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9. Theorem V. In this present Note, we shall generalize the Funda-
mental Theorem 1 established in the previous Note [17”. Let us put

(L1)  F(s)= 2 anexp(—Aas) (s=c+1, 0SM< A< .. < > + o),
n=1
We shall begin with
DerFmiTION IV. The subsequence {\,} (¢ =1,2, ..) is called the normal
subsequence of density 0, provided that

(a) lim &/ Ay, = 0,
k>co
(b ) lim (7\4% - X”k—x) > 0, liml kn,ﬁ - knl > 0
ke o

Then, the Fundamental Theorem 1 is generalized in a following manner.

THEOREM V. Let (1.1) be simply convergent for o > 0. Then s = 0 is the
singular point for (1.1), provided that there exist two sequences {%} (0 < %A o),
{y&} (ys: real) such that, for a normal subsequence {\n,} 0f density 0,

(RS <
Ane {Ang

(a) lim 1/, + log 2 R (an exp(—iy) =0,
oo

(b) Llim a/[%] = 0, where oy : the number of sign-changes of R(a, exp( — iy)),
e ,

(¢) the sequence R(anexp( — iyy) (An € A}, M€ L) has the mnormal
sign-change in {L} (k=1,2,..... ).

By virtue of this theorem, we get

CoroLLARY VIII. If the hypothesis of all theorems established in the
previous Note (1-1I) are satisfied, except for a normal subsequence {An,} of
density 0, then these theorems are also valid,

For example, from Corollary 8 we get

CorOLLARY IX (S. Izumi, [27). Let (1.1) be simple convergent for o > 0.
If |arg(a,) | <0< =/[2, except for the normal subsequence {\..} of density
0, then s =0 is singular for (1.1).

10. Lemma. For its proof, we need next Lemma.

1> Vide references placed at the end.
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LEMMA. 0<o,— C=<lim1/A,-logn,
n->00
where os =1lim1/x -+ log Za,. , C=1lim1/\, < logla.].
e @)Sha <z e

Since os is the simple convergence-abscissa of (1.1) by T.Kojima’s

theorem [3], under the condition lim1/A, - log# = 0, we have
NS00

os = C =1lim1/\, *logla,]. Hence we get
N->c0
CoroLLARY X. (G.Valiron, [4] p.4). If lim1/\, +log n =0, the simple
n~>oco
convergence-abscissa of (1.1) is given by
lim 1/A, - loglay,].
n->eo

S | =@ 10 -

[ZI=ApAT

ProOF OF LEMMA, Since o, =1im1/x- log
B->00

2 o

[#]SA, <z

, for any given & ( > 0), there exists a constant Xy(€) such that

> a

[Z1SA, <2

log

< exp (Cx] (o5 + &) for [4] > Xo(E).

(10.1)

If [A1<M-1<A:<2% thena,= > a,— > a.

FI=N SA, [z}< A, =k 1

If Ay >[¥1=<A< x, then a,= 2 a,. In any case, by V(10.1)

: @IEA S,
laa] < 2 exp ([x1(os + €))  for [x] > X, (6),
so that
1/xn + loglaa| < log 2/nn + [&3/An * (g5 + &).
Since }g& M/[x]=1, we get
C= 'g—ml/xn <log |an] <o+ &
Letting € 50, C <o, Therefore,
(10.2) 0<o;—C.
By the definition of C, for any given & ( > 0), we can choose X;(€) such
that
(10.3) |an] < exp(A(C + €)) for n, > Xy(€).

Putting N(x) = 2 1, by (10.3) we get easily

el A, <2

S o

[}=Ap <

S N(x)-exp(C+ €)) for [] > Xu(¥),
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so that
o < 11?1 log*N(x)/x + (C + &).

Letting €0,
(10.4) o —C=< gn log* N(x)/ x.
Xy o0

Putting @ = Iim log #/\,, for any given & ( >0), we have
Ni->c0

(10.5) 7 < exp (A0 + &) for Ay > X5(8).
Denoting by A, the maximum exponent in the interval [+] <A, < x, by (10.5)
N#x) < 21 =v< exp (20 + €)).
A <2
‘Therefore,
Tim log* N(x)/x < 8 + &.
T=>00

Letting €0,

(10.6) LIE log*N(x)/x < 6.

Thus, by (10.2), (10.4) and (10.6), we obtain
0<o,—C= lﬁlog 7/ An.

11. Proof of Theorem V. Let us put

F(8) = X an, €xp( — Au,8), Fi(s) = 2 R (@nr €XD ( — i) €XP( — AnyS),
k=1

k=1

Fy(s) = 2 @y €XD ( — AxS).

n=1, ne{ny)
Denote by o(F1), os(F.) o«F;) and oy(F) the simple convergence-abscisses
of Fy, F,, F; and F respectively. By (a) and Lemma, we have

oi(Fy) = gnl/xnk - log| R (@, exp ( — i) gzijn 1/An, + log|a,,|
=o(F) < In'@ 1/nq * logla,| < os(F) = 0,

so that.
(11.1) oy(F,) S o(F1) 0.
By (11.1), we have evidently o4(F;) <0. Hence, the following four cases
are possible:
(A) ofF1)<0, ofFy) =0, (B) oy(F) =0, ofF;) <0,
C) os(Fy) = 0'3(F1) = o's(Fa) =0, (D) o(F,) < oi(Fy) = G'S(F-s) = 0.
Case (A): By the Fundamental Theorem 1, s = 0 is singular for Fy(s).
Since s = 0 is regular for Fi(s), s = 0 is also singular for F(s).
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Case (B): By Carlson-Landau-Széz's theorem ([3] pp.140-141), o =0 is
the natural boundary for Fi(s), a fortiori s = 0 is singular for Fi(s). Since
s = 0 is regular for F,(s), s =0 is also singular for Fs).

Case (C): In this case, we have

(10.2) Ex 1/nng + log | R(@nexp( — dyi))| = 0.
Putting N(?) = 2 1, by k= 0(\,) we get evidently

Ay <
(10.3) N(t) = 0(Anyy,,) = o(t).

Case (C) is further classified into cases:
Cask (C,):  There exists a subsequence {x,/} of {%} such that

(i) no A, belongs to [H =A< % (6=1,2,....),
2. Hawexp(—iy)| = 0.

ErlShn <o,
CasE (Cy): [MmI=<M<x% (k=1,2,....) contains at least one of {Ay}.
In Case (C,), denoting by o, the number of R(a, exp( — k), M €
L[ (%31 — o), [%]1(1+ ®)], by (10.3) we get
o1, < o + N D) (1+0) + 0Q1) = o([x,).
By (b) of the definition, the sequence R(a. exp ( — iyy)) A\n€ L) has the
normal sign-change. Hence, by the Fundamental Theorem 1. s = 0 is singular

(ii) lim1/x%,.log
i>oo

for F(s).
In Case (C,), without any loss of generality we can assume
(10.4) L] = D )

Therefore, by (10.2), (10.4) and the similar arguments as above, the Funda

mental Theorem 2 ascertains the existence of singularity of F(s) at s = 0.
Case (D): Since oi(F;) < 0, for suitable & ( >0), we can put

(10.5) [ R(@n, exp ( — )| < exp (— Eny).

By the assumption (a), there exists a subsequence {x,} such that

Z R(an - exp( — Iys)) | = 0.
(xS An <Tp;
Anehng }

lim 1/, « log
i>eo
Hence, we can put

2 R(a, exp (— 7
[fkﬁé)\n <-‘7k‘ ( 7 p ( 'Yk))
An€lAn;)

Putting lim (s, — Am,_,) > % >0, by (10.5) and (10.6)

> - s

1
[ JEMn<wxs AnE(Ank) B JShn <7k Ane An )

(10.6)

= exp (a(i)xhg)’ lj.)m a( l) = 0.

> R (an exp (i)

[zkllél\n <z,

> exp (a( i), — 1/h « exp ( — E(x, — 1))
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= exp (@(i) %) {1 — exp (€ — (& + a(i)x,) « 1/h}
> 1/2 - exp (a(i)xy,),
so that

(10.7) lfiﬁl/xk,-logf > R(asexp(— iyy)

=lima@i) = 0,
! n )= An <2 idee

On the other hand, we have evidently

=0

2

[Z1SA, <n

2 R(a, exp ( — iyz)) [ <lim1/x - log

[@k‘]éhn<2)c‘

lim 1/%, * log
00

(by T.Kojima’s theorem). Thus, by (10.7),

> Ranexp(-— i')'k))] =0.

[fﬂk"lé)\n <1]g‘

lim 1/, * log
i=>eo

Hence, by the similar arguments as in Case (C,), the Fundamental Theorem
1 ascertains the singularity of F(s) at s = 0. q.e.d.
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