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THREE CONSECUTIVE APPROXIMATION COEFFICIENTS:
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Abstract. Denote by p,/qn, n = 1,2, 3, ..., the sequence of continued fraction con-
vergents of a real irrational number x. Define the sequence of approximation coefficients by
0n(x) := qnlgnx — pnl, n = 1,2,3,.... In the case of regular continued fractions the six

possible patterns of three consecutive approximation coefficients, such as 6,,_1 < 0, < 0,41,
occur for almost all x with only two different asymptotic frequencies. In this paper it is shown
how these asymptotic frequencies can be determined for two other semi-regular cases. It ap-
pears that the optimal continued fraction has a similar distribution of only two asymptotic
frequencies, albeit with different values. The six different values that are found in the case of
the nearest integer continued fraction will show to be closely related to those of the optimal
continued fraction.

1. Introduction. In this paper we are concerned with a question that arises in the
study of approximating real irrational numbers using continued fractions. Generally, we de-
fine a continued fraction of a real number x as a finite or infinite fraction

€1

(D ap +
&2
a +

€3
a +

as +

In this expression we have ¢, = +1,n > 1,ap € Z and a, € N, n > 1. In the following we
will use the more convenient notation [ag; €1a1, £2a2, €3a3, . . . ] for a continued fraction. A
finite or infinite continued fraction is called a semi-regular continued fraction (SCRF) when
ap > 1,n>1;e441+a, > 1,n > 1, and, in the infinite case, €,+1 + a, > 2 infinitely often;
see for instance [P] or [K1]. In this paper we will only deal with infinite continued fractions.

The SRCFs have been studied extensively (e.g. [B, K1]), as have their approximation

coefficients, defined by
Pn
x _——
qn
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where x is a real irrational with continued fraction expansion (1) and p,/q,, n = 1,2,3, ...,
is the corresponding sequence of convergents, obtained by truncation of the infinite continued
fraction (1). In the sequel we will omit the suffix ’(x)’ behind 6,.

For the regular continued fraction (RCF) expansion, being the SRCF with ¢, = +1 for
all n > 1, Legendre showed in 1798 ([L]) thatif p,q € Z, q > 0, gcd(p, q) = 1, and

11
—_—— < —_— s
BIREYE
then there exists an n > 1 for which p, /g, = p/q, where p,/q, is the nth RCF-convergent
of x. In 1895, Vahlen ([V]) showed that for all irrational x and all n > 2,

p

min{6,—1, 6.} < 5 s
while Borel ([Bor]) showed in 1905 that

. 1
min{6,_1, 0p, Op+1} < — .

V5

In the course of the 20th century several authors sharpened Borel’s result:

1 .
\ ar21+1 +4

see e.g. [BM]. In fact, J. Tong ([T1]) showed in 1983 that one also has the converse property:

1
; .
Vi1 +4

For the optimal continued fraction (OCF) expansion, which we will discuss in Section 3, one
has even more impressive Diophantine properties such as:

min{6,—_1, 0y, Opy1} <

max{6,—1, 6n, Onsy1} >

. 1

min{6,_1, 0,} < ﬁ

Unfortunately, this is not the case for the nearest integer continued fraction (NICF) expansion,
which we will discuss in Section 4. In 1995, J. Tong showed in [T2] that for all irrational x,
for all » > 2 and for all £ > 1 one has that:

Min{Bn1, O - - - Onsr) < (1 n ((3 - ﬁ)/2)2k+3) V5.
Note that

lim <1 + ((3 . ﬁ)/2)2k+3> IN5=1/45.

In various papers the distribution for almost all x for the sequences (6,),>; and
((On—1,0n))p>2 has been studied for the RCF, OCF, NICF, and several other continued fraction
algorithms; see e.g. [BJW, BK1]. In this paper, we will focus on the asymptotic frequency of
triplets (6,—1, By, On+1)-
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In [JJ] the six patterns
A:6,-1 <6, <0yy1, B:0h—1 <Opy1 <6y, C:60, <0p_1 <Oyy1,
D:0, <bpyy1 <Op_1, E 101 <61 <06,, F 1 Opy1 <6y <6y
are studied in the case of the regular continued fraction (RCF), being the SRCF with ¢, = 1
for all n > 1. Defining the asymptotic frequency (AF) of A as
1
AF(A) = lim —#{neN|2<n<N,0,—1 <0, < Opt1}
N—oo N

and the asymptotic frequencies of the other patterns likewise, the following result was derived:
THEOREM 1. Define the constant p by
(0.¢]
1 1 4
= —+ = /1+—=)=2.82698---.
p ‘[[1<2+2,/ +a2>

Then for almost all x'

1 1 sinh 7w
AF(A) = AF(F) = ~ — —— -log —0.12109- .-
2 log2 o
and
1 inh
AF(B) = AF(C) = AF(D) = AF(E) = dog T _ 018945 . .. .
2log?2 TP

In this paper we will investigate these asymptotic frequencies for two other SRCFs: the
optimal continued fraction (OCF) and the nearest integer continued fraction (NICF). In gen-
eral, we take the same approach as we used for the regular RCF, which involves the following
definitions and notations. We write

th = [0; ent1@n+1, Ent2any2, ... 1, n > 1
and
qn—1
qn
which are the ‘“future’ respectively the ‘past’ of x ‘at time n’. We have the following relations,
which can be found in, for instance, [JK, p. 303]:

vy = =1[0; an, nan-1,...,e2a1], n > 1,

Un
2 Op1=—, n>1,
2) n—1 1+ 1,0, n =
En+1ln
3 p=——,n>1,
(3) Al It
and

4) On+1 = 8n+2(5n+19n—1 +an+1v/ 1 — 4ent10n—16y — az_l,_len)s n>1.

We see that we can express both 8,_1, 6,, and 6,41 in terms of #, and v;,.

VAll almost all statements in this paper are with respect to Lebesgue meausure A.
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In [JJ] the approach for the RCF is based upon the (one-sided) shift operator (or Gauss
map) T : 2 — , defined by
T() = 1 1
Tt t]’

with @ := [0, 1] \ Q, but especially on the natural extension of T, with the two-sided shift
operator T : Q — Q, defined by

1 1 1
) T(t’v):(T(t)’eral):(?_al’v+a1)’

with Q := Q x [0, 1].
In particular, we can show that

(ln,Un):Tn(l,O), nEO
Now the following theorem of Jager ([J]) is used:

THEOREM 2. The two-dimensional sequence (t,, v,), n = 1,2, ..., is for almost all
irrational x distributed over the unit square in the (t, v)-plane according to the density func-
tion d defined by

1 1
dt,v) = ——  ——
o= Tr

For a proof of this theorem, see [DK], Lemma 5.3.11.
From Theorem 2 we derive that for every Borel measurable set A C Q

AF(A) = // g2 (l+tv)2dtdv.

For convenience we will put aside normalizing factors such as @ in our calculations and

will mostly use on the appropriate space the measure m, defined by

1

processing the normalizing factor in the final stage of the calculations.
In [JJ] the (¢, v)-plane is divided in vertical strips

1 1
R, =——, — 0,17, =1,2,...,
“ <a—|—1 a)x[ I a4

in each of which the measures of all areas corresponding to the six patterns are computed, by
applying Theorem 2. The asymptotic frequencies are found by summing all measures over
a. In the following sections we will show how to adopt this approach to the OCF and the
NICF, where the situation is more complicated. For convenience we will identify a pattern
P e {A, ..., F}, with the region corresponding to this pattern. Throughout this paper, we
will use g == 1[— 3 =0.6180--- and G := 1+/5+ = 1.6180- - - as abbreviations of
the two golden means. Note that G = g + 1 and that g = é
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2. The asymptotic frequencies in the case of the Optimal Continued Fraction. As

remarked above, we obtain the convergents p,/g,, n = 1,2, 3, ..., by truncating the infinite
continued fraction (1) expansion of a real irrational number x, so as to obtain good approxi-
mations of x. The approximation coefficients 8,, n = 1, 2, 3, ..., provide a way of measur-

ing the quality of the approximants. In [B], Wieb Bosma introduced the optimal continued
fraction as a continued fraction that is both fastest (i.e. having an expansion for which the
growth rate of the denominators is maximal) and closest (i.e. having expansions for which
sup {6k : Ok = qk|qrx — pk|} is minimal).

Optimal as this fraction may be as to its approximating qualities, in [B, BK1] it is shown
that both the subset of R2, which we denote by To, and the two-sided shift operator 7o :
Yo — Yo of the ergodic system underlying the OCF are less accessible than those of the
RCF:

T (t,v) € (—1,1) x (—=1,1) < mi 2041 1] dv> 02t_l
= , U —1, X (—1, v < min ,—— Jand v > max | O, s
© t+1 t+2 1—1¢

see also Figure 1, and

= (4 )
o v =7 ¢ ’U’a(t,v)+sign(t)v
where
1 .
1 H;H + sign(#)v
7 a(t,v) = ‘;‘ +

2 (H;H + sign(t)v) +1

It is not hard to see that 7o works on T in way similar to 7 on € in the RCF case:

& 1
TO(I,U)=<_1_01,7) 9 and (tn,vn):ITg(t,O)a nZO'
t e1v+aq
In [BKI1] it is shown that (Yo, %Bv,, i1, To) forms an ergodic system, with %y, the
collection of Borel subsets of T and iy, the measure with density function

1

(8) do(t,v) := ogG TR

for (t,v) € Yo .

In particular, we have that (apart from sets with Lebesgue measure 0) 7o : Yo — Yo is
bijective and that fi, is invariant under 7o. In [BK1] the following version of Theorem 2
was obtained:

THEOREM 3. The two-dimensional sequence (t,, v,), n = 1,2, ..., is for almost all
irrational x distributed over Yo according to the density function do in (8).
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1
2 -9 0 — t 2 g

FIGURE 1. The domain of the OCF.

For more detailed information about the metric properties of the OCF, see for instance
[BK1].
From Theorem 3 we derive that for every Borel measurable set A € Yo

1 1

The most important obstacle to following the approach taken in the case of the RCF is that a
“stripwise’ computation (with 1/a,41 < t, < 1/a,, n = 1,2,...) is not possible, due to the
curved boundary of the domain of the natural extension of the OCF; see Figure 1. In view of
(7), an obvious solution of this problem is regarding curved regions for every a,+1 = 2,3, ....
For (¢, v) € Yo, the sign of 7 is obvious. However, it is not easy to find the regions of Yo
where the value of the digit a(z, v) is fixed using (7). We first will show that, apart from sets
of Lebesgue measure 0, for every (¢, v) € T a unique integer a > 2 exists for which

To(t,v)=<§—a )::(T,V)eTo,

‘a+ev
where ¢ = sign(z). We first consider the points (¢, v) that are sent under 7y to the boundary
of Yp. Let (T, V) € 3(Yp), then we have the following three cases:

(1) (T, V) satisfies V = 21T+—+T1 In this case we obviously have that

el 1

wh = (ot ) o,

since T—1 = 871 —a—1< —%. Now consider the point (o, ), given by
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In this case we have

1 1 200 — 1
ﬂ: = N

_ 1 =9
a+ev—1 7_1 l -«

s

i.e. (o, B) is on one of the other boundary curves of To. We conclude that (¢, v) €

Yo was on the boundary of the regions where the digit is either equal toa ortoa — 1.
2

(2) (T, V) satisfies V = 1TT_T1 In this case we obviously have that

&

(@, B) := <71 —a+l, ¢ Yo,

a—1+ £v>

since T+1 = 8{—‘ —a+1 > % > g. Now consider the point («, ), given by

@p) = (2 —am1, —!
ap)=——a-1, ——— ).
t a+1+¢cv

In this case we have

go_ L _ 1 2Tl _datl
_a—i—l—i—sv_%-{-l_ T 14+«

i.e. (o, B) is on one of the other boundary curves of Y. Again we conclude that
(t,v) € Tp was on the boundary of the regions where the digit is either equal to a or

toa+ 1.
(3) (T, V) satisfies V = ;i—; In this case we obviously have that
@p = (L —art,— ) g
a1 = - - a 9 - - 9
t a—1+c¢ev 0

since T + 1 > g. Now consider the point («, 8), given by

(@, B) (81 T
a,p)=——a-1, ———).
t a+1+ ¢sv

In this case we have

1 1 24T a+3
,3: — i = = ¢T0
a+1+ev v +1 3427 20+5

In this case the digit a was unique.

Now let (¢, v) € To be such, that Tp (¢, v) € Int(Tp) (here Int(S) denotes the interior
of the set S). Then from the above it follows that we must have that

€1 1
B)={\——axl, —— Yo,
@ F) (t “ a:F1~|—£v)¢ o

so we must have that a = a(¢, v), i.e.
1
H;H + sign(t)v

+ 1
2 (L 7 J ~|—sign(t)v> +1
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FIGURE 2. The map of the leftmost corner of Y applying 7o .

In the regular case, the value of a,; depends on 7, only, but in the optimal case it
depends on both #, and v,. We want to know how to determine the curves between which
an+1 1s constant, given t, and v,. For convenience, we will generally omit the indices n for ¢
and v and n + 1 for a in what follows. We start in the leftmost corner of Yo, where a = 2,
&nt1 = —land g,42 = +1. So

-1 1
(10) To(t,v) = T_z,m (a=2,ep41=—1,8400=+1).
The left boundary is given by ( , %), for ¢ between —% and — g2, which Tp maps to the
_ (=t 1 _ (=1 . . T+1
curve (T, V) = | 7+ =2, —557 | = (7 —2,t+ l), which we can write as (T, T_+2)’
T

for T between 0 and g. The horizontal line segment with v-coordinate 0 is mapped to the
horizontal line segment with V -coordinate % We now determine the right boundary, denoted
by r_» = r_»(t), such that 7_; is mapped to the upper right boundary of Y. Applying (10),
we want to be able to write _71 -2, m as (7, ZlT_—_Tl) A straightforward calculation

yields r_»(t) = 153;:’25 (see Figure 2).

This procedure is easily copied to the rightmost side of Y. This time we have a = 2,
&n+1 = Eng2 = +1. Now

1 1
(11) To(t,v) = PR S (@=2,eny1 =¢pt2=1).
The right boundary is given by (t, %), for t between % and ¢, which 7o maps to (T , ;—ié),
for T between —g? and 0. The upper boundary is part of (t, ;i—;), its rightmost point being

(g9, 9), which is mapped to (T, %), with leftmost point on 7 = —g>. We now determine
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=
o L

0

g g
| ]
€ region for a = —2
—13t+5
T image region for a = 2
. To, image region fora = =3 |
Sy image region fora =3 |
L =25t +7
Tt —2
+7 e|
2 g 3| 2
75 1 1 1
25 13 2 9 2 0 2 9

FIGURE 4. The alternating character of the map 7.

the left boundary, denoted by I, = I(¢), such that [ is mapped to (T, %) Applying

(11), we want to be able to write (% -2, 2++2m) as (T, %) We find I, (t) = 1231;5; see

Figure 3.
Proceeding similarly, we establish formulas for all combinations of a = 3,4, ..., &,41
and ¢,42. We remark that the boundary between two regions with equal a and ¢,4; are

separated by the line = “tL where
® (2a®+2a+ )t +2a + 1
r_ =
“ (a+ Dt +2
and
—Qa’+2a+ Dt +2a+1
la (t) =

Qa+1r -2
We conclude that 7o maps vertical regions from the left and the right side of Yo alternately
to horizontal regions from the top of T downwards; see Figure 4.
In Figure 4 we have not yet processed the value of ¢,,2, which is indispensable for
determining the six patterns. In Figure 5, confining ourselves to the leftmost part of Yo, we
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sign(e,41) —
sign(ey,42) + -
An+1 2

Wt
\

FIGURE 5. The six patterns for g, = —1.

show how the six patterns are spread out over Yo, fora = 2, 3, .... We have filled the regions
with different shades of grey, such that pattern A has the lightest shade and F has the darkest.
Now that we have established a way of dividing Yo in regions where a, ¢,+1 and g,4, are
constant, we will show how we compute the measure of all regions. From the relations (2),
(3) and (4) we derive for each of the four possible ordered sign tuples (¢,+1, €n42) the three
curves that establish the six patterns. In each strip, that is, for every a > 2, we will now
draw the curves that divide the strip in regions that correspond with the patterns A through
F, for which we will use the table on the next page. Recall that for convenience we use
t :=ty, v := v, and a := ap4;. Finally, in Figure 6 we have a generic situation for the
patterns: we know the values of ¢,,41 and &,,4+2 (which in Figure 6 is —1 for both of them) and
all patterns actually occur, which is not the case in the leftmost and the rightmost regions. In
Figure 6 we have indicated the formulas belonging to the curves drawn and some noteworthy
values of ¢. For convenience, we have omitted the coordinates of most intersection points,

which are a bit lenghty in some cases. For instance, the 7-coordinate of the intersection of
v = (2a®—2a+1)1+2a—1

= Ga-Tii12 (which is actually r,_1) and v = —1 is

Vaa* —8a3 +4a +5— (2a® —2a +3)
4q — 2

12)

The calculation of the measure of areas such as C, involves computing the sum of two double
integrals, the limits of which are expressions such as (12). Computing the measures of all
pattern regions for all four cases would obviously be very tedious and demanding, and there-
fore it is convenient that several areas prove to have the same measure. As in [JJ], we use a
composed operator, which in the case of ¢,41 = —1is

0o =R 7o,
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(En+1> En42) (=1,-1) (=11 1, -1 1,1
Oh—1 = 6n v=—t v=—t v=t v=t
a1 = O v=at} v= V=S8 v=—ati
On_1 = 6n = Ont1 t = 7a+\2/m ‘= 7a272;:1\/a4—+4 ‘= 2702~Eaia4+4 [ = 7a+\2/zm

TABLE 1. The curves and their intersection per sign tuple.

. o (2{1272a+1)l+2071 v = ((12—|)f+(l f=_1
F'—(a—1) V= a—T)1+2 = ar+l ~Ta
yo £l \
+2 Da :bp <
Ont1 <On—1

Ca :bn < Fa:0pt1 <bn <01

On—1 < Opt1
v=—1

—_

Ea:0pt1 <Op—1 <6n

1 v:%—*—a

[ R

Aa :0p_1 <6n <0y

1
1
1 \Batfp_1 <0ny1 <bn
1
.

1—2a —a+ad2—4 _a 1
242 -2a+1 2 1—a Ta
FIGURE 6. The six regions for e, ;| = &,42 = —1.

R~ being the reflection
R (t,v) = (—v,—1).

This operator S, is an involution that is measure-preserving with respect to the measure m in
(6). We will show how S, works on the regions shown in Figure 6, where ;42 = —1 holds
as well. We have (leaving the computations to the reader)

Soltv)iv="Lta) = {1 v):v="ta);
Sor—-n =1, v) 1 v ="5};
Solt,v):v=0}={(t,v) : 1 =—1};

Sa{(t,v)zv=—l}={(lsv):t= %}

13)
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For X € {A, ..., F}, weset X/ = {(x,y) € X|a1(x) = a, e1(x) = &1, e2(x) = &2}
Now, using (13), we easily derive the following (while &, 41 = €42 = —1):

m( ATy = m(F 7

mBy' ) =mE);

m(Cq' Ty =m(Dg7);

mA; " UB Tue Ty =m@; T uETUET).

(14)

This is exactly what was found in the case of the RCF. We note, however, that at this place
we are only dealing with the situation ¢,41 = &,42 = —1, while in the case of the RCF one
always has €, 11 = g,42 = 1. Still, we can confine ourselves to computing three relatively
easy measures, say m(Ca_/_), m(é'a_/_) and m(Da_/_ U 5,1_/_ U fa_/_).

We have (in the case ,+1 = gp42 = —1, a > 4)
02* a a— —_
—t aaf]—2d+2 = (22c¢j11)1‘$2 ! d d at 2 —4 l+d d d
_/_ tdv tdv
meH= [ arert / [ e
(1 +1rv) 1+ tv)
V/4a*—8a3 +4a+5—(2a2—2a+3) —t —atv/a2—2a+2
4a-2 a—1
which is
1 Vaa* —8a3 +4a+5+2a*—2a—1 a—+a?—4
=\ log 5 + log —

+log(\/a2—2a+2—a+l)>

and can be written as

1 Qa2 —2a—12+4+24%>-2a—1
og .
2 T@+VaE-H(@-1)2+14+a-1)

Then,
—1
a —t
(5_/_) / / dtdv l1 a— 512—4_'_11 a’—1
m = = —l0g — MM —lo .
a A+ 2 8 2 2 8T,
7a+\{1m %+a
Finally,
—l t+1
T drdv
-/= -/= —/—
D, U & U F, =
m( a )= / / a +IU)2

—at~a“—2a+2 2_2a+ —+cl
a—1

1 2a2—2a+1 1
=—1ogﬂ+—1og(\/(a—1)2+1—(a—1)).

2 a 2
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Applying (14), we find for ¢,41 = g,42 = —l and a > 4:

a?—2a+1) (av/a>—4+a>-2)
(az—l)(\/(2az—2a—1)2+4+(2az—2a—1)) ’

m(A; ) =m(F,'7) = Llog

(15) m(By' ") = m(€;'7) = Llog MEA 4 Log =1,

i . 22q—1)24442a*~2a—1
/7y = m(D;") = Llog YO 201714 :
mCq’ ) =m(D," )= ;log (@t (@12t 1 +a-1)

We remark that although for a = 3 patterns C, /= and D, /= do not occur, the formula in (15)
still holds, for it gives m(Ca_/_) = m(Da_/_) =0.

In the case that ¢,+1 = ¢,42 = 1, the approach is completely analogous, including the
use of

Sg =R"To,
R™T being the reflection
RY @, v) = (1),
instead of 85. In this case we find, for a > 3,

(a>+2+an/a>+4) 2a>+2a+1)

(a2+1) (2az+2a+3+\/(2az+2a+3)2—4) ’

m(AS) = m(F) = Llog

(16) m(BT) = m(EHT) = Llog Y= 4 1jgg @'+l

+/+ +/+ 1 2a%42a43++/(2a2+2a+3)2—4
m(C =m(D =slo .
( a ) ( a ) 2 («/az+4+a) (\/(a+1)2+1+(a+1))

In the cases where ¢;,+1 - €442 = —1, we get hold of the six patterns with a mixture of 85 and
St
o

SEA Y =F7 SoFRST = AT
SEBI =" syE T =87,
st =", Sy =c'";
Sgm = sy =1
ShEH =B sy =67,
SEFI N =A syl =FT,

A7)
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|

_2_
5

D=

I

1
2 9

ol

FIGURE 7. The four deviant regions, where ¢ = 2 and ;11 - 49 = —1.

and we find, fora > 3,

(Va*+a—a?)@+1) .
(2a242a+1) («/ (2a2+2a—1)2+4—(2a2+2a—1)) ’

m(A;") =m(F7) = Llog

— — 2 4
mBe ") =m(E) = Jlog e

(a>—24/a*+4) (P+a+i+@tD)y/a2+1)

(/202 +2a—1)2 44+ (2424 2a~1))

m(Cy"*) =m(D;'7) = Llog

(18)
(a2 +24/a*1+4) (P>—a+1+@—D)v/a2+1)

—/+y _ +t/=y -1
m(Dy" ) =mCa" )= ylog a2(2a2-2a43++/(2a2-2a+3)2—4)

_ - o
m(E™) =mBI) = %log%;

(Va*+a—a?)@-1)

—/+ +/= 1
2 = =1] .
m(Fa) =mAa" ) = ylog (2a2—2a+1)(2a2~2a+3—+/(2a>—2a+3)>—4)

We are almost able to give the total sum measure of all the six patterns. To actually do so, we
have yet to compute the measures of the regions in the leftmost and the rightmost part of Yo,
where a = 2. In the case ¢,4+1 = €,42 = 1, we can apply the formulas of (16). In the case
En+1 - €n42 = —1, the patterns C and D do not occur. In fact, on the left side we only have A
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and 3 and on the right side we only have £ and F, which can be mutually mapped onto each
other as in (17); see Figure 72. To compute their measures, we apply the formulas in (18).
Now we can compute the total sum measures of all regions:

PATTERNS A AND F:

o0
m(A) = m(F) = m(A;" )+ m( AT+ 3 AT+ m(A )+ m AT ) mal

a=3

3 5 5 13(6 +4v2
= %log +\/—+%log—+%logw
2 13 5(15 + +/221)

+2

3

ad L (2a% +2a — 1 + V4a* + 8a3 — 4a +5)(2a> — 2a + 3 + V4a* — 843 + 16a% — 12a + 5)
- log
5 \2 " 2(2a2 - 2a — 1 +V4a* — 843 +4a + 5)(2a2 + 2a + 3 + v/4a* + 843 + 1642 + 12a + 5)

a

+11 (a\/az—4+a2—2)(a\/a2+4+a2+2)
= log .
2 (a* +2+a2Va* +4)

Applying the principle of telescoping series, we can reduce this to
1 1
Elog(3+2«/§) + Elog(x/g—Z)
+le (ava? —4+a*> = 2)(ava® +4+a* +2)
—log )
2 2(a* +2+4a%Va* +4)

a=3

oo

and finally to

o0 [a2 — 4 [a2 + 4
log(ﬁ+l)_llogG3+Zlog(a+ a )(a+ a“ + ),
2 = 2(a® + Va* +4)
which can be simplified further to
0 2_4 249
élogG—kZlog(aﬂ_va )(a + Va®+ )
2 a=2 2(612 + (14 + 4)
In order to facilitate numerical computations, we write
00 1+ J1—4)(1+ /1+%
ElogG+Zlog< az)( az).

2 po 2(1+,/1+ai4)

PATTERNS B AND &:

mB)=m(E€) =m®By' ") +mBH) + 3 mB )+ mB )+ mBT )+ mB )
a=3

1 3+4/5 1 1.5
_510g< 5 ) + Elog(ﬁ—l)—i-ilogi

2For visual purposes, we used different scaling for the left part and the right of YT, as a result of which not
everything seems to fit.
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+Z 2(a2+\/m)
- 3 a—l—\/a2—4)(a~|—\/a2+4)’

shortly
%long—l—%log(\/i—l)

00 2 2 4 4
+leog (a* + Va*+4) ’
S V) V)

which can be simplified further to

1 1 2(a* + Va* 4+ 4)
——logG+Z—log
2 2 T (a+Vd2—4)(a+ Va2 +4)

B =) 21+ 1+ %)
O N ) (e )

PATTERNS C AND D:

[o¢]
m(@© =m®@) =mC' )+ Y mc' ) +mc; ) +mc ) +med)
a=3

1 (207 =20 =14 Vaa =83 +4a +5) (202 + 20+ 3+ VAa* +8a% + 1602 + 120 +5 )
(Elog(za2+2a—1+ 40"+ 843 —4a +5) (242 = 24 +3 + v4a* = 8a% + 164> — 120 +5 )
i (2+\/a4—+4)(2a2+1+2a\/az—+1)
+51°g(a+ =4) (a az+4)(a+1+/az+T+z)(a_1+/m))
1
T3

10 15+\/ﬁ og(m—3)+%log(\/§—l).

Again applying the principle of telescoping series, we can reduce this to

' G2+11 . +Z 2(a* 4+ Va* +4)
5 108 5 og - ;
2 2 a+Va2—4)(a+Va2+4)

a= 3

which can be simplified further to
00 2 2 /4 4
—%IOgG-FZ%IOg : ((12—|— a*+ ) .
vy bigla+~a>—4)(a+~a>+4)
—llogG—i-illog 2<1+ l+;i4)
2 =2 (1= (14 1+ E)

being the same as for patterns B and €.

or
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All we have to do to find the asymptotic frequencies for the six patterns A through F

is dividing these expressions by the normalising constant 5 oz G from (9) and rendering these

numencally . We have now proved the following theorem:

THEOREM 4. For the optimal continued fraction, the asymptotic frequencies of the six
patterns of three consecutive approximation constants are given by

AFo(A) = AFo(F) = Zl <1+@)(1+\/@)
)

~ 0.160377...;
AFo(B) = AFo(C)=AFo(D) = AFo(¢)

R = 2141+ )
2 2logG |\ i3 g(1+ -3 (1+/1+%)

a
~ (0.169811....

We conclude that, similar to the case of the RCF, the OCF has only two different values
for the asymptotic frequencies of the six patterns, similarly divided over these patterns, but
mutually differing considerably less than in the case of the RCF (where these values are
0.12109... and 0.18945 .. .).

3. The asymptotic frequencies in the case of the Nearest Integer Continued Frac-
tion. Like the OCF, the NICF is an example of a continued fraction with better approxima-
tion properties than those of the regular one. Although the NICF is merely fastest (and not
closest), it is a continued fraction that is much studied; see for instance [WB] and [W]. As with
the OCEF, the convergents of the NICF and the OCF form a subsequence of the sequence of the
RCF-convergents. It can be obtained from the RCF by a singularization process concerning
all partial quotients with value 1 ([K1]), yielding a continued fraction [ag; €141, €2a2, . . . ]
that — in the case of the NICF - satisfies

ene{-11},n>1; ay€Z; a,=>22,n=21; ep1+a,=>22, n>1.

The NICF of an x € R\ Q can also be obtained directly, by an algorithm explaining the name
of this continued fraction. We remark that for o € (—%, %) \ {0} the expression Lé + %J is
the rounding of é + % to its nearest integer, the absolute value of which is at least 2. It is also
this expression in the NICF operator 7 : (—%, %) — (—%, %) that yields the partial quotients
a,, of the NICF, where

e e 1
(1) .=;— {;+§J,t;ﬁ0, 7(0) :=0,

with ¢ being the sign of 7.

3For obtaining numerical values we used Mathematica from WolframAlpha.
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The values of ¢, and a,, n > 1, are determined by repeated application of this operator:

en = sgn(r"_l(t)) and a, = \jnfi?(t) + %J ,
provided 71 (r) # 0 — Which is always true in the case of t € R\ Q.
Now put Qy = [— 2 2 1\ Q and let [0; &1a1, &2a2, . ..] be the NICF expansion of
teQy.
We define
1 1

. 1
logG G +t’ 2

p(t) =
1 1

1
logG G+t+1’ 2
Let u be the measure with density function p. Then (25, u, ) forms an ergodic system, as
was proved by G. J. Rieger ([Ri]) and A. M. Rockett ([Ro]).
For our investigation we use the natural extension of 7, which is the same as the one of
the OCF, but defined on a different domain:

1 €1 1
t, = t , ——————— = _ = , — s
TG v (T() 81v+a1> (t a 81v+a1>

(t,v) € Ty :=[—5,01\Q x [0, ¢*]U [0, 31\ Q x [0, g];

see Figure 8. This natural extension domain was first obtained by H. Nakada ([N]), who
showed that (Yn, By, iiry, Tn) forms an ergodic system, where the 7y -invariant proba-
bility measure jiy, has density function

where

1
dy(t,v) (= ——
N(t,v) ozG (T2 Iyy

Note that projecting this measure on the first coordinate axis yields a t-invariant probability
measure with Rieger’s density function p; see also [K1]. As in the case of the OCF, we have
to deal with €,41 and &,4,, yielding four different cases. At first, it seems convenient that
we can take the approach from the RCF by regarding vertical strips in the (¢, v)-plane. These
strips RZ”“/ 142 defined below, are determined by the values of ¢,41 and &,42 and a,+1,
about which we remark that

t,v).

Tr(,0) € Rf;”“/g’“+2 Sap1=a,n>0.

We define

——)xmgﬁ,aziéi“.

Q

/\/-\
?INE’

- 0, ¢%], =2,3,4,...
244>X[g] “
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~~~~~~ +4+ 4+ 4+  +  signCeyr)
~~~~~~ +- + - +  sign(ep42)
~~~~~~ 44 3 3 2 pp
9=13v5-13
v
T
sign(e,,_H) — — - - =
sign(ep2)  + -+ =+ e
an+1 2 33 44 0 e 2 3 1
9°=3-3Y5
—/+ |p—/— +/ pt/+
R, Ry e e ] RS R,
2 2 _2_2.2 2 222 2 2 2
7 5 6789 — ¢t 0 98 7 6 5 4
FIGURE 8. The strips R./*.
/- 2 2
R, = %’Za—l x[0,9], a=23,4,5,...
+/+ 2 2
RI/T = =) x[0,9], a=2,3,4,...
2a 4+ 1 2a

In Figure 8 we have drawn these strips in the (¢, v)-square. Note that ¢ ~ 0.618 and ¢> ~
0.382. Also, 541 = —1 implies t < 0 and @, > 3, from which follows v < g2. Secondly,
&nt2 = —1 implies a = ap+1 > 3, and therefore |f| < %

An important difference with the regular case is that the measure of each region is not
given by one formula for every a for which the patterns exist. As we can see in Figure 9, in
both R, /* and Ry /~ not all patterns are present. In Figures 10 and 11, we have filled all
regions according to the same pattern with the same shade of grey, where — similar to the case
of the OCF - darker shades correspond with ascending alphabetical order from A to F.

In the case of the patterns C and D it is only from a = 6 on that the same formula holds
for every value of a. This absence of one formula for every a is connected with the inutility
of measure-preserving maps within the strips, from which the clear distribution of asymptotic
frequencies was derived, in case of the RCF in [JJ] and in the case of the OCF in the previous
sections. Actually, if both regions would have 0 < v < % instead of 0 < v < g2 (in the case
e&nt1 = —1)and 0 < v < g (in the case ¢,41 = 1), we could have applied the same maps
for R/~ and R}/ as in the regular and the optimal case. But even then we would still have
to deal with the less ‘convenient’ two other strips. There is not much we can do but calculate
the measure for each region in the most exterior strips and then find general formulas for the
regions in all other strips.
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------ ++ + + 4+ sign(eyyn)
...... +- 4+ - +  sign(gy42)
...... 44 3 3 2 Adp+1

Sign (En+1)
sign(ep42)

Ap+t1
2
v=2 272
v=3- g
v=3+ % 3
v=3- 3[t+2
v=3+ 37
v=—t ---
FIGURE 9. The curves dividing the regions of the patterns A through F.
sign(ép41) - - = = =  amm
sign(e,42) + - + =+ e
bpy1 2 3 3 4 4 e .
9 =5 = 7ﬁ
v
a2 I
v=2-— T
= !
v=3- 35
v=3+ %
3
v=3-131
— 13
v=3 =3
v=—t
~ 0

— t

FIGURE 10. The patterns A through F for ¢, < 0.

4. The measures of the six patterns of the NICF. For the frequencies of the patterns
A through F that we are investigating, we define

o0
X::UXa,XzA,...,]-'.

a=2
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+ + Sﬁgn(er»l )
+ - sign(ép42)
3

byt

~ 4
0+ +

ol

2 2
7 6

wir

ol
ES IS

— ot

FIGURE 11. The patterns A through F for ¢,41 > 0.

A major complication in trying to determine a clear expression for the sum of the measures
of all regions belonging to each pattern, is that quite a lot of different smaller expressions
are involved, among which three different square root arguments, as we have seen in Table 1.
In this section we wil evaluate these measures for each pattern separately. The calculations
involve laborious double integrals that we will mostly omit. In establishing the formulas
below, however, it is interesting to see how some terrifying expressions can be reduced using
basic calculus. We come across expressions such as (in case A)

%log<a6 tat 4 4a +4— @+ a2Vt + 4)—% 10g(—a4— 4+ (@ +2)a* +4),

which at first seem hard to handle. Applying long division and some other basic techniques,
though, we can reduce this to
1. —a*+Va*+4

2
2 %% 2

It is in fact possible to evaluate the sum measures for four patterns as more or less well-
arranged expressions of a definite form; for the patterns C and D a bit too many terms are
involved. To find the asymptotic frequency of each pattern, we merely have to divide these



306 J. JONGE AND C. KRAAIKAMP

measures by the normalizing constant, that is by

g

/ drdv // drdv loe G
1 +1v)2 At B9

0

Unfortunately but not unexpectedly, the attractive conciseness of the regular case will not be
reached, and we shall see that the asymptotic frequencies are different in all six cases.

4.1. Pattern A. There are two regions of pattern A, in the strips R; /* and Ry =
with deviant measures, that is, not computable with the formulas for all other strips stated
below. These measures are log(+/24 1) + 3 Llog 2 59 and 5 ! 10g(7\/_— 15)+1log 3 7» respectively.
The measures of all other .A-regions can be expressed as functions of a4 or shortly a, for
a > 3, as in the previous section. These are

m(TN =

l"—\o

/- 1 (2a —1)? a—+a2—4
R," ,a=4: -1 —log——
a 4= 2% a1 —dH@ -1 8 2
- 1 2a + 12 —4)(a® +1 1 —?+ VA 14
R/ a>3: _log((a+ ) Ya”+ 1) +—log$;
2 (2a + 1)2 2 2
- 1 2a — 2+ 4)(@? -1 1 _g2 [a® + 4
RI'a>3: —log((a )+ ) +_1ng;
2 (2a — 1)2 2 2
1 (2a +1)? a—~a2+4
R a>3: —1 —log———— .
a 4= 2% et 2+ D@2+ 1) o8 2
part I part IT

A close inspection of the factors in the arguments of the logarithms in part I unfolds that
all terms in part I are mutually canceled, except for the one of R+/ , the canceling term

of which would be found partly in R2/ and partly in R3/ . This yields a measure of
% log %58. If we now sum all terms of both parts from a = 3, we mistakenly add a ‘vir-

tual’ —1 7 log ———~— i 3 F223V3 4 from R, /™ that we have to cancel by adding 3 log 3‘/— . Finally,
summing up to a = n, we should add the value £ log(n +4n—-3)—1 log(n + 4n +5) from

R,’" and R/ that has by then not yet been canceled by the corresponding terms in R, Jil_

and Rﬂl However, lim,,_, o % log(n2 +4n—3)— % log(n2 +4n+5) = 0, so for the infinite
summation this makes no difference. So far, having summed the aforementioned constants,
we have found the sum measure of the regions .4 to be:

1. 235\5-525

o0
(19) 3 log — + log(\/z + 1)+ Z (expressions in part II) .
a=3

The final step in getting hold of the sum measure is reducing the sum of the four expressions

(+=2)(55)

in part II, which turns out to be log . This means that we can write (19)
(1+/1+4)
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1 235./5 — 525 °°<l+,/l—;iz)<l+,/l+%)

(20) —log=—/—= """ {log (ﬁ+1)| |
2 2 / 4
a=3 2<1+ l+a_4>

Unfortunately, we cannot but give a numerical approximation for this expression, which is
0.08122410. ... Dividing this by the normalizing constant, log G, we find

AFN(A) =0.168790... .

as

4.2. Pattern . There is one region of pattern 3, in the strip R_/ " with a deviant

(see 4.1) measure, which is 5 log 22 The measures of all other B-regions can be expressed as

functions of a. These are

i 1 1 a—+~ar—-4
Ra/ ,a>73 Elog(a—;) > f;
_ 1 1 1 2424+ Vd*+4
Ra/+,a>3 ——logla+ — ~|——10ga titvat ;
2 a 2 2a
_ 1 1 1 2_24+Va*+4
R:/ ,a>73 ——logla— — ~|——10ga tVa ;
2 a 2 2a
1 1 1 — Va2 +4
j/+,az2 —logla+ — +—logw.
2 a 2 2
[
part I part IT

It appears that in part I all terms are mutually canceled, except for R; / *, where we also
have to take the corresponding value in part IT into account, yielding the sum value 3 5 log5 —
1 7 log2+ 5 1 log(~/2—1) = ; log 25— 5‘/— > . Adding this number to the aforementioned & log 55>
we find the sum measure of the reglons B to be:

1. 134/2—
21 3 log —— 5 + 23 (expressions in part IT) .
a

We can write the sum of the four expressions in part II as % log ( \/ili )I(L\/?Jr ) This

means that we can write (21) as

1 13ﬁ—131°_"[ 2141+ %)

22) g = e (1 1= ) (1414 )

A numerical approximation for this expression is 0.07825923 . ... Dividing this by the nor-
malizing constant, we find

AFy(B) = 0.162629... .
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4.3. Pattern C. There is one region of pattern C, in the strip R, / *, with deviant (see

4.1) measure, which is % log(7 + v/85) + % log %. The measures of all other C-regions can
be expressed as generic functions only from a > 6. These are

Ra_/_,a24:

L, Ga—17—4 log(a + /3 — 3) + log “=Y2=4

2% Qa1 V5 -4y 2 ’
Ra_/+,a24:

L Qa+v5-27 log (a2 + (/3 — 3)a + 7 — 3¢/3) — log L2yt

2% 212 —4 2 ’
R:/_,az6:

2

1 , log<4—%+%)+log% Va'td

— log(2a— D +4) + :

2 2
R:/+,a22:

1 log(4a + 4) — lo —at+/a’+4
Slog((2a +1)? +4) - St S —

2
partl part IT
Unfortunately, we also have to deal with
2 2
- ! 8 A nerays +log T
Ri'".ae3.45): —3log(2a—12+4)+ :
partI part II

Both parts make the computations for pattern C more troublesome than for .4 and 5. Luck-
ily, in part I all terms, including those for @ € {3, 4, 5}, are mutually canceled, except for
%log 5 144:; 7 in R4_/ ~ when we sum the terms of both parts from a = 4. This summation
seems the most convenient in the sense of restricting the number of loose constants to be

summed separately. Still, there are too many of those to write them sensibly as one logarithm.
They are:

from R}/ ™ - %10g(2x/§ +9), —% log(3+/5 + 15),

- % log(4x/§ + 23), log(4 + V3), log(6 + NOR

log(8 + V/5), %log %, %log g, %log z—z ;
flromR;r/—|r : - %log 12, %log(ﬁ -1, —% log 16, %logg.
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Summing all constants aforementioned yields a value of —1.90648232.... Summing all
terms of both parts up to a = n, we should add the value

—Llog(n? +4n — 3) +log(2n + /5 — 2) + L log(n* + 4n +5)

from R, /* and R /* that has by then not yet been canceled by the corresponding terms in

R;{l_ and Rﬂl_ Note that lim,,_ 50 % log(n® +4n —3) — % log(n”> +4n+5) = 0 (as used in

the case of pattern .A), so we have to compute the sum of the terms of part II from a = 4 up
to n and log(2n 4+ v/5 — 2) as n — oo. It seems like we cannot write this as anything shorter

than
1m1(§51bg (1+52) (1+ 1+ %) (2-2+ %)
e TN (S ) (e ) (e E) (4)

+ log(2n + /5 — 2)) ,

which is 1.98689899.... So we can approximate the sum measure of the C-regions by
1.98689899 ... — 1.90648232 ...~ 0.08041667. Dividing this by log G, we find

AFyN(C) =0.167112....

4.4. PatternD. Pattern D demands even more bothersome computations than pattern
C. There is also one region of pattern D, in the strip R; / * with deviant (see 4.1) measure
1. (3=+5)(2148V5)(11++/385)

21 i
2 %8 600

which is 0.00057163. ... The measures of all other D-regions can be expressed as generic
expressions only from a > 6. These are

Ra_/_,az4:
_ 2_4
1 loga + v/3 — 3) — log “=Y’=4
Elog(a2+(\/§_3)a+%_%\/§)_ 2 s g 5 ;
Ra_/+,az4:
22 ad+d
l log (a2 + (V5 — 3)a +7 — 3+/5) — log 2=y a"+4
—Slog(a® + (V5-3a+3 - 3V5) + g : )~ log : |
R;/_,az6;
442 —a’+2++/a*+4
110g (2a ++5-2)? log(4—5+a—2)+log%.
2 T2+ (V5-Dat -1 5 :

R;/+,a22:
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1 a2+(\/§—l)a+%—% 5 10g(4a—I—4)—{—10g%’12+4
—lo .
2 ¢ (20 + V32 2

partI part IT

As in the case of pattern C, there are some deviant expressions namely

a2+ W5-1Da+3-4/5 e —a?+2+Va*+ 4
a2+ (W5-Da+4—3J5 2 £ 2 '
Again, both parts make the computations more troublesome than for .A and B. Luckily, in part
I almost all terms, including those for a € {3, 4, 5}, are mutually canceled when we sum the
terms of both parts from a = 4. This summation seems the most convenient, similar to the
case of pattern 4. The number of loose constants to be summed separately are:

_ 1
R .a€3.4.5): - log

_ 1 1 1
from R/~ E1og(2ﬁ +9), 510g(3\/§ +15), Elog(4\/§ +23),
1 7 1 1. 50 1. 8
——log| — =+ =+85), —log—, = log —;
2°g< 272 )20g1620g25
1
from RS/ —log(4 + v/5), —log(6 4+ +/5), —log(8 + v/3), 5 log12,
1 1 1 9 3 1 1 3
—log16, = log(v2—1), =log( = + =+/5), =log (=13 — = ).
7log16, 7 log(v2— 1), 7 Og(2+2f) 2 Og(z 2)
Summing all constants aforementioned yields a value of 2.03969322 . ... Summing all terms

of both parts up to a = n, we should add the value

1 1 1 1 5 1
—5 log <n2+(«/§— Dt = 5fs) —1og(2n+f5)+5 log (n2+(d§— D3 = E«/5)
from R, /* and RY /* that has by then not yet been canceled by the corresponding terms in
R/7 R and RY/T. Note that limy,, 00 — 4 log(n? + (v/5— D+ — 1/5) + L log(n® +
5—=Dn+ % — %\/5) = 0, so we have to compute the sum of the terms of part II from
a =4uptonand —log(2n ++/5) as n — oo. It seems like we cannot write this as anything

shorter than

. - 1
R (B [ [ (P8 I ey
—10g(2n+\/§)),

whichis —1.95667971 . ... We approximate the sum measure of the D-regions by 2.03969322
...— 195667971 = 0.08301351 . ... Dividing this by log G, we find

AFy(D) = 0.172509. .. .
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4.5. Pattern £. There is one region of pattern £, in the strip R, / *, with a deviant
(see 4.1) measure, which is log(3 + V5) — % log 26. The measures of all other £-regions can
be expressed as functions of a. These are

i 1 1 a—+a2—4
R ",a>3: E1og(a2—1) + 5 log —————
_ 1 1 2_2+Va*+4
Ra/+,az3: ——log(az—l) +—loga tva+ ;
2 2 2
_ 1 1 242+ Vat+4
R~ a>3: L log@+1) 4 ologitEtVa L
2 2 2
1 1. —a++al+4
R T a=2: Slog(@® +1) 4 log 4FYETE
2 2 2a
part1 part IT

It appears that in part I all terms are mutually canceled, except for R; / *, where we also

have to take the corresponding value in part II into account, with the sum value % log5 +
% log(—% + %ﬁ) Adding this number to the aforementioned two constants, we find the sum
measure of the regions £ to be:

1 354155
(25) — log ;\/_

2 726(V2+1)
Attentive inspection of the four expressions in part II reveals that they have the same sum
value as part II of pattern B. This means that we can write (25) as

1, [35+15¢5 & 2141+ %)

(26) 5 log 26(ﬁ+1)a11(1+ 1_%>(1+\/@)

A numerical approximation for this expression, which is 0.08517144 . ... Dividing this by
log G, we find

oo
+ Z (expressions in part II) .
a=3

AFN(E) =0.176993 ... .

4.6. Pattern 7. There is one region of pattern 7, in the strip Ry / ~, with deviant (see
4.1) measures, which is % 10g(9«/§ +20) — % log 40.
The measures of all other F-regions can be expressed as functions of a. These are

/- 1 (2a + /5 —3)? a—~a*—4
R, ,a>4: =log —log ——;
2 7 (2a?-2)(2a® +2(v/5-3)a+5-3/5) 2
_ 1 202 —2)(2a2 +2(v/5=3)a+9 — 35 1. —a?>++a*+4
R a=3: Liog =D +2(/5-3a V3) 1 jpg it Vat T
2 (2a + /5 — 3)2 2 2
_ 1 202 = 2)(2a2 4+ 2(5=Da+1—-+/5 1 —a?++a*+4
R ,a=3: -1 (24 )2 (/5= Da v5) +—logw;

(0]
2% 2a 15— 1) 2 2
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1 2 5-1)2 —a?+4
Rj/+,az2: — log Qa+V5-1) —logu.
2 7 2a%2-2)(2a2 +2(V5-Da+5—5) 2
part IT
part I

All terms in part I are mutually canceled. If we sum all terms of both parts from a = 3, we
have to add a corrective % log(% — %\/5) in R;/_, 1log8in R;/Jr and of —% log(3—22)—
% log5in R;/Jr. Finally, summing up to a = n, we should add the value %(log(Zn2 ~|—2(\/§ —
Dn+1—+/5) —log(2n® +2(+/5 — Dn+5 — +/5) from R/~ and R,/ that has by then
not yet been canceled by the corresponding terms in R _(1_ and R, _g
this difference approaches 0, so for the infinite summation this makes no difference. So far,
having summed the aforementioned constants, we have found the sum measure of the regions

F to be:

However, as lim,,_, oo,

1 54 3V5)(34+2v2 e
27) Elog( + «/—2(() * f) +;(expressions in part IT) .

It appears that part II is completely the same as part II of pattern A, and we can write (27) as

1 5+?)¢§+10g (ﬁﬂ)ﬁ(w‘/l—f—z)(u,/w%)

A numerical approximation for this expression is 0.07312636. . .. Dividing this by log G, we
find

AFyN(F) =0.151962....
Summarizing, we have obtained the following result.

THEOREM 5. For the nearest integer continued fraction, the asymptotic frequencies of
the six patterns of three consecutive approximation constants are given by

AFy(A) =0.168790...  AFy(B)=0.162629...  AFy(C)=0.167112...,
AFN(D) =0.172509...  AFy(E) =0.176993...  AFy(F)=0.151962....

At first sight, these numbers seem quite unremarkable; they are all different, and that’s
it. But something interesting happens when we add the expressions for patterns .4 and F, for
patterns BB and &£, and for patterns C and D. First, adding (20) and (28), belonging to patterns
A and F, we get

1. 23545525 < (1+ 2
Elog\/_f—klog (ﬁ%—l)n( ‘
s 2141+ )

1 5+5§)\6+10g (ﬁ+1)ﬁ<l+ =21+ /1+%)

i a=3 21+ 1+ %) ’
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which equals

2

o] _ 4 4
R G e
a= a_4

A close inspection of this last expression reveals that it equals

o (1 1-2)(1+ 1+ )

(29) 310gG+2-a2=;10g 2(1+\/@) ,

which is exactly the same as the sum of the expressions for patterns .4 and F in the OCF case.

Adding (22) and (26), belonging to patterns B and &, yields

| 13\/— 1_[ 2(1+ 1+ %)

— log

z S E) ()

! e 35+15ﬁ1°—°[ 2(1+\1+5%)
2 26(«/§~|—1)a:3<1+ /1—}2)(1+1/1+}2) 7

% 21+ 1+ %)
202 — a
i N 1)al:[3(1+1/1——)(1+,/1+§2)
Completely similarly to the case of patterns A and F, we can rewrite (30) so as to find
= 2(1+ 1+ %)
31 logG—i-agzlog (14_\/@) <1+\/@>,

which is exactly the same as the sum of the expressions for patterns B and £ in the OCF
case. Since the sum of all expressions for patterns .4 through F equals log G, the sum of the
patterns C and D equals log G— (29) — (31), equalling

% 2(1+ 1+ %)
(32) —logG+a2=;log <1+\/:) <1+\/@),

which is exactly the same as the sum of the expressions for patterns C and D in the OCF case.

which equals

(30)
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5. Discussion-How to connect the results with our understanding of the continued
fractions involved. In the previous sections we showed that in the case of both the OCF and
the NICF the distribution of asymptotic frequencies (as defined above) is more even than in
the case of the RCF. Moreover, we showed that the two different values occurring in the case
of the OCF were distributed over the six patterns in a way completely similar to the RCF case.
Finally, the six different values in the case of the NICF proved to be remarkably connected
with the values belonging to the OCF.

Although some adjustments were needed and the calculations were more troublesome,
the approach we took in computing the asymptotic frequencies in the RCF case proved to
be applicable to the other two continued fractions. In fact, it is applicable to all continued
fractions of which we know the natural extension, such as the Nakada «-expansions (for
V2-1<ac< 1), all Rosen fractions, the odd and the even continued fraction expansion et
cetera.

The fact that in the case of the RCF we have

(33) AF(A) = AF(F), AF(B) = AF(€), and AF(C) = AF(D),

follows from the properties of the natural extension of the RCF, see also [N], with natural
extension map 7 : Q = [0, 1) x [0, 1] — Q given by

T(L)Q:(T(x):%—a, ), for(x, y) € Q, with #<x§é, 0<y<l1,

a+y
and 7(0, y) = (0, y), for 0 < y < 1; see also (5) on page 288.

As a natural extension we have that 7 : Q — € is bijective almost surely. So apart from
a set of Lebesgue measure zero, 7! : Q@ — Q exists, and is also a bijection (almost surely).
Note that

s

T x,y) = ! La— for (x,y) € Q, with 0<x <1, 4= <y<
5y - a+xay E) 7y 9 i i ’H-‘rl y_

Q=

so essentially we again find the natural extension of the Gauss map 7. We can understand this
as follows: if (x, y) € 2, where x = [0; ay,a2,...]and y = [0; ap, a—1,a—2, ...] are the
RCF-expansions of x resp. y, then - apart from a set of measure zero - we can write (x, y)
symbolically also as a bi-infinite sequence

[...,a-3,a-2,a_1,a0;a1,a2,a3,...],

where for each m € Z the expression [0; a;,, dm+1, - - - ] is the RCF-expansion of some point
xm € [0, 1].

Now 7 acts on [...,a_3,a_»,a_i,ap; ai, az, as, ... | as the left-shift 7, i.e. we can
write T (x, y) as

t([...,a-3,a2,a_1,a0;ai,a2,a3,...1)=[...,a_3,a2,a_1,ap,a;a,a3, ...].

Note that for each m € Z the expression [0; ay,, @m—1, - . . ] is the RCF-expansion of some
point y, € [0, 1]. Since in T~ time runs “backwards,” we can view 7! also as the left-
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shift on
[...,a3,a2,a1;a0,a-1,a2,a-3,...].

Since 7 and 7 ~! are essentially the same algorithm (but with “time » running forward resp.
backward”) we find the equalities (33).

Due to the way the OCF and also Minkowski’s Diagonal continued fraction (DCF) ex-
pansion can be described as S-expansions, it can be shown that these continued fraction al-
gorithms have the same property: the second coordinate map of 7! of the corresponding
natural extension map 7 behaves essentially the same as the first coordinate map of 7T; see
[K1, BK1, BK2, K2]. This is essentially due to symmetry in the singularizations yielding
these continued fraction expansions. Consequently, (33) also holds for these two continued
fraction algorithms.

In fact, one can show” that for the DCF one has that

AF(A) = AF(F) =0.168017..., AF(B) = AF(C) = AF(D) = AF(£) = 0.165991. ...
In the previous section we found that
(34) AFN(A) # AFN(F), AFy(B) # AFN(E), AFN(C) # AFN(D),

and also that

AF AFyN (F
(35) N(A)‘; N )=AF0(A),

and similarly for the other two means.

Although we do not have an explanation for these phenomena, we think that they are
due to the fact that the NICF and Hurwitz’ singular continued fraction (see [P], §44) are
closely related; again see [K1], Section (2.11). In the latter case, the continued fraction map
Ty :lg—1,g9) = [g — 1, g) defined by

1 1
TH(X)Z‘;‘—H;‘*l-l—gJa for x e [g—1, ) \ {0},

and Ty (0) = 0, is used. Nakada showed in [N] that the natural extension €2z of this continued
fraction algorithm can be obtained by reflecting the natural extension of the NICF in the line
Y = X for those points in x for which x > 0, and by reflecting (x, y)inY = —X if x < 0;
so the natural extension region of Ty is given by

Qu=1[g—1,9 x[0,5].

One could say that Hurwitz’ singular continued fraction ‘suffers reflectedly’ from what we
noted at the end of Section 3 about the NICF: “Actually, if both regions would have 0 < v < %
instead of 0 < v < g2 (in the case 5,41 = —1)and 0 < v < ¢ (in the case ¢,4+1 = 1), we

could have applied the same maps for R, /~ and RS /* asin the regular and the optimal case.”

4These calculations are quite similar to those for the OCF in Section 2.
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It is not hard to show that the second coordinate-map of 7y is essentially the map T, not the
map Ty, which explains (34). “Running back the time” now only yields that

AFyN(A) = AFg(F), AFnN(B) =AFy(£), AFyN(C) = AFy(D)
and that
AFN(F) = AFu(A), AFyN(E) =AFy(B), AFN(D) = AFy(C),

something which is immediately clear if we view these two continued fraction algorithms as
S-expansions; see the examples in [K1], Section (2.11). However, we think that an expla-
nation of (35) should follow from understanding how the singularization areas of the OCF,
NICF and Hurwitz’ singular continued fraction are related.
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