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SOME NEW PROPERTIES CONCERNING BLO MARTINGALES
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Abstract. Some new properties concerning BLO martingales are given. The BMO-
BLO boundedness of martingale maximal functions and Bennett type characterization of BLO
martingales are shown. Also, a non-negative BMO martingale that is not in BLO is con-
structed.

1. Introduction. Coifman and Rochberg [2] gave a characterization of BMO func-
tions on R

n. To prove it, they introduced the notion of BLO functions and gave a character-
ization of BLO functions in relation with A1-weights. The relation between BMO functions
and BLO functions are studied by other several authors [1, 3, 8].

In martingale theory, Varopoulos [11, 12] and Shiota [9, 10] introduced the notion of the
class BLO for continuous parameter martingales. They gave several basic properties of BLO
martingales. In particular, Shiota showed Coifman-Rochberg type characterization for BLO
martingales. For the discrete parameter case, BLO martingales was introduced and studied
extensively in Long’s book [4].

In this paper, we show several new properties concerning BLO martingales in the dis-
crete parameter case. We first show the BMO-BLO boundedness of the martingale maximal
functions (Theorem 2.5). Using this boundedness, we show Bennett type characterization of
BLO martingales (Theorem 2.7).

Also, we give an example that is a non-negative BMO martingale but it is not in BLO
(Proposition 4.3). In case of dyadic martingales on the interval (0, 1], for a non-positive func-
tion f (ω) = log(ω), ω ∈ (0, 1], it is easy to show that the corresponding martingale is in
BMO but not in BLO. However, even in case of dyadic martingales, it is not so clear whether
there exists a non-negative BMO martingale which is not in BLO, see Example 4.1 and Re-
mark 4.2. To construct the example, we use a suitable pointwise multiplier on martingale
BMO spaces. This example shows that the BMO-BLO boundedness (Theorem 2.5) is not
derived from known BMO-BMO boundedness and non-negativity of maximal functions.

The organization of this paper is as follows. We state notation and results in Section 2.
We give proofs of Theorems 2.5 and 2.7 in Section 3. The proof of Proposition 4.3 is given in
Section 4.
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At the end of this section, we make some conventions. Throughout this paper, we always
use C to denote a positive constant that is independent of the main parameters involved but
whose value may differ from line to line. Constants with subscripts, such as Cp, is dependent
on the subscripts. If f ≤ Cg , we then write f � g or g � f ; and if f � g � f , we then
write f ∼ g .

2. Notation and results. We consider a probability space (Ω,F , P ) such that F =
σ(

⋃
n Fn), where {Fn}n≥0 is a nondecreasing sequence of sub-σ -algebras of F . For the sake

of simplicity, let F−1 = F0. The expectation operator and the conditional expectation opera-
tors relative to Fn are denoted by E and En, respectively.

For a real valued integrable function f , we consider a martingale (Enf )n≥0. The class of
all such martingales coincides with the class of all uniformly integrable martingales (see for
example [4]). In this paper, we only treat uniformly integrable martingales. Hence we often
identify f ∈ L1 with the corresponding martingale (Enf )n≥0.

We say {Fn}n≥0 is regular if there exists R ≥ 2 such that

Enf ≤ REn−1f(1)

for all non-negative integrable function f .
For f ∈ L1, we define the maximal functions Mnf and Mf by

Mnf = sup
0≤m≤n

|Emf | and Mf = sup
n≥0

|Enf | ,

respectively with convention M−1f = M0f . For f ∈ L1, we also define the natural maximal
functions Mnf and Mf by

Mnf = sup
0≤m≤n

Emf and Mf = sup
n≥0

Enf ,

respectively with conventionM−1f = M0f . Note that we always treat real valued functions
in this paper.

We now recall the definition of martingale BMO spaces.

DEFINITION 2.1. Let p ∈ [1,∞). For f ∈ L1, let

‖f ‖BMOp = sup
n≥0

‖En[|f − Enf |p]1/p‖∞ , ‖f ‖BMO−
p

= sup
n≥0

‖En[|f − En−1f |p]1/p‖∞ .

Then define

BMOp = {f ∈ Lp : ‖f ‖BMOp < ∞} , BMO−
p = {f ∈ Lp : ‖f ‖BMO−

p
< ∞} .

For p = 1, we denote BMO1 and BMO−
1 by BMO and BMO− respectively. We also

consider the space BD∞ which is defined by

‖f ‖BD∞ = sup
n≥0

‖Enf − En−1f ‖∞ , BD∞ = {f ∈ L1 : ‖f ‖BD∞ < ∞} .

It is known that the space BMO2 is the dual space of Hardy space Hs
1 of all martingales

having integrable conditional square functions while the space BMO−
2 is the dual space of
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Hardy space H ∗
1 of all martingales having integrable maximal functions. The space BMO2

is important to study interpolation of martingale Hardy spaces, while the space BMO−
2 is

important in the theory of Ap-weights for martingales, see [13, Chapter 5] and [4, Chapter 6].

REMARK 2.2. It is known that, for p ∈ [1,∞),

‖f ‖BMO ≤ ‖f ‖BMOp , ‖f ‖BMO− ∼ ‖f ‖BMO−
p

, ‖f ‖BMOp + ‖f ‖BD∞ ∼ ‖f ‖BMO−
p

.

If {Fn}n≥0 is regular, then ‖f ‖BMO ∼ ‖f ‖BMO−
p

. See [4, 13].

We next define BLO class of martingales.

DEFINITION 2.3. For f ∈ L1, let

‖f ‖BLO = sup
n≥0

ess sup(Enf − f ) , ‖f ‖BLO− = max(‖f ‖BLO, ‖f ‖BD∞) .

Then define

BLO = {f ∈ L1 : ‖f ‖BLO < ∞} , BLO− = {f ∈ L1 : ‖f ‖BLO− < ∞} .

REMARK 2.4. It is known that ‖f ‖BMO ≤ 2‖f ‖BLO and ‖f ‖BMO− ≤ 3‖f ‖BLO− .
See [4, Theorem 4.3.2]. If {Fn}n≥0 is regular, then ‖f ‖BLO ∼ ‖f ‖BLO− .

Our first result is the BMO-BLO boundedness of the maximal functions.

THEOREM 2.5. Let p ∈ (1,∞). Let Cp be the smallest constant that satisfies
‖f ‖BMO−

p
≤ Cp‖f ‖BMO− for all f ∈ BMO−. Define C− = infp∈(1,∞) Cp(3p − 1)/(p − 1).

Then,

‖Mf ‖BLO ≤ p

p − 1
‖f ‖BMOp (f ∈ BMOp) ,(2)

‖Mf ‖BLO ≤ p

p − 1
‖f ‖BMOp (f ∈ BMOp) ,(3)

‖Mf ‖BLO− ≤ C−‖f ‖BMO− (f ∈ BMO−) ,(4)

‖Mf ‖BLO− ≤ C−‖f ‖BMO− (f ∈ BMO−) .(5)

COROLLARY 2.6. If {Fn}n≥0 is regular, then there exists C > 0 independent of f ∈
BMO such that

‖Mf ‖BLO ≤ C‖f ‖BMO , ‖Mf ‖BLO ≤ C‖f ‖BMO (f ∈ BMO) .

The BMO−-BMO− boundedness of the maximal functions is well-known. See [4, The-
orem 4.1.5]. We note that, by Proposition 4.3 below, (4) is not derived from known BMO−-
BMO− boundedness and non-negativity of maximal functions.

Our next result is to give a characterization of BLO martingales, which is a martingale
version of the result in Bennett [1]. Let L0

p denote the space of Lp function f which satisfies
E0f = 0.
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THEOREM 2.7. (i) Let f ∈ L1. Then, f belongs to BLO− if and only if there exist g
in BMO− and h in L∞ such that

f = Mg + h .(6)

In this case,

‖f ‖BLO− ∼ inf(‖g‖BMO− + ‖h‖∞) ,

where the infimum is taken over all decompositions of the form (6).
(ii) Let f ∈ L0

1. Then, f belongs to BLO− if and only if there exist g in BMO− and h in L∞
such that

f = Mg + h.(7)

In this case,

‖f ‖BLO− ∼ inf(‖g‖BMO− + ‖h‖∞) ,

where the infimum is taken over all decompositions of the form (7).

3. Proofs of Theorems 2.5 and 2.7. In this section, we give proofs of Theorems 2.5
and 2.7.

PROOF OF THEOREM 2.5. Let f ∈ BMOp. Let N be a non-negative integer. Then,

Mf = max

(

sup
n≤N

|Enf |, sup
n≥N

|Enf |
)

≤ MNf + sup
n≥N

|Enf − ENf | .

Applying conditional Doob’s inequality to the martingale (Enf − ENf )n≥N , we have

EN [Mf ] ≤ MNf + EN

[

sup
n≥N

|Enf − ENf |
]

(8)

≤ MNf + EN

[

sup
n≥N

|Enf − ENf |p
]1/p

≤ MNf + p

p − 1
EN [|f − ENf |p]1/p

≤ MNf + p

p − 1
‖f ‖BMOp .

Combining (8) and MNf ≤ Mf , we have

ess sup(EN [Mf ] − Mf ) ≤ p

p − 1
‖f ‖BMOp .

We have obtained (2).
Let f ∈ BMO−. To show (4), we note that

MNf = EN [MNf ] ≤ EN [Mf ] .(9)

Combining (8) and (9), we have

0 ≤ EN [Mf ] − MNf ≤ p

p − 1
‖f ‖BMOp .(10)
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From (10), we deduce

|(EN [Mf ] − EN−1[Mf ]) − (MNf − MN−1f )| ≤ p

p − 1
‖f ‖BMOp .

Since 0 ≤ MNf − MN−1f ≤ |ENf − EN−1f | ≤ ‖f ‖BD∞ , we obtain

|EN [Mf ] − EN−1[Mf ]| ≤ p

p − 1
‖f ‖BMOp + ‖f ‖BD∞ .

Therefore, we have

‖Mf ‖BLO− = max(‖Mf ‖BLO, ‖Mf ‖BD∞)

≤ p

p − 1
‖f ‖BMOp + ‖f ‖BD∞

≤ 2p

p − 1
‖f ‖BMO−

p
+ ‖f ‖BMO−

p

≤ Cp(3p − 1)

p − 1
‖f ‖BMO− .

We have obtained (4).
For the maximal function Mf , we have the inequality

Mf = max

(

sup
n≤N

Enf, sup
n≥N

Enf

)

≤ MNf + sup
n≥N

|Enf − ENf |

for any non-negative integer N . Therefore, we can prove (3) and (5) by the same way. �

To prove Theorem 2.7, we show the following lemma.

LEMMA 3.1. (i) Let f ∈ L1. Then, f belongs to BLO if and only if Mf −f belongs
to L∞. In this case,

‖Mf − f ‖∞ = ‖f ‖BLO .(11)

(ii) Let f ∈ L0
1. Then, f belongs to BLO if and only if Mf − f belongs to L∞. In this case,

‖f ‖BLO ≤ ‖Mf − f ‖∞ ≤ 3‖f ‖BLO .(12)

PROOF. We first show (i). If f ∈ BLO, then we have 0 ≤ Mf − f ≤ ‖f ‖BLO.
Therefore, we have ‖Mf − f ‖∞ ≤ ‖f ‖BLO.

Conversely, if f ∈ L1 such that Mf − f belongs to L∞, then we have Enf − f ≤
Mf −f ≤ ‖Mf −f ‖∞. Therefore we obtain that f is in BLO and ‖f ‖BLO ≤ ‖Mf −f ‖∞.
We have shown (i).

We now show (ii). Let f ∈ L0
1 ∩ BLO. Since E0f = 0, we have

− ess inf f = ess sup(E0f − f ) ≤ ‖f ‖BLO .(13)

Therefore, we have

0 ≤ Mf − f ≤ M(f + ‖f ‖BLO) − (f + ‖f ‖BLO) + 2‖f ‖BLO

= {M(f + ‖f ‖BLO) − (f + ‖f ‖BLO)} + 2‖f ‖BLO
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=Mf − f + 2‖f ‖BLO .

Hence, using (11), we have

‖Mf − f ‖∞ ≤ 3‖f ‖BLO.

Conversely, let f ∈ L0
1 such that Mf − f is in L∞. Then we have Enf − f ≤ |Enf | − f ≤

Mf − f ≤ ‖Mf − f ‖∞.
The proof of Lemma 3.1 is completed.

PROOF OF THEOREM 2.7. We show only (i) because (ii) is proved by the same method.
Let f = Mg + h where g ∈ BMO− and h ∈ L∞. By Theorem 2.5, we have

En[Mg + h] − (Mg + h) ≤ ‖Mg‖BLO− + 2‖h‖∞ ≤ C−‖g‖BMO− + 2‖h‖∞

and

|En[Mg + h] − En−1[Mg + h]| ≤ ‖Mg‖BLO− + 2‖h‖∞ ≤ C−‖g‖BMO− + 2‖h‖∞.

Therefore, f is in BLO− with

‖f ‖BLO− ≤ inf(C−‖g‖BMO− + 2‖h‖∞) ∼ inf(‖g‖BMO− + ‖h‖∞) .(14)

Conversely, let f ∈ BLO−. Then, f is in BMO− by Remark 2.4. Moreover, f − Mf

is bounded and ‖Mf − f ‖∞ = ‖f ‖BLO by Lemma 3.1. Hence, letting g = f and h =
f −Mf , we have the decomposition f = Mg +h where g is in BMO− and h is in L∞ with
‖h‖∞ = ‖f ‖BLO. In this case, we have

‖g‖BMO− + ‖h‖∞ ≤ 3‖f ‖BLO− + ‖f ‖BLO ≤ 4‖f ‖BLO− .(15)

Combining (14) and (15), we have

‖f ‖BLO− ∼ inf(‖g‖BMO− + ‖h‖∞) .

The proof of Theorem 2.7 is completed. �

4. Difference between BMO and BLO. In this section, we give an example that is a
non-negative BMO martingale but it is not in BLO. To show this, we begin by recalling the
notion of atoms.

A measurable set B ∈ Fn such that P(B) > 0 is called an atom (more precisely a
(Fn, P )-atom), if any A ⊂ B with A ∈ Fn satisfies P(A) = P(B) or P(A) = 0. We denote
by A(Fn) the set of all atoms in Fn.

For the rest of this paper, we postulate the following conditions on {Fn}n≥0:

(F1) Every σ -algebra Fn is generated by countable atoms.
(F2) {Fn}n≥0 is regular.
(F3) F0 = {∅,Ω}.
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For such {Fn}n≥0, BMO = BMO− and BLO = BLO− with equivalent norms as is mentioned
in Remark 2.2 and Remark 2.4 respectively. Moreover, we have the following expression of
norms:

‖f ‖BMO = sup
n≥0

sup
B∈A(Fn)

1

P(B)

∫

B

|f − Enf | dP ,

‖f ‖BLO = sup
n≥0

sup
B∈A(Fn)

1

P(B)

∫

B

(
f − ess inf

B
f

)
dP .

By (F3), if ess inf f = −∞, then f �∈ BLO. Hence, if BMO \ L∞ �= ∅, then BMO \ BLO �=
∅. Therefore, to obtain a BMO martingale which is not in BLO, we only have to find an
unbounded BMO martingale. We recall the following well-known example.

EXAMPLE 4.1. Let ((0, 1],B, P ) be the Lebesgue’s probability space. Let

Fn = σ [{In,k : k = 1, 2, . . . , 2n}] , In,k = ((k − 1)/2n, k/2n] .

Let f (ω) = log(1/ω) (ω ∈ (0, 1]). It is well-known that

f ∈ BLO ⊂ BMO and − f ∈ BMO \ BLO .

Actually, for ω ∈ ((k − 1)/2n, k/2n],

En[f ](ω) − f (ω) = 2n

∫ k/2n

(k−1)/2n

log(1/x) dx − log(1/ω)(16)

≤ 2n

[

− (x log x − x)

]k/2n

(k−1)/2n

+ log
k

2n

≤ 1 ,

and ess inf(−f ) = −∞.

REMARK 4.2. In Example 4.1, log(1/ω) provides a simple example of a non-negative
BLO martingale and log(ω) provides a simple example of a non-positive BMO martingale
which is not in BLO. Such examples are also known in general case. See [4, Lemma 4.3.8].
However, even in case of dyadic martingales, it is not known that there exists a simple example
of a non-negative BMO martingale which is not in BLO. Thus, it is not so clear whether there
exists a non-negative BMO martingale which is not in BLO.

The following is the main result in this section.

PROPOSITION 4.3. Let {Fn}n≥0 satisfy the conditions (F1), (F2) and (F3). Suppose
that there exists a sequence of measurable sets (Bn)n≥0 that satisfies

Bn ∈ A(Fn), B0 ⊃ B1 ⊃ · · · ⊃ Bn ⊃ · · · and lim
n→∞ P(Bn) = 0 .(17)

Then, there exists a non-negative BMO martingale which is not in BLO.

To show Proposition 4.3, we use pointwise multipliers on generalized martingale Cam-
panato spaces in [7]. Generalized martingale Campanato spaces Lp,φ and L�

p,φ are defined
by the following:
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DEFINITION 4.4. Let p ∈ [1,∞) and φ be a function from (0, 1] to (0,∞). For
f ∈ L1, let

‖f ‖Lp,φ
= sup

n≥0
sup

B∈A(Fn)

1

φ(P (B))

(
1

P(B)

∫

B

|f − Enf |p dP

)1/p

,(18)

and

‖f ‖L�
p,φ

= ‖f ‖Lp,φ
+ |Ef | .(19)

Define

Lp,φ = {f ∈ L1 : ‖f ‖Lp,φ
< ∞} and L�

p,φ = {f ∈ L1 : ‖f ‖L�
p,φ

< ∞} .

Note that Lp,φ and L�
p,φ coincide as sets of measurable functions. We regard Lp,φ =

(Lp,φ, ‖ · ‖Lp,φ
) is a seminormed space and L�

p,φ = (L�
p,φ, ‖ · ‖L�

p,φ

) is a normed space.

Moreover, if φ ≡ 1, then L1,φ coincides with BMO. So we denote L�
1,φ by BMO� for φ ≡ 1.

Let X be a normed space of F -measurable functions. We say that an F -measurable
function g is a pointwise multiplier on X , if the pointwise multiplication f g is in X for any
f ∈ X . We denote by PWM(X ) the set of all pointwise multipliers on X .

If X is a Banach space and has the property

fn → f in X (n → ∞) �⇒ ∃{n(j)} s.t. fn(j) → f a.s. (j → ∞) ,(20)

then every g ∈ PWM(X ) is a bounded operator on X by the pointwise multiplication. We
denote by ‖g‖Op the operator norm.

Then the following is known.

LEMMA 4.5 ([7, Corollary 1.5]). The space PWM(BMO�) is characterized as

PWM(BMO�) = L1,φ ∩ L∞

where φ(r) = 1/(1− log r), r ∈ (0, 1]. Moreover, for g ∈ PWM(BMO�), ‖g‖Op is equivalent
to ‖g‖L1,φ

+ ‖g‖L∞ .

To show Proposition 4.3, we give some more lemmas. The following lemma is a direct
consequence of [6, Lemma 3.3].

LEMMA 4.6. Let (Bn)n≥0 be the same as in Proposition 4.3. Let (kj )j≥0 be a se-
quence of integers defined inductively by k0 = 0 and

kj = min{n > kj−1 : Bn �= Bkj−1 } (j ≥ 1) .(21)

Then, for each j ≥ 1, we have
(

1 + 1

R

)

P(Bkj ) ≤ P(Bkj−1 ) ≤ RP(Bkj ),

where R is the constant in (1).
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REMARK 4.7. In (21), the set {n > kj−1 : Bn �= Bkj−1} is not empty by the condition
limn→∞ P(Bn) = 0 in (17).

To describe the next lemma, we recall the doubling condition for functions. A function
θ : (0, 1] → (0,∞) is said to satisfy the doubling condition if there exists a constant C > 0
such that

1

C
≤ θ(r)

θ(s)
≤ C for r, s ∈ (0, 1] ,

1

2
≤ r

s
≤ 2 .

The next lemma is essentially the same as [7, Lemma 2.4]. But for the later use, we give
a proof.

LEMMA 4.8. Let p ∈ [1,∞) and φ : (0, 1] → (0,∞). Let (Bn)n≥0 and (kj )j≥0 be
the same as in Lemma 4.6. Define a function h by

h =
∞∑

j=0

φ(P (Bkj ))χBkj
,(22)

where χBkj
stands for the characteristic function of Bkj . Assume that φ satisfies the doubling

condition and
∫ r

0
φ(t)p dt ≤ Crφ(r)p for all r ∈ (0, 1] .(23)

Then, h belongs to Lp,φ .

PROOF. By [5, Lemma 7.1], the doubling condition and (23) implies
∫ r

0
φ(t)t1/p−1 dt ≤ Cpφ(r)r1/p for all r ∈ (0, 1] .(24)

From (24), we can deduce
∑

j :kj >n

φ(P (Bkj ))‖χBkj
‖p ≤ CCpφ(P (Bn))P (Bn)1/p .(25)

Indeed, we have
∑

j :kj >n

φ(P (Bkj ))‖χBkj
‖p

=
∑

j :kj >n

1

log(P (Bkj−1 )/P (Bkj ))

∫ P(Bkj−1 )

P (Bkj
)

φ(P (Bkj ))P (Bkj )
1/p dt

t

≤ C
∑

j :kj >n

∫ P(Bkj−1 )

P (Bkj
)

φ(t)t1/p−1 dt

= C

∫ P(Bn)

0
φ(t)t1/p−1 dt

≤ CCpφ(P (Bn))P (Bn)1/p .
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From (25), it follows that h is in Lp. Using the equality

Enh =
∑

j :kj ≤n

φ(P (Bkj ))χBkj
+ En

[ ∑

j :kj >n

φ(P (Bkj ))χBkj

]

,

we have

‖h − Enh‖p ≤
∥
∥
∥
∥

∑

j :kj >n

φ(P (Bkj ))χBkj

∥
∥
∥
∥

p

+
∥
∥
∥
∥En

[ ∑

j :kj >n

φ(P (Bkj ))χBkj

]∥
∥
∥
∥

p

(26)

≤ 2CCpφ(P (Bn))P (Bn)1/p .

If B ∈ A(Fn) and B �= Bn, then
∫

B

|h − Enh|p dP = 0 .(27)

From (26) and (27), we conclude that h is in Lp,φ . �

We need the following lemma on a stability of martingale Campanato space Lp,φ . For
the proof, see [7, Remark 2.7].

LEMMA 4.9. Let p ∈ [1,∞) and φ : (0, 1] → (0,∞). Let F be a Lipschitz continu-
ous function. Then, for any h ∈ Lp,φ , F(h) belongs to Lp,φ with ‖F(h)‖Lp,φ

≤ 2C‖h‖Lp,φ

where C is the Lipschitz constant of F .

PROOF OF PROPOSITION 4.3. Let φ(r) = 1/(1 − log r) (0 < r ≤ 1). Let (Bn)n≥0 be
a sequence of measurable sets that satisfies (17). Let (kj )j≥0 be the same as in Lemma 4.6.
Then, we have

R−j ≤ P(Bkj ) ≤ (1 + 1/R)−j .

Therefore, we have

1

1 + j log R
≤ φ(P (Bkj )) ≤ 1

1 + j log(1 + 1/R)
.

Choose j0 such that j0 log(1 + 1/R) ≥ 3. Then φ(P (Bkj )) ≤ 1/4 for j ≥ j0. Let

b0 = 0 , b	 =
j0+	∑

j=j0+1

φ(P (Bkj )) (	 ≥ 1) .

Then b	 → ∞ as 	 → ∞. For the sequence {b	}, take a subsequence {b	(m)} such that

b	(1) = b0 = 0, b	(m) + 1 ≤ b	(m+1) < b	(m) + 2, m = 1, 2, . . . .

Take also another subsequence {b	(m)′} such that

b	(m) + 1

4
≤ b	(m)′ ≤ b	(m+1) − 1

4
, m = 1, 2, . . . .
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We define a bounded Lipschitz continuous function F : [0,∞) → [0,∞) as

F(x) =
{

x − b	(m) (b	(m) ≤ x < (b	(m) + b	(m+1))/2) ,

b	(m+1) − x ((b	(m) + b	(m+1))/2 ≤ x ≤ b	(m+1)) .

Then

F(b	(m)) = 0 and F(b	(m)′) ≥ 1

4
, m = 1, 2, . . . .(28)

Let

g =
∞∑

j=j0+1

χBkj
, h =

∞∑

j=j0+1

φ(P (Bkj ))χBkj
.

Then g ∈ BMO� and F(h) ∈ L1,φ ∩ L∞ by Lemmas 4.8 and 4.9. Hence gF(h) is in BMO
by Lemma 4.5 and gF(h) ≥ 0.

Next we show that gF(h) is not in BLO. Since

g =
j0+	∑

j=j0+1

= 	 , h =
j0+	∑

j=j0+1

φ(P (Bkj )) = b	 on L	 ≡ Bkj0+	 \ Bkj0+	+1 ,

we have gF(h) = 	F (b	) on L	. Hence, by (28) we have

gF(h) = 0 on L	(m) and gF(h) ≥ 	(m)′

4
on L	(m)′, m = 1, 2, . . . .

Therefore, for j = j0 + 	(m)′,

Ekj [gF(h)] ≥ 	(m)′

4
Ekj [χL	(m)′ ]χBkj

= 	(m)′

4

P(Bkj ) − P(Bkj+1 )

P (Bkj )
χBkj

≥ 	(m)′

4(R + 1)
χBkj

,

and

ess sup(Ekj [gF(h)] − gF(h)) ≥ 	(m)′

4(R + 1)
.

This shows gF(h) �∈ BLO. �
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