then the o-action is essentially
the same as adjoint action.

LEMMA 1.4 [5,Lemmal]. Set61(g,h) = (6~'(9),0(9) and 62(g,h) = (h, g).
Then (01, 63) ~ (02, 02) holds if and only if o is an inner automorphism of G.

We are interested in the case when o is of outer type. The following lemma means that

o-action is essentially the same as 7,0 ra_l-action, where we set 7,x = axa~ L.

LEMMA 1.5 [5,Lemma2]. Foro € Aut(G) and a € G we define o’ € Aut(G) by
o' =101, Set 01(g,h) = (67 (h),5(9)).0](g.h) = (67" (h), 0" (9)) and 62(g. h) =
(h, g) then (61, 62) ~ (0], 62).

1.2. 1In the case when o is of finite order. In the sequel we assume that the order s
of o is finite. We define a subgroupof U(1) by {e1 = 1,¢2,...,&}={e € U() | &’ = 1}.
Define a subspace g(a, o, ;) of g(a, o) by

ga,a,e;) ={Xe€gla,a)|cX =¢;X}.
In particular

9(a,0, 1) = {X € 5 | [a, X] = {0}} = a*.
By Lemma 1.1,(2) we have

g(a, ) = Z g(a, a,€5).
j=1

The following two lemmas were proved in [5].
LEMMA 1.6 [5, Lemma 5] .
(1) g(a, o, &) is o-invariant.

2) g(a, @, &) = g(a, —a, 5;1).
(3) [g(as o, €i)7 g(ﬂ, ,ngj)] C g(a,Ol +ﬁ, 5[8]‘).

LEMMA 1.7 [5, Lemma6]. X is a root system of 3 N a.

In order to study the properties of X it is necessary to recall the finite dimensional com-
plex irreducible representations of s[(2, C). We define a basis {X, X, H} of sl(2, C) as fol-

lows:
0 1 5 00 - -1 0
X:«/—l(o O)’ X:«/—l(l 0), H:[X,X]:(O 1).

LEMMA 1.8 [4, Lemma4.37]. Let (p, Vat1) be an (n + 1)-dimensional complex ir-
reducible representation of s\(2, C). Then there exists a basis { fi Yo<k<n of V such that

p(X) fi = V=1/(n — k)(k + 1) fiy1,
pX) fu = =1k —k + 1) fi_1,

p(H) fi = (n = 2Kk) fi .
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In the lemma above, the set Spec(p (H)) of eigenvalues of p(H) is given by
Spec(p(H)) ={n —2k |0 <k <n}.

Denote by W,,_o the eigenspace of p (H) with eigenvalue n —2k. Then W, _o; = C f;.. When
0 < k < [n/2] then the mapping

(14) P Wk = Woguoapy
is a linear isomorphism.

LEMMA 1.9. Leta € ¥ and X € g(a,a,&j) — {0}. When p € X and (&, B) < O
then ||B| = llo + Bl and the mapping

(adX)™ : g(a, B) — g(a, B + ma)

is a linear isomorphism, where we set m = — z‘fg"é) € N. In particular the linear mapping

adX : g(a, B) — g(a, B+ )

is injective. Here s, 8 .= — 2 H‘zfga = B + ma.

PROOF. Since [|B]1? — |l + B> = |le]|>(m — 1) > 0, we have ||8] > [l + B]. We
denote by 8 + na (p < n < gq) the a-series containing 8. Then p + ¢ = m and

(a, B+ na) = —lllallz(p +q—-2n) (p=n=gq).
If we set H = e X EHr [X, X]and [ = CH @ CX @ CX, then [ is isomorphic to s[(2, C) as
Lie algebras and
ad(H)=(p+q—2n)id= (m —2n)id on g(a, B+ no).
Thus
a(a, p) = {Y e @oa B +na) | [H Y] = mY},

nez

g(a, B+ ma) = {Y e Po(a, p+na) | [H, Y]:—mY}.

nez

Taking this into account, we decompose

q
P o, B +na) =Paa, B +na)

nez n=p
into l-irreducible representations. Then Lemma 1.8 and (1.4) imply the assertion. O

We decompose ¥ into irreducible root systems, and denote it by > = 2:21 Uu---u 2:2,.
Let ggc be a subalgebra of gC generated by ) 5 g(a, @). Then

0 Co@0)® Y. gl a).

aEi‘i
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LEMMA 1.10 [5,Lemma7]. gi.c is an ideal of gC, which is not equal to {0}. When
i # j, then [gic, gi;] = {0}. In particular if g is simple then X is an irreducible root system
of a.

1.3. 1In the case when o is an involution. In the sequel we assume that o is an
involution. Define a subspace m, of g by

my,={Xeg|oX)=—-X}.
Then g = &, @ m,. Since a C €,, we have [a, m;] C m,;. We denote by W the set of

nonzero weights of m, with respect to a. Denote by n(«) the multiplicity of « € W. Define
subspaces V (m,) and V4(m,) of my by

V(mg) ={X e my | [a, X]={0}},
Vime) = {X emg | X L V(mo)).
LEMMA 1.11. Ifwe sett=a® V(my), then tis a Cartan subalgebra of g.

PROOF. Since a maximal abelian subalgebra in g containing a is o-invariant, and is
contained in {, it is sufficient to prove that t is abelian. By the definition of t we have

[t t] =[V(my), V(mg)] C &5 .
By the Jacobi identity, we have
[a, [t, t]] = [[a, V(me)], V(me)] + [V(mg), [a, V(me)]] = {0}.

The maximality of a implies that [t, t] C a. Hence t is a subalgebra of g. Since g is compact,
t is also compact. The semisimple part [t, t] of t satisfies

[[t, tI, [t, t]] C [a, a] = {O}.
Hence [t, t] is abelian. Thus we get [t, t] = {0}. O
For o € a we define a subspace V(j (my) of V4L(my) by
Vim,) = (X e Vi(m,) | (adH)*X = —(a, H)*X (H € a)}.
Then we have W = {« € a | Val (mg) # {0}}, which is invariant under the multiplication by
—1 since V_la (mgy) = Vof (my). Fora € W we have n(a) = dim VO[l (mg ). By the definitions

of £, Y and W weget Y = T UW.
We recall the definition of a symmetric triad.

DEFINITION 1.12 ([4, Definition 2.2]) . Let a be a finite dimensional vector space
over R with an inner product ( , ). For «, 8 € a set

(o, B)

.
lle]l?

saB=B8—2

A triple (2:] , X, W) is a symmetric triad of a, if it satisfies the following six conditions:

(1) X is an irreducible root system of a.
(2) X is aroot system of span(X).
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(3) W is a nonempty subset of a, which is invariant under the multiplication by —1, and
T=XUW.

(4) ¥ N W is a nonempty subset. If we put/ = max{|l¢|| o € XN W}, then X NW =
{a € X lafl <1}

(5) Fora e W,Aae ¥ - W,

JA) . .
2<|‘|" ”2> is odd if and only if ;A € W — X,
o
6) Fora e W, e W — X,
(o, A) . . .
2 e isoddif and only if syA € ¥ — W.

REMARK 1.13. When (f], X, W) is a symmetric triad of a, then span(X’) = a.

In fact the set of shortest roots of an irreducible root system X spans a. The condition
(4) of Definition 1.12 implies that

span(X) D span(X N W) =a.

In the sequel we assume that G is a compact connected simple Lie group. The purpose
of this section is to show the following theorem, which is a generalization of Theorem 1 in

[5]:

THEOREM 1.14. Let G be a compact connected simple Lie group, o an involution of
G of outer type. Then the triple (X', X, W) defined above is a symmetric triad, and X is a
reduced root system of a. m(A) = n(a) =2 foranyh € X anda € W.

We need some lemmas to prove the theorem above.

LEMMA 1.15 [5,LemmaS8]. Fora € W, the subspace V(j- (my) is a-invariant, and
n(a) is even for any a € W. If we denote by W (X') the Weyl group of X, then W is invariant
under the action of W(X). Fors € W(X) and « € W, we have s(V(j-(mg)) = VYJ&(mJ) and
n(sa) = n(a).

LEMMA 1.16. When X "W = (@, thenfor o, B, + B € X there exist &1 = =*1 and
&> = *x1 such that

g(a, @) = g(a, o, 61),  g(a, B) = g(a, B, £2)
and that
gla,a +p) = gla,a + B, e162) .
PROOF. Since X’ N W = ¢ there exist 1, &3, &3 € {1} such that
g(a,0) = g(a,a,e1),  g(a, ) =g(a, B, &), gla,a+p) =gl a+p e3).
If (o, B) < O then Lemma 1.9 implies that

{0} # [X, g(a, B, e2)] C g(a, o + B, £162)
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for X € g(a, o, 1) — {0}. Hence 3 = e1&2. When (¢, 8) > 0 then
(o, =@+ B)) = —llel* = (e, ) < — ]l < 0.
Since there exists ;& € {#=1} such that
g(a, (@ +p)) = g(a, =(@ + ), ),
using Lemma 1.9 we have
{0} # [X, g(a, —(a + B), W] C g(a, —B, e11)
for X € g(a, o, 1) — {0}. Thus
g(a, =p) = g(a, =B, &2) = g(a, =B, 1),
which implies that u = €1¢;. Hence
gla,+ B) =g(a,a + B, c162) . O

We extend the inner product ( , ) on g to a complex symmetric nondegenerate bilinear
form (, ) on gC.

LEMMA 1.17. (g(a,a,¢€), g(a, —a, —¢)) = {0} fora € ¥ and e = +1.
PROOF. For X € g(a, o, ¢) and Y € g(a, —«, —¢) we have
(X,Y)=(0X,0Y) = —e*(X,Y)=—(X,Y).

Thus (X,Y) =0. O
LEMMA 1.18. Ifa,B € X U{0}anda + B # O then (g(a, ), g(a, B)) = {0}.
PROOF. For H € a, X € g(a,) and Y € g(a, B) we have

0= (H, XLY)+ (X,[H Y]) =v—Ta+B, H(X,Y).

Take H such that (« 4+ 8, H) # 0. Then we have (X, Y) = 0. O

LEMMA 1.19. n(a) =2foranya € W.

PROOF. Since « is in W, the dimension of g(a, o, —1) is greater than or equal to one.
Combining Lemmas 1.17 and 1.18 with the nondegeneracy of ( , ) we have
(g(a,a, —1), g(a, —a, —1)) # {0}. Thus we can take Ei, € g(a,=xw, —1) such that
(Ey, E_y) = 1. Then

[Eq, E_q] € [g(a, o, —1) , g(a, —a, —1)] C g(a, 0, 1) = a®.
For any H € a we have
(H,[Eq, E_o]) =([H, Eql, E_¢) =~ —1a, H){Ey, E_) = v —1{a, H),

which implies that [E,, E_4] = +/—1la. Take D, € g(a, o, —1) such that (Dy, E_,) = 0
and set

D_1 =0, D,=(adEy)" Dy ecgla,(n+Da) (n=0,1,2,...).
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We will show that

lel?Dhet (n=0,1,2,...)

[E_y, Dp] = M
2

by the induction with respect to n. When n = 0, then Dy = D,, and

[E_g, Dol = [E_q, Dol € [g(a, —a, —1), g(a, @, —1)] C g(a,0, 1) = a©.

C

For any H € a*~ we have

([E—a. Dol. H) = —(E_q, [H, Dy]) = —/—1{ot, H){E_q, Dgs) = 0.
Thus [E_,, Dg] = 0. Assume that the assertion holds until n. By the Jacobi identity we have
[E—a, Dnt1] = [E—a, [Eq, Dnll
= [[E-as Ea]l, Dul + [Ea, [E—«, Dnll
—v=1la, Dy] + @uanzwa, Dy-i1]
nn+1)
2

2
lleel| D -

= (n+ Dlle|* Dy + |2 Dy

_(n+Dn+2)

B 2
Hence [E_qy, D,] = "("TH) ||oz||2D,,_1. If the dimension of g(a, o, —1) were greater than or
equal to 2, we could take D, # 0 such that (Dy, E_y) = 0. Thus D, € g(a, (n + 1)) — {0},
which would be a contradiction. Hence dim g(a, o, —1) = 1. d

By Lemma 1.19 we get, for any € X,

2 (@eXZNW),

(1.5) dimg(a, @) = {1 @eS—xnw

since m(X) = 2 for any A € X. We can take a fundamental system IT of ¥ since X is a root
system of a by Lemma 1.10. We denote by X the set of positive roots in X with respect to
I.Setxt=YnEXtand Wt =wnxt.

LEMMA 1.20. The following three conditions are equivalent.

(1) o is an inner type involution of g.

2)Xx2Nnw=4¢.

B TNwnIl=4¢.

In the case above a = t holds.

PROOF. (1)= (2): By the assumption there exists H € g such that o = Ad(exp H).
Take a maximal abelian subalgebra t of g containing H. Then t C £,. Thus a = t. Since the
dimension of g(a, «) is equal to one for a € ¥, and g(a, @) is o-invariant by Lemma 1.1,
(2), we have g(a, o) C ES or g(a, o) C mg. Hence X NW = 9.

(2)=(1): By assumption for @ € ¥ there exists £, = 1 such that

g(a, @) = g(a, o, &q) .
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Select H € a as follows: For a € 1:1,

O (811:1)7
T (eq =-—1).

(a,H):{

Since (adH)X = /—1{a, H)X fora € IT and X € g(a, o), we have
Ad(exp H)X = eV 1l X — o X =0 X.

Hence 0 = Ad(exp H) on )_,_p g(a, &). Similarly we have 0 = Ad(exp H) on Zae—f[
g(a, o). By Lemma 1.16 we have 0 = Ad(exp H) on Zaei g(a, o). The subalgebra gener-
ated by ) s g(a, o)(# {0}) is an ideal of gC by (1.3). Hence it coincides with g€ since g©
is simple. Hence o = Ad(exp H) on g€.

It is clear that (2) implies (3). We show that the negative of (2) implies the negative of
(3). Assume that ¥ N W # . Let @ be in X N W+. We will show that there exists 8 € IT
such that (o, B) > 0 when o ¢ IT. We were to assume that (o, 8) < O for any g € IT.
Expressaasa =} g g mpB (mp > 0) then

lecli> = > mple, By <0.

Bell

Hence we would have ¢ = 0, which would be a contradiction. Thus when o ¢ [T there exists
B e IT such that (a, B) > 0. Considering a-series containing 8 we geto — 8 € Tt We
will show that — 8 € ¥ N W*. The mapping

adX : g(a, @) = g(a,a — B)
is injective for X € g(a, —B) — {0} by Lemma 1.9. In particular
adX : g(a,a, 1) —» g(a,a — B)
is also injective. Since dim g(a, « — ) < 2 by (1.5), we have
gla,a — f) =[X, g(a, o, DI @ [X, g(a, 2, =D],  [X, g(a, a, £D)] 7 {0}

Hence o — 8 € ¥ N W by Lemma 1.6, (3) in both cases when B isin X1 or isin W™.
By iteration we have X+ N W+ N IT # . O

LEMMA 1.21. (I)Fora e Wandir e ¥ — W,

, A
2<|(|1 ”2> is odd if and only if sy € W — X
o
2) Fora e Wandr e W — X,
(o, 4) . . .
2 is odd if and only if sy € ¥ — W .

lor]|
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PROOF. Letabein Wand A in (X — W)U (W — X). Setm = i, Hal\z € Z. We may

assume that (o, A) # 0. Since W is invariant under the multiplication by —1, we may assume
that (o, A) < 0. Let X be in g(a, o, —1) — {0}. By Lemma 1.9 the mapping

(adX)™ : g(a, A) — g(a, sq))
is a linear isomorphism. Since A is in (¥ — W) U (W — X'), we have

1 (hex-—Ww),
1 LeW-2).

Since (adX)™g(a, A, &) C g(a, squA, (—1)"¢;) by Lemma 1.6, (3), we have
g(av s()l)\') = g(av s()l)\'s (_l)mg)\) .

Hence we get the assertion. O

g(a,A) =g(a, A, &) where & = {

LEMMA 1.22. Let o be an outer type involution of g. Set | = max{|la| |« € ZNW}.
Then X NW £QPand X NW ={a € X | |la|| <I}.

PROOF. By Lemma 1.20 X N W # (. First we show that s, is in X' N W for any
@€ XNWandy € X. There exists ¢ € {£1} such that g(a, v, &) # {0}. We may assume
that y is not proportional to a and that (e, y) # 0. Since s, = s_, o we may assume that

(o, ) < 0. If we setm = —5 %! ! then for X € g(a, y, &) — {0} the mapping

H H
(adX)™ : g(a, @) — g(a, sy @)

is a linear isomorphism by Lemma 1.9. Since (adX)"g(a, a, £1) C g(a, sy o, =¢) the map-
ping
(adX)™ : g(a, a, £1) — g(a, s, ¢)

is a linear isomorphism. Thus s, € ¥ N W since « is in X N W. Since ¥ is an irreducible
root system, the Weyl group W(E)of X actson {8 € X | |8l =1} transitively. Hence
e X ||laf =1} c XNW. When! = min{|le| | @ € Z}then ENW = {a € ¥ |
lell =1} = {a € X | ||| < I}, which implies the assertion. Hence we may assume that
! > m1n{||a|| | « € £}. In the case when X #= BC, we have | = max{||«|| | « € &} since
any root in ¥ is shortest or longest. Take y € ¥ such that lvIl < I. We show that y is in

Y N W. By [4, Lemma 4.35] there exists 8 € ¥ with || 8] = [ such that — ng’g = 1. Then
B+yeX. Sincel|Bll=1BisinENW. A simple calculation implies that

(=B, B+7) (B.B+v) B, 7)
-2 =2 =242 =
I —BI? 18112 18112
LetY € g(a,B8,1) —{0}and Y’ € g(a, —B, —1) — {0}. The mappings
adY : g(a,y) — g(a, B +y), adY':g(a,B+y)— g(a,y)

are linear isomorphisms by Lemma 1.9. Since

adY : g(a,y, 1) — g(a, B+y,£1), adY :g(a,B+y,£1) — g(a,y,F1),
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we have dimg(a, y, 1) = dimg(a, y, —1). Thus y is in ¥ N W. When ¥ is of type BC,
then the assertion reduces to the case when X is of type B, . O

PROOF OF THEOREM 1.14. The condition (1) of Definition 1.12 was proved in
Lemma 1.10. The condition (2) of Definition 1.12 was proved in Subsection 1.1. The con-
dition (3) of Definition 1.12 was already proved in this subsection. The condition (4) of
Definition 1.12 was proved in Lemma 1.22. The conditions (5) and (6) of Definition 1.12
were proved in Lemma 1.21. Thus (¥, ¥, W) is a symmetric triad of a. In Subsection 1.1
we showed that X' is reduced and m(X) = 2 for any X in X'. In Lemma 1.19 we showed that
n(e) =2 forany o in W. O

Take two maximal abelian subalgebras a and @’ of ¢,. We obtain a symmetric triad
(X,X,W)ofaand a symmetric triad (X', X', W) of d in the sense of Theorem 1.14. We
study a relation between them. Since a and a’ are maximal in £, there exists an element
k € (K)o, the identity component of K, such that a’ = Ad(k)a. For 8 € o’ and ¢ = +1 we
have

9(d, B) = Ad(k)g(a, Ad(k"H)B), 9@, B, &) = Ad(k)g(a, Ad(k™ B, &),
which implies that

S =Adk)X, ¥ =Adk)X, W =AdkW.

-1
P
The symmetric subgroup K, with respect to o’ is given by K, = 14Ky = gK,9~". For
a maximal abelian subalgebra a of £, define a maximal abelian subalgebra a’ of &,/, the Lie
algebra of K/, by a’ = Ad(g)a. We obtain a symmetric triad (X', X', W) of a and a symmetric
triad (X/, X/, W’) of ¢’ in the sense of Theorem 1.14. We study a relation between them. For
B ed ande = =1

9(d, ) = Ad(g9)g(a, Ad(g 1)), o(d, B, &) = Ad(g)g(a, Ad(g "B, e),

which implies that

For an involution o on G and g € G we define an involution ¢’ by ¢’ = 1407
1

Y =Ad(¢g)Y, X =Ad(g)x, W =Ad(gW.

In the rest of this subsection we determine (X, X, W) for any given (g, £ ). The results
are as follows:

| (9, ) [ (. 2. W) |
(su(m), so(2m)) (m > 2) T-Cp)
(su2m + 1), s02m + 1)) (m > 1) (II-BC,)
(su(2m), sp(m)) (I-Cn)
(s0Q2m +2n +2),502m + 1) x s02n + 1)) | (U-Bpsn)
(¢6, 5p(4)) (I-Fy)
(e6, f4) (I-Fy)
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We can see the set of (g, £5)’s by the classification of symmetric spaces of compact type.
In the table above, when g is of classical type, that is g = su(N), so(N), then we can verify
the type of (X', ¥, W) by a matrix calculation ([5]). Here we used the following notation.

[ ope | 2 [ = | w |
(I"Cm) Cm Dm Cm
(II-BC,,) | BCy, B BC,,
(I'Cm) Cm Cm Dm
(U'-Bimtn) | Butn | BuU By (2 — X) U {*e;}
(I-Fy) Fy Fy {shortest roots in F4} = Dy

(X, X, W) = (I'-F4) means that ¥ = F4 and
Y = {shortest roots in F4} U {£(e] £ e3), X(e3 £ eq)} = Cy,
W = {shortest roots in F4} U {%(e1 £ e3), =(e1 L eq), £(e2 L e3), £(ex £ e4)}.

Here we followed the same notations of positive roots in [1].

When g = ¢ we can verify the type of (£, X, W) using Vogan diagrams. In order
to explain this, first let g be a compact simple Lie algebra, and ¢ an automorphism of g of
outer type. Take a maximal abelian subalgebra a of ¢, = F(o, g). Thent = a @ V(my) is
a maximal compact Cartan subalgebra of g (Lemma 1.11). Take an invariant inner product
(, )ong. Denote by : t — a the orthogonal projection. For « € t we define a subspace gg
of the complexification gc of g by

oS =(Xeg®|[Z.X]=vV=T(@. 2)X (Zetb).

Then « € tis called a root of g with respect to t if gg # {0}. A root « is compact if gg C {%g,
and « is noncompact it gg - mg. A root « is compact or noncompact if and only if « is in a.
A root « is complex if it is neither compact nor noncompact. Then

Y NW = {complex roots}, ¥ = {compact roots, complex roots},
W = {noncompact roots, complex roots} .

The set of compact roots, noncompact roots and complex roots can be readable from the
Vogan diagram of (the dual of) (g, £;). And the orthogonal projection can be also readable
from the Vogan diagram (see [6] for the detail).
In the sequel we assume that (g, €;) = (¢, f4) or (g, &;) = (¢6, 5p(4)). In both cases we
have
6
t=) Roj, a=Ra®Ray®R(es+as) ®R@ +ap)
i=1

and

_ _ 1 _ _
1=0t6=§(0ll+066), 063=065=§(063+015), Q) =o0p, 04 =04.

Hence £ = Fy.
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In the case when (g, t;) = (¢6,fa) we get W C ¥ = 5 since there does not exist a
noncompact root. The set of compact roots coincide with the set of long roots in F4. The
set of the projections of complex roots coincide with the set of short roots in F4. Hence
(2, X, W) = (-F).

In the case when (g, t;) = (¢6, 5p(4)), we get ¥ N W = {shortroots in F4}. Hence
(X, X, W) = I-F).

2. The orbit spaces of o-actions. In this section let G be a compact connected simple
Lie group and o an involution of G of outer type. Take an adjoint invariant inner product ( , )
on the Lie algebra g of G. We use the same notation in the previous section. Take a maximal
torus A of K, and denote by a its Lie algebra. We denote by (X, X, W) the symmetric triad
of a obtained in the previous section. Since X' is a root system of €, with respect to a, we
have the following root space decomposition of £ :

t,=a® ) (RF.ORG)),
rext

where, for any H € a,
[H, F,]1=(x, H)G,, [H,G]=—(A, H)F).
Then we have
Ad(exp H)F). = cos({\, H))F). + sin({A, H))G,.,
Ad(exp H)G; = —sin({A, H)) F) + cos({A, H))G), .

Since W is the set of nonzero weights of m, with respect to a and n(w) = 2 forany o« € W,
we have the following weight space decomposition of my:

my =Vme) @ Vimg), Vime) = Y (RXy ®RY,),
acWt
where, for any H € q,
[H, Xol = (o, H)Yo, [H,Yo]l=—(a, H) X .

Then we have

Ad(exp H)Xy = cos({o, H)) Xy + sin({a, H)) Yy,

Ad(exp H)Y, = —sin({, H)) Xy + cos({a, H))Y,, .
For H € g we denote by Oy = UgeG gexp(2H)o(g)~! the orbit of o-action through

exp2H. Since A is a section of o-action, we may assume that H is in a. The tangent space
of Oy atexp2H is given by

dLexp(—2m1) Texp2m(OR)
{Ad(exp(—2H))X —o(X) | X € g}

Y REGORGH® Y  (RXa®RY,) & V(m,),

rext acWt
(A H)¢nZ (a.H)¢%+7rZ
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where Ly : G — G; x + gx is a left translation. The normal space of Oy at exp2H is
given by

dLexp-2t) Toxpog(Om) =a® Y REORGH® Y (RXq ®RY,).

rext aeWt
(M, H)enZ (ou,H)e%+7rZ

In [4] we defined that H is a regular point if
O H)YEnZ (LeX), (a H) ¢%—I—nZ (@eW).

Thus we get the following Proposition:
PROPOSITION 2.1. The orbit Oy is regular if and only if H is a regular point.

The orbit Oy = | 9eG 90 (¢9)~! through the identity element is the image of G/K, by a
Cartan embedding F, : G/K, — G; gK, — go(g)~'.

We will review the definition of a reflective submanifold, which was introduced by Le-
ung.

DEFINITION 2.2 ([8]). Let M be a complete Riemannian manifold. A connected
component of the fixed point set of an involutive isometry F of M is called a reflective sub-
manifold. F is called a reflection.

REMARK 2.3. Oy is areflective submanifold of G.

PROOF. The tangent and normal spaces of O at the identity element e are given by
T.(00) ={X —o(X) | X eg}=ms, T;(O0) =ty
The mapping F : G — G; x — o (x~!) is the identity on Og. The differential of F is —1 on

TEL(OO). Hence F is a reflection. O

DEFINITION 2.4 ([4]). Let (X, X, W)bea symmetric triad of a. Then H € ais a
totally geodesic pointif («, H) € ZZ forany a € X.

PROPOSITION 2.5. If H is a totally geodesic point, then the orbit Oy is a reflective
submanifold.

PROOF. By the assumption, («,4H) € 2nZ for any o € Y. Hence Ad(exp(4H)) =1,
which implies that exp4 H is in the center of G. If we set 0/ (g) = exp(2H)o (g) exp(—2H)
then o is an involution of G. Since Oy exp(—2H) = UgeG go’(g~1), by the remark above
Op exp(—2H) is a reflective submanifold. Hence Op is also reflective. O

The isotropy subgroup G g of the o-action at exp 2H is given by
G =1{g9€G |gexp2H = (exp2H)o(g))
={g € G| (exp(—=2H))gexp(2H) =0 (g)} .
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The group G g is o-invariant, and its Lie algebra g is given by
g ={X € g| Ad(exp(-2H))X = 0 (X)}
=a® Y REORGH® Y [RX,®RY,)

rext acWt
(M H)erZ (a.H)s%JrnZ
_ -1 1
- dLexp 2HTexp2H(0H) :

The subspace a is a maximal abelian subalgebra of gy . Hence

on = |J Adlga= [ Ad@(9)a.

9eGy 9eGu

The action of Gy on the normal space T;Pz 1 (On) is given as follows: For g € Gp, and
X € gn,

d _
g Lexp2n X = —gexp2H exptXo (9); Ly = d LewpaxAd(@ ()X .

Hence as representation spaces we have the following isomorphism:

~ Ado.
(Gr ~ Torpoy (O =[G gl

Thus

2.1) Topan(Om) = | gedLexprna.
9eGp

The notion of austere submanifold was first given by Harvey-Lawson.

DEFINITION 2.6 ([2]). Let M be a submanifold of a Riemannian manifold M. We
denote the shape operator of M by A. Then M is called an austere submanifold, if for each
x € M and for each normal vector & € TXJ- (M), the set of eigenvalues with their multiplicities
of A% is invariant under the multiplication by —1.

It is obvious that an austere submanifold is a minimal submanifold.

DEFINITION 2.7 ([4]). Let (X, X, W) be a symmetric triad of a. For each A € ¥
and o € W set m(L) = n(a) = 2. For H € a we define a mean curvature vector mg € a of
H by

mp=— Y. m@)cot(fh, H)r+ Y n(@) tan((e, H)a

rext aeWt

¢T3 (H)¢ 7
=2 Z cot((r, H)A +2 Z tan((a, H))t .
rext aeWt

(H)¢TZ (o H)¢ 52
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(1) H € ais an austere point if the subset
!—Acot((k, H) |»e S+ (\,H) ¢ %Z}
U {a tan((a, H)) |a € W, (o, H) ¢ %Z}
of a is invariant under the multiplication by —1.
(2) H € ais aminimal pointif mpg = 0.
After some preparations we will show the following theorem:

THEOREM 2.8. For the orbit Oy C G (H € a), we have the following:

(1) O C G is totally geodesic if and only if H is a totally geodesic point.
(2) Og C G is austere if and only if H is an austere point.
(3) Om C G is minimal if and only if H is a minimal point.

In [4] the totally geodesic points and austere points were classified. Hence we can clas-
sify the totally geodesic orbits and austere orbits. The orbit space can be identified with a
simplex in a. The simplex is a closure of a cell. We can stratify a cell and see that each strata
has a unique minimal point ([4, Theorem 2.24]).

For X € g we define a Killing vector field X* on G by

d
X* = Z(exptX)xa(e»an)—l|,:0 e T (G).

Then X* is tangent to Op at each pointin Oy. We denote by & the second fundamental form
of Oy C Gatg=-exp2H.

LEMMA 2.9. ForX,Y €g,
2dL h(X*, Y*) = =[Ad(g~ )X, o (N]" = [Ad(g~ Y, 0 QO

where we denote by Z the dL;1 TgJ-(OH)-component of Z € g with respect to the decompo-
sition g = dL ;' Ty(On) @ dL,' T (On).

PROOF. We denote by X and X the left invariant and the right invariant vector field
on G corresponding to X € g = T,(G) respectively. Then X% and X ¥ are Killing vector
fields, and we have

X*=xR_ox)t.

For X, Y € g we have
1
Ve YE = [xE vE = 51X, Y1k,

Vyr YR =

N =N =

1
[x® vR) = -5 1X, Yk,
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where we denote by V the Levi-Civita connection on G. Hence we have
Vx:Y* = Vyr_o 0 VK —o(1)F)
1 1
- <—§[X, YR+ Sl (0, o(Y)]L) — Vyra (V)F =V, x YR

1
=—5IX. Y~ Vyro(Y)E = Vyro (X)L

Here we used the relation [o (X)L, YR] = 0. By a formula of Koszul,
2(xE, Vryty = (I¥h X1, zR) = (v, x1F, Z5)
for X, Y, Z € g. Evaluating at x € G and using the invariance of metric, we get
2XE, Vv ly = (XL dL, (Y, Adx™1)Z]).
Hence
L 1 —1
(VzrY ™) = EdLX[Ad(x YZ,Y].
Thus
* 1 * * 1 —1 1 -1
(VxxY™)y = _E[X Yo — Ede[Ad(x )X, 0 (Y)] — Ede[Ad(x )Y, o (X)].

Since [X, Y]* is tangent to Oy, we get the assertion. O

LEMMA 2.10. Let £ be in a. We denote by A4Ls¢ the shape operator of Oy C G
with respect to the normal vector dL 4§. The set of eigenvalues with multiplicities of A4LgE g
given by

{_ @’2“ cot((h, HY) (multiplicity =2) | » € =+, (3, H) ¢ ”Z}

U &, ) o + i
3 tan({a, H)) (multiplicity =2) |a € W", {a, H) & 5 +nZ

U{0 (multiplicity = dim V (my)} .
PROOF. For A € X7 with (A, H) ¢ 77 we have

(§, A) cot((A, H))
2

(§, A) cot({r, H))

AdLg%'F* J——
» 2

Fr, AldEGr=— Gx,

where (F})4 and (G}), are abbreviated as F;" and G7 respectively. For o € Wt with
(a, H) ¢ 5 + nZ we have

(§, o) tan({er, H))
2

And A%Léé X* = 0 for X € V(my). Hence we get the assertion. O

(£, o) tan((e, H)) .

dL
ATLE XY = > o

X5, Ay =
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PROOF OF THEOREM 2.8. (1) By (2.1) the orbit Oy C G is totally geodesic if and
only if A4Ls% = 0 for each £ € a. The assertion follows from Lemma 2.10.

(2) By (2.1) the orbit Oy C G is austere if and only if the set of eigenvalues of AdLgE
is invariant under the multiplication by —1 for each £ € a. Using Lemma 2.10 we get the
assertion in a similar way of the proof of [4, Cor. 4.29].

(3) By Lemma 2.9 h(X*, X*) =0 for X € V(my). ForA € X+ with (A, H) ¢ n7Z, we
have

dL,'h(F}, F;) = dL;'h(G}, G}) = —sin2(A, H)A,
Ff LGS, |IFIP = IG5)? = 4sin* (A, H)) .
Fora € W with (o, H) & % + nZ, we have
dLy'h(X}, X3) =dLy h(Y}, Y}) = sin(a, H))ar,
X5 LYy X5 = 1YSI? = 4cos’ (o, H)).

If we denote by m g the mean curvature vector of Oy C G atexp2H, thenmy = %d Lympy.
Thus we get the assertion. O
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