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1. Let {T(ξ);Q<zξ< 00} be a one-parameter semi-group satisfying the
following conditions:

(i) T(ξ) is a bounded linear transformation from a complex (β)-space
E into itself.

(ii) T(ξ + v) = T{ξ) 1\η), T(0) = / (the identity transformation),

(iii) T(ξ) tends to / strongly as ?->0, but not uniformly.

We define Ax = lim 7 [T(h) — Γ\x whenever the limit exists and the set

of elements x for which Ax exists, will be denoted by D[_A~].
Let us put

R(\',A)x= - j e-**T(ξ)xdξ, \ = σ + iτ,
0

for all xζE, then the representation holds at least for all λ such that
R(χ) = σ > log M, where M = sup

We shall consider a problem of E. Hille [ l ] ^ which is stated as follows :
What properties should an operator A possess in order that it be the

infinitesimal generator of a strongly continuous semi-group {T{ξ) 0 fS ζ <
00} of bounded linear transformations from a complex (Z?)-space into itself ?

A theorem of E. Hille [1, Theorem 12.2.1] reads as follows.

THEOREM H. Let A be a closed linear unbounded operator on E into
itself whose domain is dense in E. Let the spectrum of A is located in R(X)
= σ <: 0 and suppose that

(1) \ \ R ( < r + i ^ *

where β is a fixed constant, β > 0. Then there exists a semi-group {T{ξ)
0 g ξ < 00} such that T(ξ) satisfies the conditions (i)-(iii), || T(ξ) \\ ^ e** for all
ξ > 0 and that A is its infinitesimal generator.

The behavior of the norm, || T(ξ) \\ ^ e^, is by no means implied by the
conditions (i)-(iii) as may be seen later (Example 1). Therefore this theorem
is not the perfect solution of the above problem.

In this paper we shall give a necessary and sufficient condition that the

O Numbers in brackets refer to the bibliography at the the end of the paper.
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operator A becomes an infinitesimal generator of a semi-group
ξ < 00} satisfying the conditions (i)-(iii), in terms of its spectrum and
resolvent.

2. We first prove the following theorem.

THEOREM 1. Let {T(ξ) 0 g ξ < 00} be a one-parameter semi-group satisfying
the conditions (i)-(iii). Then

(a) A is a closed linear operator and Z)[A] is dense in E
(b) for λ such that R(\) >logM, where Λf= max (sup ||7Xf)||, 1), we

have
(A - \ί)R(X A)x = x, x€E}

(c) for σ > log M, we have
(2) !| lR{σ A)]fc || g Mlσ - logikΓ]-*, (k = 1,2,3, . ..).

PROOF. For the proof of (a) and (b), see Hille's book [1]. We shall
prove (c). Since sup || T\ξ) \\ ^ M, we have || T{ξ) \\ ^ M1+K Now

= -J
= ( - If

0

- ( - If I e-h^j e-**dξt.. • • J β - ^ Ί \ £ ι + & + . . . . + ξk)xdξk.
0 0 0

00 00 00

A)? I g f e -«> ° dξr J e~^dξ, ....J β-fe'|| T{ξ, + ξ, + . + &)|| dξ,

o
Hence

I [_R(σ I
0

/ i dξi = M[σ- - log M]-fc. Q. E. D.Π /

3. We prove now the main theorem.

THEOREM 2. (i') Let A be a closed linear unbounded operator on E into
itself whose domain is dense in E. (ii') There is a constant M > 1 such that
the spectrum of A is located in R(\) = o 2 log M, and such that for σ >
log M,

II W(σ;A)7 II ^ M [σ - log M]" f c C* = 1,2, .)
where R{σ A) is the resolvent of A. Then there exists a semi-group {T(ξ)
0 <; ξ < 00} such tJiat T{ξ) satisfies the conditions (i)-(iii) and that A is its
infinitesimal generator.

We have, from the assumption (ii') of the above theorem,
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(3) J A ) * = x, x<eE,

[R(\ A)(A-\Γ)x^ x,

for all R(χ) = σ > log M.

For the proof of this theorem^ we need the following lemmas.

LEMMA 1. Under the assumption of Theorem 2, D[_AZ~] is dense in E.

This result is due to E.Hille £1, Lemma 12.2.1].

LEMMA 2. Under the assumption of Theorem 2, we have

lim A{ - nR(n A)y) = Ay,

PROOF. From the result (3) we have — nR(n A)y = y — R(n A)Ay
for all zeDLA*3. Hence

A( - nR(n A)y) = Ay - AR(n A)Ay.

Since jy€Z>[A3ϊ Ay^DiA}. Therefore we have AR(n: A)Ay = i?(w A)A2y.
Thus it follows that

I) A( - wi?(n A)y - Ay || S M(n - log M)"1 || A2^ ||. Q. E. D.

PROOF OF THEOREM 2. Let us put

(4) In = - wi?(w A), n> log Λf.

Then In is a bounded linear transformation from E into itself and

(5) || 1\ || = \nXR(n A)]fc || ̂  M[<w - log M)-^ t e (k = 1,2, . . . ) ,
(6) Alnx = n(In - fix, x€E.

Since

exp (ξAln)x =

we have

(7)

By the definition of T»(f), we have

(8) Tn(ξ)x-x= f Tn(ζ)AInxdζ.
o

Since AIn commute with Tm(ξ) for all integers m}n > logM, it follows that

2) We wish to express our cordial thanks to Prof. K. Yoshida, who has kindly
pointed us, that the proof of our Theorem 2 is similar to his investigation in K.
YOSHIDA, On the differentiability and the representation of one-parameter semigroup of
linear operators, Journ. Math. Soc. Japan, 1(1948)..
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\ZTm(ξ)- T,lξ)1x\\ = - ζ)AInTm(ζ)xldζ
dζ

[exp (ξ - ζ)Alnl TJζ) (AT. - AIn)x dζ II

ξl(Alm-AIn)x\.

i

By Lemma 2, we have

lim I Tm(ξ)x- Tn(ξ)x\\ = 0,

Thus, by (7) and Lemma 1, for all ξ > 0 and all

(9) lim Tn(ξ)x

exists.
We shall now define T(ξ) as the limit (9). Then we have, by (7),

(10) | | T ( ? ) | | ^ M ^ , f >0.

It is obvious that {T{ξ) 0 <; ξ < oo} satisfies the conditions (i) and (ii). By
(8) and Lemma 2, we have

(11) T{ξ)x-x= I T(ζ)Axdζ,
Ό

Thus is follows that lim | 7(ξ)x - x || = 0 for xζD [Λ2]. By the Banach-

Steinhaus theorem, we have the condition (iiij. It follows from (11) that
A is the infinitesimal generator of {T(ξ) 0 < ξ < oo}. This completes the
proof of Theorem 2.

Let us consider the assumption (1) of Theorem H. If || R(σ A) || ^ 1/σ +

β/σ2, then || R(σ A) \\ ̂  (σ - β)'1 for σ > β. Hence ]| [_R(σ; A)J>\\^ (σ ~

β)~k ^ e? (σ - /3)~fc for σ > β.. Hence (1) implies (I'). Hence Theorem 2
implies Theorem H.

As a particular case of Theorem 2, we get

THEOREM 3. Let {T{ξ) 0 <Ξ ξ < oo} be a semi-group satisfying the assump-
tions (i)-(iii) and let \\ T(ξ) || ^ M for all > 0 . Then

(a') A is a closed linear unbounded operator on E into itself whose domain
is dense in E;

(b') there is a constant M > 1 such that the spectrum of A is located in

σ =s R(χ) g 0 and such that for σ > 0
I! CΛ(<r A)? [| S Mσ-« (k = 1,2, . . . . . ) ,

where R(σ A) is the resolvent of A.
Conversely, let A be an operator satisfying (ά) and (b') Then there exists

a semi-group {T(ξ) 0 < ξ < oo} such that T(ξ) satisfies the condition (i)-fiii),
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II T(ξ) jl <g M for all ξ>0 and that A is its infinitesimal generator.

By Theorem 1 and Theorem 2, we get a perfect solution of E. Hille's
problem.

4. We shall extend above theorem to the ^-parameter semi-group.
Let En be a real Euclidean space of ^-dimension with usual metric and

eλ,e2, • , en be its independent unit vectors.
Let Aι be the infinitesimal generator of T(ξe ). We have then the follow-

ing theorem.

THEOREM 4. Let {T(ξhξ,, - ..,ξn);0Sξι< oo, 0 ^ & < °°, • . • - , 0 ^ ? n <
oo} be an n-parameter semi-group satisfying the following conditions :

(ia) T{ξι, ξ2, , ξn) is a bounded linear transformation from E into
itself;

(ϋa) T(ξx, ξ>>, , ξn) T(j)ι, , η2, " ", ηn) = T(£χ + ηλt ξ2 + η2, •••-,?»+ Vn)»
T(fl, 0, , 0) = / ( = the identity transformation),

(iiia) T(ξh ξ2, . , ξn) tends to I strongly as (ξh ξ2, . . . , ?»)->(0,0, . ., 0),
but not uniformly. Then we have

(ib) Aiii = 1,2, - --n) is a closed linear unbounded operator on E into
itself whose domain is dense in E

(iib) there is a constant M>I such that the spectrum of At is located
in R{\) = σ ^ log M and that, for all l^i^n,

I lR(σ Ai)J |ΐ S M O - logM]-fc, σ > log M (k - 1,2, . λ
where R{σ At) is the resolvent of At

(iiib) R{σ At)R{μ, Af) - R(μ Aj)R(<r At) for / , / = 1,2, .
Conversely, let A« (/ = 1, 2, . , n) be operators satisfying the conditions

(ib)-(iiib). Then there exists a semi-group {T(ξhξ2, -. ., ξn) 0 < ξ{ < oo, / =
1,2, ,n} such that T(ξh ξ2, .. - , ξn) satisfies the conditions (ia)-(iiia) and
all the generators of {T(ξh &,•.•., ξn) 0 ^ ξt < oo, / = 1, 2, - ., n} are of the

form A = 2Li?fc^

For the proof, it is sufficient to note that [\ D[_A2^ is dense in E, where

DΓ.A]2 denotes the domain of A]. Then Theorem 4 is immediately obtained

from Theorems 1 and 2.

5. We shall show, by examples, that the conditions (i)-(iii) do not imply

EXAMPLE 1. Let E = £[(0, oo) ;e~^ ] be the class of all measurable
functions on (0, os>) such that

Then E is a (J5)-space. Let {T(ξ) 0 S ξ < °°} be the semi-group of right
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translations on E. Then {T(ξ);O%ξ< 00} satisfies the conditions (i)-(iii)
and I) Ί\ξ) || = e^l. Hence T{ξ) does not satisfy the Hille's condition || T(ξ) ί|
g e& for any β > 0.

We shall now show that the condition (Γ) of Theorem 2 can not be
replaced by || R(σ : A) || ^ Λf/σ .

EXAMPLE 2. Let E% (n~ 1,2, ) be a sequence of two dimensional
complex Euclidean spaces, where the norm of xn = (y, z) in E% is defined by
lί#nl| = ( M 2 + ^ | * | 2 ) ι / 2 By E, we denote the set of all sequences {xneE%}
such that Σ f#nl|< °°, with the norm || {xn} j]! = ΣII x» ll We now define a
semi-group Tn(ξ)xn = Λ4 = (/, 2') from -E'2

ι into Ef such that
y = exp C — in + m3)^] (3; cos nξ — z sin w f),
2' = exp L — (^ + irii)ξ~\ (y sin nξ -h z cos w ̂ j.

It is obvious that || Tn(ξ) || < w1/2 exp ( — ̂ ) . If we define a semi-group {T
C|:);0< ξ< c»> from E into itself by T(ξ){xn} = {ΓW(?K}, then we have
II T(f) 1 ^ (2^)"1/2 and {T(^) 0 < ξ < 00} is a semi-group satisfying the
following conditions C2H:

(ic) T(ξ) is strongly measurable for ξ > 0.

(iic) ί exp ( - λ?) II Άξ) J rff exists for λ > 0,
0

(iiic) lim— / T{ξ)xdξ = Λ; for all x<a E,

0

(ivc) lim sup i| T{ξ)\ = 00.

From the conditions (ic)-(ivc), we can see that the infinitesimal generator
A is a closed linear operator, Z)[ΛH is dense in E and that the spectrum
of A is located in Λ(λ) = σ g θ [1, § 11.8} Conditions (iiic) means that T(ξ)
is strongly (c, l)-ergodic at ξ = 0. Thus T(ξ) is strongly Abel-ergodic at
ξ = 0. Hence there exists a constant Mo > 0 such that <r|| R(σ :A)\^M0

f or 1 ^ σ < 00 [1, Theorem 14.7. 3H. Since || T\ξ) \\ ^ (2^)"1/2, we have

A) !| S <rf e~^ {2eξY\ dξ - k ί
0

for 0
0

Hence there exists a constant M > 0 such that σ || i?(σ A) || ^ M for 0 < σ
< 00. On the other hand, the condition (ivc) shows that T(ξ) does not imply

the condition (iii).
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