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COMPACT SUMS OF TOEPLITZ PRODUCTS
AND TOEPLITZ ALGEBRA ON THE DIRICHLET SPACE
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Abstract. In this paper we consider Toeplitz operators on the Dirichlet space of the
ball. We first characterize the compactness of operators which are finite sums of products
of two Toeplitz operators. We also characterize Fredholm Toeplitz operators and describe the
essential norm of Toeplitz operators. By using these results, we establish a short exact sequence
associated with the C*-algebra generated by all Toeplitz operators.

1. Introduction. Let B = B, be the unit ball in the complex n-space C" and V be
the Lebesgue volume measure on B normalized so that V(B) = 1. The Sobolev space .7 is
the completion of the space of all smooth functions f on B for which

||f||=H/dev2+/3(|7zf|2+|ﬁf|2) dV}l/2<oo

where
n n
af ~ _af
Rf@ =) z:—(@), Rf@=) 7-—=@
o 0w o 9
for z = (z1,...,2n) € B. Then the Sobolev space .¥ is a Hilbert space with respect to the

inner product

<f,g>=/devagdv+/B(RfR_g+ﬁfﬁ_g> dav .

The Dirichlet space Z is then a subspace of .# consisting of all holomorphic functions on B.
Then it is easy to see that the Dirichlet space Z is closed in .. We let P be the Hilbert space
orthogonal projection from .# onto 2. Put

Lo = {goeéﬂ D@, a—,T eL® j= 1,...,n}
dz; 0z;
where the derivatives are taken in the sense of distribution. By the Sobolev embedding
theorem([1, Theorem 5.4]), each function in ¥ 1,00 can be extended to a continuous func-
tion on the closed unit ball B. Thus we will use the same notation between a function in
1% and its continuous extension to B. Also, for ¢ € £, we note that R, R € L.
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Given u € £, the Toeplitz operator T, with symbol u is defined on Z by
T.f = Puf)

for functions f € Z. Then T, is a bounded linear operator on &; see Proposition 1 of Section
3.

In this paper we first consider operators which are finite sums of products of two Toeplitz
operators. More explicitly, we consider operators L of the form

N
M L=) T,T,
j=1

whereu;,v; € &£ 1,50 We then study the problem of when such an operator of the form (1) is
compact on Z. On the setting of the smaller Dirichlet space % consisting of all holomorphic
functions f in .# which have restriction f(0) = 0, the same problem has been studied in [10]
or [12] on the unit disk and in [11] on the unit ball. But we mention that the arguments used
there do not work on our Dirichlet space Z.

By using a completely different argument, we prove in this paper that an operator of form
(1) is compact on Z if and only if the corresponding sum of products of symbols is equal to
0 on 9B, the boundary of B; see Theorem 7. Specially, the case of N = 1 in (1) reduces
the compact product problem of when a product of two Toeplitz operators is compact. As
an application of Theorem 7, we show that for pluriharmonic symbols, there is no nontrivial
compact product for n > 2 but there are many for n = 1. Such higher dimensional phenomena
on % has been also noticed in [11].

More specially, for a single Toeplitz operator, the corresponding problem will be of par-
ticular interest. On the smaller Dirichlet space % of the unit disk, it is known that for a single
Toeplitz operator, it is compact on 2y if and only if it equals 0 on Zp; see Proposition 3.1 and
Theorem 3.4 of [12]. On the contrary to this result on 2, our result shows that there exists a
nonzero compact Toeplitz operator on our Dirichlet space Z; see Corollary 8 and its remark.
These results will be collected in Section 3.

Next, in Section 4, we first characterize Fredholm Toeplitz operators and describe the
essential norm of Toeplitz operators on &. We then study the Toeplitz algebra 7 generated
by all Toeplitz operators. By using a consequence of Theorem 7, we show that there is a short
exact sequence

0->-K—>T—>C@®BB)—~>0

where [C is the algebra of all compact operators on & and C (9 B) is the algebra of all contin-
uous functions on d B; see Theorem 16. On the smaller Dirichlet space % of the unit disk,
the corresponding characterizations have been obtained in [2] where a bit different Toeplitz
operators have been considered.

2. Preliminaries. In this section we introduce the well known Bergman space
and then investigate some useful connection between projections on the Bergman space and
Dirichlet space.
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For any multi-index @ = (a1, ..., @) where each «j is a nonnegative integer, we will
write |¢| = a1 + -+ -+ a, and a! = ap! - - - ! We will also write
ZO{ :Zlfl '.'Zgn
forz = (z1,...,2n) € B. Note that Rz% = |«|z® for every multi-index «.

We let L2 L%(B, V) be the usual Lebesgue space and A” be the well known Bergman
space consisting of all holomorphic functions in L. Let Q be the Bergman projection which
is the orthogonal projection from L? onto A% whose its explicit formula can be written as

Qv (2) =/Blﬁ(w)3z(w)dV(w), Z€B

for functions ¥ € L?. Here B, is the Bergman kernel given by
1
BZ(w)zj(l—w'Z)n'H’ weEeB

where w - 7 = w1z + - - - + w,Z, is the Hermitian inner product for points z, w € C". Since

Bz(w)—zwz wY, z,weB

=0 nlo!
we have
! -
) 0V =Y ("%ﬁ")'ﬂ/};ww(u})d\/(w), zeB

let]>0

for functions € L?; see Chapter 2 of [14] for details and related facts.

Each point evaluation is easily verified to be a bounded linear functional on 2. Hence,
for each z € B, there exists a unique kernel function K, € & which has the following
reproducing property:

f@)=({f Kz)

for functions f € 2. Since

!
/Iz | dV(z) = nlot

CENTR
we have

n!lal?a!

122 = |a|2/ P av () = el

5 o + [a))!

for each multi-index « with || > 0; see Lemma 1.11 of [14]. Note that the set {z : |a| > 0}
spans a dense subset of Z. Thus it can be easily seen that the kernel function K, on Z has the
following explicit formula

(n+ |05|)!—awa
n!|a|?a!

3) Kw)=1+ )

|a|>0
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forz, w € B. Since K;(0) = 1 forall z € B, it follows from the reproducing property and (3)
that

Py (z) = (¢, Kz)
=f wdv+/7w7z—1<zdv

/1//dV~|— yo AT (et /an(u})d\/(u}), zeB
B

n!la)o!
=0 |

“)

for functions ¥ € .. Combining the above with (2), we can see
(n+ |a|) _
R(PYIR) = Y oD} o /B WIRY (w) dV (w)

(5) =0 T
=0RY) (@) —-QMRY)(©0), z€B
for functions ¢ € ..
3. Compact sums of Toeplitz products. In this section, we consider operators hav-

ing the form of finite sums of products of two Toeplitz operators and then characterize such
an operator to be compact on . In the following, we use the notation

£z = (/BIfIZdV)%

for functions f € L2. Note that | f(0)| < || f]|> forall f € A?; see Theorem 2.1 of [14] for
details.
We start with the boundedness of Toeplitz operators with symbol in .Z’1%°.

PROPOSITION 1. Foru € £V, the Toeplitz operator Ty, is bounded on 9.

PROOF. Let f € Z be an arbitrary function. Note that uf € . and

(6) Ifll2 < IRfll2 =N FII-
Hence
(7 |[Puf)(0)| = ‘/Bude < Ilullooll fll2 < Nullooll 11

Also, by (5) and the L2-boundedness of the Bergman projection Q, we see

IR(P(ufNll2 = 1QRuf N2+ 1Q (Ruf)) (0)]
< 2[Q(R@uf)l2
= 2|R@f)ll2
=2 fRu+uRfl2
= 2(IRulloo + llulloo) LA -
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Combining the above with (7), we see that there exists a constant C depending only on u such
that

ITuf 17 = 1P@)HI? = [P@fHOF + IR(P@fNI3 = CIfI?
for every f € 2, which implies the boundedness of 7}, as desired. The proof is complete. O

For each a € B, we let

I
tleliz o cp.

E,(z) =RK,(2) = )

! !
=0 n!loe!

Since RE, = B, — 1, we have

1 — (l _ |a|2)n+1
2 _ 2 __ _
|Eqll” = ||REa||2 =B,(a)—1= W

for all @ € B. Since ||B;||2 = (1 — |a|2)_% for all @ € B, we have

B
) 1Bl _
lal>1 [ Eql]
In the following, we put
1
eq(2) = ——E4(2), a,z€B
¢ lEall ™

and use the notation

(0. 02 = /Bw v

for functions ¢, ¥ € L2
PROPOSITION 2. e, converges weakly to 0 in 9 as |a| — 1.

PROOF. Let f € 2 be an arbitrary function. Since ¢,(0) = 0 and (R f, B;)> = Rf(a),
we see

(f.ea) = g7 (RS, Ba = 1)2 = g Rf (@) = Rf(O)]
for all @ € B. Recall that

. ntl
Jim (1= 12 TIF@)| =0
Z|—
for every F € AZ; see [14, Theorem 2.1] and its remark. It follows that

1—la]»)"
lim (f.eq) = lim —a—14) 2

la|—1 lal=>1 /1 — (1 — |a|2)n+1

so0 e, converges to 0 weakly in & as |a| — 1. The proof is complete. O

[Rf(a) =Rf(0)]=0,

By (6), we see that the identity operator from & into A2 is bounded. Moreover, it is
compact as shown in the following lemma.

LEMMA 3. The identity operator from 9 into A? is compact.
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PROOF. Using (6), we see that any bounded sequence in Z-norm is bounded in A%-
norm. So, it is locally bounded and then constitutes a normal family. Hence the sequence has
a subsequence converging locally uniformly in B to a function in A%. So, the identity operator
is compact, as desired. The proof is complete. |

As an application of Lemma 3, we remark in passing that for any sequence { f;} converg-
ing weakly to 0 in Z, the sequence || f}||2 converges to 0 as j — oo.

Recall that Q is the Bergman projection. The following lemma will be useful in our
proofs.

LEMMA 4. Letu € V. Ifa sequence fj converges to O weakly in 9, then we have
lim Q[R@uf;j)I(0)=0.
Jj—>00

PROOF. We first claim that R f; converges to 0 weakly in A?. To prove this, let ¢ € A?
be an arbitrary function and choose ¥ € Z such that Ry = ¢ — ¢(0). Since R f;(0) = 0 for
each j, we see

(Rfj.e)2 = (Rfj. Ry +¢(0))2
= (Rfj, Ry)2 +9(O)Rf;(0)
= (Rfj, Ryr)2
= (f;,¥) = fi Oy (0)

for each j. On the other hand, by the remark just after Lemma 3, we have

1
2
§</|fj|2dV) -0, j— 0.
B

Since f; converges to 0 weakly by assumption, we see (R fj, ¢)2 — 0as j — oo and R f;
converges to 0 weakly in A2. To complete the proof, we note that

1
2
< [[Rullos (/ |fj|2dv> =0
B

as j — oo by the remark after Lemma 3 again. It follows that

©) 150 = Vijdv

V (Ru) f; dV
B

lim Q[R(uf;)](0) = lim /R(ufj)dV
j—o00 j—>o0 JB

= lim [((Ru) fj +u(Rfj)1dV
j—ooJB

= lim (Rfj,u)2
j—oo

(Rfj, Qu)2

= lim
j—o00

=0

because R f; converges weakly to 0 in A2, The proof is complete. O
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In our characterization of the compactness for sums of products of two Toeplitz opera-
tors, we will use some known results on the Toeplitz operators on the Bergman space. Thus,
we need to introduce the notion of Bergman space Toeplitz operators.

For a function ¢ € L™, we let S, denote the Bergman space Toeplitz operator on A?
defined by

Sef = 0(ef)

for functions f € A2. Clearly S, is a bounded linear operator on A2,
Given a bounded linear operator L on A2, the Berezin transform L of L is the function
on B defined by

L) = / (Lba)badV, acB
B
where b, denotes the normalized Bergman kernel of A? given by

1
b =—B s €B.
a(2) [Ball2 0 (2) Z

See Chapter 2 of [14] for details and related facts.

It is known that L is a continuous function on B. Moreover, it turns out that the Berezin
transform of an operator which is a product of Bergman space Toeplitz operators preserves the
boundary continuity of symbols. More explicitly, it is known that for given symbols ¢, ¥ €
L which are continuous on B, the Berezin transform S(p/ap is continuous up to B and

(10) S,5y, =y on 9B

holds; see Proposition 2.1 of [3] for example.

Also, the Berezin transform turns out to provide a compactness criterion for operators
which are sums of products of Bergman space Toeplitz operators. Specially, for symbols
@j, ¥ € L, itis known that Z;v:l Sp; Sy, 1s compact on AZ if and only if

N
lim [Zm}(a) =0:
j=1

la|l—1

see Theorem A of [8] for more general results. Recall that each function in . 1.2 can be
extended to a continuous function on B. Now, combining these observations with (10), we
have the following characterization.

LEMMA 5. Letgj,y; € LV for j =1,...,N. Then Z?]:l Sp; Sy; is compact on
A2 if and only ifZ;-V:l @j¥j=0o0ndB.

Before we characterize compact sums of Toeplitz products, we first prove the following
lemma which will be useful. For a € B, we recall

1
ea(Z):mEa(Z)s zZ€B.
a
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LEMMA 6. Letu,v e £L® and ¢ € 0B. Then

ali_I)n;<TuTveav eq) = u(G)v(g).
PROOF. Since ¢,(0) =0and RE, = B, — 1 for all a € B, we first note that
(TyTyeq, eq) = (uTyeq, eg)

(1)
= ((Ru)Tyeq, Req)2 +

1
||E ||2 <MR(TUE11), Ba - 1)2
a

for all @ € B. On the other hand, by (5), we have
R(TyEs) = RP(vE,)

= O[(RvV)E; +v(Bs — 1)] — O[R(WE,)](0)
=SrRvEa + SuBs — Syl — Q[R(WE,)](0)

and hence

(UR(TyEq), B — 1)2 = WR(TyEy), Ba)o — (R(TyEy), )2
(12) = (SMS’Rans Ba>2 + <SuSvBas Ba)Z - (SuSvls Ba>2
— Q[RWEN]IO0){u, Ba)2 — (RTyEq, )2

for all a € B. Since e, converges weakly to 0 in & by Proposition 2, we see Tye, also
converges weakly to 0 as |a| — 1in Z. Also, note ||Req|l2 = |leq|| = 1 foralla € B. It
follows from Lemma 3 that

(13)  K(Ru)Tveq, Rea)al = ||Rullool|Tveal 2 Reall2 = [|Rullcol| Tveall2 = 0

asa — ¢. Also, since ||ey|]2 — 0 as a — ¢ by Lemma 3 again, we see from (8)

<SuSRan, Ba>2| =

— |(SuSRveas Ba)2l
| Eql|? [|[Eq| e e

||Ball2
[ Eall

= [ISuSrolllleall2

-0, a—>¢

where || L|| denotes the operator norm of a bounded operator L. Also, we note

1 B 2 B 2 __
3 (S8, Ba B = ('l'lbf'l'lz) (SuSubas bads = ('|'|E”'|'|2) S5, (@)
a a a

for all a € B and by (8)

1 (1 = la/>+! |1Ball2

— (S, Sy1, B < | ——|SuSy||—— 0
[E 2 vl Ba2l —\/1—(1—|a|2>"+1” TR
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as a — ¢. Similarly, we see by Lemma 4 and (8)
1

1
TER |OIR(WEL)](0){u, Ba)2| = TE |O[R (vea)1(0){(u, Ba)|
[|Ball2

[ Eall

IA

[Q[R(vea)1(0)|][ulloo

-0

and

———(RTyE,, it)2| <
[Eq 12" A

[IRTveall2]lull2

< | Tveaqllllu]]oo

| Eall

=< Tl loo

| Eall

-0

as a — ¢. It follows from (12) and (8) that

lim S(WR(TyEq), By — 1)2 = lim §,Sy(a).
a—=>¢ ”Ea” a—¢

Now, combining the above with (11) and (13), we see

lim (7, Tuea, eq) = lim SuSy(@) = u()v()

a—¢
by (10) because u, v are continuous on B. The proof is complete. O

Now, we characterize the compactness for operators which are finite sums of products of
two Toeplitz operators.

THEOREM 7. Letuj,v; € L1 for j = 1,...,N. Then the following statements
are equivalent.
N
(a) Z Ty, Ty; is compact on 9.
j=1
N
(b) Zujvj =0ondB.
j=1

PROOF. First assume (a) and let ¢ € dB be arbitrary. Since e, converges weakly to 0
in ¥ asa — ¢, we see by Lemma 6,

N N N
0= lim <Zl Tu; Toj€as ea> = 2}3@{@, Ty easea) = D uj(§)v;(¢)
Jj= Jj=

a—
¢ =

and (b) follows.
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Now, assume (b) and put

N

N
T=Y T,Ty. S=Y_ S5,
j=1

j=1

for simplicity. Fixing j, we first note that

T, Tu, f O)] = | Plu; Ty, £10)] s/}g|uij,f|st lujlloo |1 T2, £112

and then

N
(14) ITLO) <D llujllool| To, £l

j=1
for every f € 2. Also, by (5)
RITu, Ty, f1= RIP(u; P(v; f))]
[
[

= Q[R(u;P(v;j )] — QIRu;P(v;[))]10)
(Ruj)Ty; f1+ QlujRP(v; f)] — QIR (u; P(v; f))1(0)
= QIRuj)Ty; f1+ Qlu; Q(fRvj)] + Qlu; Q(w;R[f)]
— Quj) Q(R(v; /))(0) — O[R(u; P(vj ))1(0)
= SRu; To; |+ Su; SRoj f =+ Su; Sv; (RS)
— Q(uj) Q(R(v; /))(0) — O[R(u; P(vj ))1(0)

for every f € 2. Thus,

N N
R(TE) =Y Sru,To; [+ Y Su;Sro; f + S(RF)
(15) = =

N N
~ 3" QuHORW; O = Y QIR(u; Pv; H)IO)

j=1 j=1

for every f € 2. Now, in order to prove (a), let f; be a sequence converging weakly to 0
in 9. Then, we need to show that ||T f¢|| — 0 as k — oo. For each j, since Ty, fi also
converges weakly to 0 in &, we note that || fx||2 and ||7y; fk||2 converge to 0 as k — oo by
Lemma 3. Thus, by (14), we see

N
(16) klggomfk(onskgrgo2;||uj||m||ru,fk||2:o.
/:
Also, by Lemma 4, we see Q(R(v; f))(0) and Q[R(u;Ty; fi)1(0) converge to 0 as k — oo
for each j. Also, since R fi converges weakly to 0 in A% and S is compact by assumption (b)
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and Lemma 5, we see ||S(R fi)||2 — 0 as k — oo. It follows from (15) that

N N
WR(Tfll2 < D 1SRu Ty, fillz + 11 fill2 Y 11Su; Sro, Il + ISR f)l 2
j=1

j=1
N N

+ Y 1NQ@HIR2IQR®; fi)) ) + Y |QIRu; Ty, fi)IO)] .
j=1 j=1

which converges to 0 as k — co. Now, combining this observation with (16), we see
lim ||Tfl)* = lim (1TfO) + [[R(Tfo)ll3) =0
k— o0 k— o0
and hence T is compact on 2 as desired. The proof is complete. O

As a simple application of Theorem 7, we have the following corollary which will be
used in the description of the Toeplitz algebra 7 in Section 4.

COROLLARY 8. Foru,v € £V, the semi-commutator T, Ty — T, and commutator
T, T, — T, T, are always compact on 9.

Since the Toeplitz operator with symbol 1 is the identity operator, we have the following
characterization of compact Toepltz operators.

COROLLARY 9. Foru € £V, T, is compact on 9 if and only ifu = 0 on 3 B.

On the smaller Dirichlat space % of the unit disk Bj, it is known that for a Toeplitz
operator with symbol u, it is compact on % if and only if it equals 0 on % if and only if
u = 0 on 0 By; see Proposition 3.1 and Theorem 3.4 of [12]. In view of Corollary 9, one might
ask whether the same is true on our Dirichlet space &. But the answer is no. For example,
the Toeplitz operator 7 _,2 is compact on & by Theorem 7, but it is easy to see that T_, 2
is not equal to 0. Indeed,

Ty_.pl= / A= wP)dV(w) £0.
B

This fact will be also used in the description of the Toeplitz algebra T .

As another application of Theorem 7, we consider the compact product problem of when
compactness of a product of two Toeplitz operators on 2 implies the triviality of one of sym-
bols. The example 717|_,2 = T,_j,2 shows that the compact product problem fails for
general symbols. But our result below shows that the problem can be solvable for plurihar-
monic symbols. Recall that a twice continuously differentiable function u on B is said to be
pluriharmonic if

0u

azi5Zj

=0, i,j=1,....n

on B. For n > 2 and two pluriharmonic functions #, v which are continuous on 9B, it is
known that uv = 0 on 9B if and only if either # = 0 or v = 0; see Corollary 3.5 of [4] for
more general result. Thus, the following is a simple consequence of Theorem 7.
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COROLLARY 10 (n > 2). Letu,v € L™ be pluriharmonic functions. Then T, T, is
compact on 9 if and only if eitheru = 0 orv = 0.

We also remark in passing that Corollary 10 can not be extended to the one dimensional
case in general. To see an example, consider two harmonic symbols u, v which are nonzero
on the unit disk B; and uv = 0 on dBy. Then 7, T, is compact by Theorem 7, but neither u
nor v is identically zero.

But, for a single Toeplitz operator with pluriharmonic symbol, we have the following
characterization for full range of dimensions.

COROLLARY 11. Letu € £V be a pluriharmonic function. Then the following are
equivalent.

(a) T, is compact on 9.
(b) u =0o0n B.
() T, =00n 2.

PROOF. Since a pluriharmonic symbol which vanishes on 0 B vanishes on B, implica-
tion (a) = (b) follows from Theorem 7. Also, since (b) = (c) = (a) is clear, we complete the
proof. O

4. Toeplitz algebra. In this section, we characterize Fredholm Toeplitz operators and
describe the essential norm of a Toeplitz operator. Also, we establish a short exact sequence
associated with the Toeplitz algebra 7T .

We let B denote the C*-algebra consisting of all bounded operators on Z. Also, let X
be the algebra of all compact operators on &. An operator L € B is said to be Fredholm if
L + K is invertible in the quotient algebra B/K. Recall that L € B is Fredholm if and only if
there exist L1, Lo € Bsuchthat L{L — 1, LLy — I € K. Also, if there exists a sequence { f;}
of unit vectors in & for which f; — 0 weakly and ||Lf;|| — 0 as j — oo, then L can’t be
Fredholm; see Chapter 6 of [6] for example.

We characterize Fredholm Toeplitz operators.

THEOREM 12. Letu € £V, Then T, is Fredholm on 9 if and only if u has no zero
on dB.

PROOF. First suppose 7, is Fredholm on & and assume u(¢) = 0O for some ¢ € 9B.
Note that

2

(17) |lueq||> = ‘ / uea dV| + (R(uey), R(ueq))s + (Riueg), R(ueq))
B

for all @ € B. Since ¢, converges weakly to 0 in & as a — ¢ by Proposition 2, we note
|leqll2 = 0 as a — ¢ by Lemma 3. Thus, we have

/ ue, dV
B

2
(18) lim

a—¢

< lim ||u||§o/ leal*dV =0
a—¢ B
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and similarly
(19) [(R(ueq), R(uea))s| = |(eaRut, eaRut)a| < ||Rull% f leal?dV — 0
B

as a — ¢. Now, to estimate (R(ueg), R(uey))2, we first note

2 2
l(eaRu, ea Ru)a| < [|Rull5lleall;

and
1 -
l(eaRut, uR(eq))2| < f lea(Ru)u(By — 1)|dV
1Eall JB
|Ball2 + 1
< [|uRul|ooll€q] |t —
T E,
for all @ € B. Also, by a simple calculation, we see
1
(R (eq), uR(eq))2] = g7 (Ba = D u(Ba = D2
a
1
= W((”Rp uBy)2 + 2|(uBa, u)2| + |{u, u)2l)
a
- <||Ba||z>2(s b by 4+ 2Nl Ball2 + lul15
= \I1Eall Jul" |Eql?
||Ba||2>2A 3| |ull% || Ball2
< S @+ —
<||Ea|| ul ||Eql|?

forall a € B. Since ||eq||» — O as |a] — 1 and
(R(ueq), R(ueq))2 = (eaRu, eaRu)2 + (eaRu, uR(eq))2
+ (uR(eq), eaRu)z + (uR(eq), uR(eq))2

for all a € B, the above observations together with (8) show

lim (R(ueq), Rueq))2 < lim Sup(@) = [u(@)

by (10) because |u |2 is continuous on B. Now, combining the above with (17), (18) and (19),
we see

lim ||Tyeq||> = lim [|P(uey)||* < lim [Jue,||* < [u(Z)> =0
a—¢ a—>¢ a—¢

because u(¢) = 0. Since the sequence {e;} of unit vectors converges weakly to 0 in &, T,
can’t be Fredholm on . Hence u has no zero on 9 B.

Now, to prove the converse implication, assume # has no zero on d B. Then S, is Fred-
holm on A2 by Theorem 1.2 of [13]. Suppose 7, is not Fredholm on &. Thus, there is
a sequence {k;} of unit vectors in & converging weakly to O for which ||T,k;|| — O or
IT;kjl|] — 0as j — oo; see [6, Chapter 6] for example. First suppose [|T,k;|] — 0 as
j — oo. Since S, is Fredholm on A2, there exists a bounded operator M on AZ such that
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MS, — I is compact on A%. Putt; = Rk;. Then we recall #; — 0 weakly on A2 and note
from (9)

lim [|t;]15 = lim (|lk;1* = [k; ©)1*) = lim [Jk;]]> =1.
Since M S, — I is compact on A?, we have (M S, — Dtj,tj)2 — 0as j — oo and hence

lim (M S,tj,t;)2 = lim [|¢;]]3 = 1.
Jj—00 j—oo

Also, since ||kj||> — 0 as j — oo by Lemma 3, we have
KM Q(Ru)kj, tj)2| < [IMI|||Rulloollkjll2|lzjll2 — O
as j — oo. It follows that

(M Q[R(ukj)],tj)2 = (MQOL(Ru)k;], 1j)2 + (M Q(ut;), )2
(20) = (MQRuwkj, tj)2 + (MSutj, tj)2

-1

as j — oo. Also, note Q[R(uk;)](0) — 0 by Lemma 4 and (M1, ;) — 0 becauset; — 0
weakly on A2 as j — oo. It follows from (5) and (20) that

(MR(Tyukj), tj)o = (MRIP(uk;)], tj)>
(21) = (M Q[R(ukj)], tj)2 — QIR (uk;)1(0)(M1,1;)>
— 1
as j — oo. On the other hand, since [|T,k;|| — 0 and [[¢[]2 — 1, we see

KMR(Tukj) tj)2| < [IMR(Tukj)l21ltjll2 < (M| Tuk;l112j]]2 = O

as j — oo, which contradicts to (21).
Also, by the similar argument, we can see that the case ||T,k ;|| — 0 yields a contradic-
tion. Hence T, is Fredholm on 2. The proof is complete. O

Recall that the essential spectrum o, (L) of L € B is defined to be the spectrum of L + K
in /K. Thus the following is a simple consequence of Theorem 12.

COROLLARY 13. Foru € £, we have 0,(T,) = u(dB).

In conjunction with Corollary 9, we compute the essential norm of a Toeplitz operator
on ¥. Given L € B, the essential norm ||L||, of L is defined as the norm of L 4 K in the
quotient algebra B//C. That is,

[ILlle = inf [IL + K]|.
Kek

The following gives a formula of the essential norm of a Toeplitz operator.

THEOREM 14. Givenu € £V, we have ||Ty||. = max,eyp |lu(n)|.
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PROOF. Put p = max,eyp |u(n)| for simplicity. Choose a point { € 9B such that
|lu(¢)| = p. Forany K € I, since e, converges weakly to 0 in & as |a| — 1 by Proposition
2, we note that

T, + K|l = lim [{((T, + K)eq, eq)l
a—¢

= lim (T eq, eq)l
a—¢

= |u(®)]

by Lemma 6 (with v = 1), thus p < ||T,]|. holds.

Now, we prove the reverse inequality. By Lemma 1.2 of [9], there is an orthonormal
sequence { f;} in Z for which ||T, f;|| = ||T4||e as j — ooc. In particular, since the sequence
{fj} converges weakly to 0 in 2, { f;} converges uniformly to 0 on every compact subsets of
B. Let ¢ > 0 be arbitrary. Using Lemma 3, we can choose an integer j; > 0 such that

/ Ifj1?dV <&
B

for every j > ji. On the other hand, since u is continuous on B, there exists r € (0, 1) such
that |u(z)| < p + e forevery r < |z| < 1. Fix ¢t € (r, 1). Then
lim Ifi1?dV =0.
J=00 J|z|<t
Writing
fi@) =Y alz"
o

for the Taylor series expansions of f;, we note

lzl<t lal +n Jos

<
le|>0 lzl=t |0

and

2 2 2r2‘a|+2" 2
Rf2dV = 3 laiPlal —/ P do
/ag ! 2 14 ol +n Jyp

la|>0
2|a|4+2n

. A1 7\ 2lo|+2n
= Y walP el (5 [ P
|| +n t 2B

la|>0

for each j. Since |x|?

2|42 .
(%) 421 ) as |a| — oo, the observations above show that

lim IRfj(2)I*dV(z) =0.

J=00 Jiz|<r

Thus, there exists an integer j» > 0 such that

/ IRfi12dV < e
lz|<r
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for every j > j. Since || fj|| = 1 for each j, we have

/luRfj|2dV=/ |MRfj|2dV+/ R fj 1> dV
B lzl=r

|z|>r

< ||u||§of IRfi12dV + (p +¢)* IRfiI*dV
lz|]<r |z|>r

< lull®e + (0 +&)?

for every j > j». Thus, letting C = max{||u||co, || Ru||c0s IIﬁulloo}, we see

T fill < 1ufjll

B
52c<f3|f,-|2dv) +</B|uRfj|2dv>

<2CVe + lullosv/e + (p + &)

1

2 - 2
+ /B (1IRw £+ uRf; P+ 1(Ruy £;12) dV}

for every j > max{ji, j2} and ¢ > 0, which means that lim; .« ||7, f;|| < p. Now, recalling

lim;j o0 |1Tu £l = [|Tulle, we have || Ty || < p, as desired. The proof is complete.

On the Hardy space or Bergman space, it is known that the adjoint operator of a Toeplitz
operator with symbol u is another Toeplitz operator with symbol . We don’t know whether
the same is true on the Dirichlet space. But we show 7, — T}; is compact on 2 as shown in the
following lemma which will be used in our description of Toeplitz algebra 7. The notation

T, denotes the adjoint operator of 7.
LEMMA 15. Foru € L4, T — T; is compact on 2.

PROOF. First note that
(T~ Ti) f. 9) = £(0) /B 7gdV — §0) /B Tf dV + (RS, gRus — (fRii. Rg)s

for every f, g € 2. Also, note that

‘f(O)/BWdV = [If112llulleollgll2 »

‘?(@/Bﬁde = llgll2llullool [ £ 112

and

(RS, gRu)a| < [IRfll21lgll2lRulloo ,

[(fRu, Rg)al < 11 f12[IRgll2IRitl 0
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forall f, g € Z. Now, to prove the compactness of 7, — T}, let f; be any sequence converging
weakly to 0 on Z. By the observations above with f = f; and g = (T, — T;) f}, we see

(T = T fi11P < 2llullool 1 £112119;112
+ [IRulloolIR fill211gjl12 + 11 fj 121 Rulloo| IR g |2

where g; = (T, — T;) f;. Note that g; — 0 weakly in & as j — oo. Hence, by Lemma 3,
we see || f;112 and ||g;||> convergeto 0 as j — oo. Also, since a weakly convergent sequence
is bounded in norm and ||R fj|l2 < [|fjl| for each j, we see ||R f;l||> is bounded. Also,
[I'Rgjll2 is bounded by the same reason. Now, combining the observations above with (22),
we see |[(T," — T;) fjll = O as j — oo and hence T, — T} is compact on Z as desired. The
proof is complete. O

(22)

Now, we establish a short exact sequence associated with Toeplitz algebra 7T .

THEOREM 16. The following statements hold.
(a) The commutator ideal of T is the same as the ideal K of all compact operators on 9.
(b) The quotient algebra T /K is *-isometrically isometric to C(dB). That is, the se-
quence
0->-K—>T—>C@®BB)—~>0

is short exact.

PROOF. We first show that the algebra 7 is irreducible. To show this, we will use the
similar idea as in [5, Lemma 1] where the Bergman or Hardy space case was considered.
Suppose T is reducible. Then there exists a nontrivial orthogonal projection Py for which
PyT, = T, Py forall ¢ € £V Put f = Pyl. Then
(23) Pop = PoT,l =T, Pol =T, f = ¢f

for all holomorphic functions ¢ € .#1"*°. In particular, we have PoK, = K f for all z € B.
Putting

ka(z) = Kq(z) a,z € B,
Kl
we see from the reproducing property
Poka(z) = (Poka, K;) = (ka, P0K;) = m(Kas fKz)
a
1 - N _
= (@)K:(a) = (@)Ka(z) = f(a)ka(2)
”KaHf ) ”Ka”f ‘ J(@ka

for all @,z € B. Hence f(a) belongs to the spectrum of Py for all a € B. Sine Py is a
projection, its spectrum must be contained in {0, 1} and hence f(B) C {0, 1}. Thus f =0 or
f = 1. Now, (23) shows that Py = Tr¢ for all holomorphic polynomial ¢. Note that the set
of all holomorphic polynomials is dense in 2. Hence Py = Ty on . Now, since f = 0 or
f =1, we have Py = 0 or Py = I, which is a contradiction because Py is nontrivial. Hence
T is irreducible.
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Now, as mentioned at the remark just after Corollary 9, the Toeplitz operator T_,,2 is
a nonzero compact operator on 2. So 7 contains a nonzero compact operator. By Theorem
5.39 of [7], we have K C T . Hence the commutator ideal of 7 contains the commutator ideal
of IC, which is the same as /C. On the other hand, the commutator of two Toeplitz operators
is compact by Corollary 8, which implies that K contains the commutator ideal of 7, thus (a)
holds.

Now, by noting 7} — T; € K by Lemma 15, one can see that {T,, + K : u € £"*®}isa
C*-algebra. Define the symbol map £ : {T,+K : u € ">} — C(dB) by (T, +K) = U|yB-
Then, by Corollary 8 and Theorem 14, we can see that £ is well-defined, one-to-one and an
isometric *-homomorphism. Then, using the same argument as in Theorem 8 of [2], one can
see that £ can be extended to 7 /K. Hence 7 /K is *-isometrically isometric to C(d B) and (b)
holds. The proof is complete. |
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