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Let & be a field of characteristic p >0, and K = &(s;, ----, sp) a purely
transcendental extension field over . We denote by o the automorphism
of K induced by a cyclic permutation o : s; > si-; (i mod. p"). The object of
this note lies in proving the fact that the fixed field L of o is also a purely
transcendental extension field over kY.

We prove it by construc ing a system of generators of L/E which are
algebraically independent over 4. In the construction we take several systems

of generators of K/k and obtain, finally, a system (Vi, ..., Va_s, ), .. .., 0p_y)
which is transformed by o in the following manner :
O o Vi=Vi+fitVy ..., Vi), Jj=0,...., n—1,
ol =0, 7’=1,.,..’ﬂ"——n,
where f(%, -- .., %;-1) means a polynomial which arises in the j-th principal
component by the computation of Witt’s vectors (E. Witt [3])
) (%, - <+« Xp-1) + 1
= (xO + ﬂ): X1 +fl(x0)7 ceeey X +fn—](xg, e, x,._._.))_

When we have proved the existence of such generators (1), the seeking
generators for L/k are constructed as follows: Since
oWV oo, Va) = (Vi oo -, V) + 1,
the component F; of the right side of a relation

Voy oo o Va2 = Vo, oo -, Vi) = (Fy, Fy, .. .., Fy_y)
belongs to L. Hence,
L =kFy, - Foy, 01, -, Upnn) C L,
(K: L')=(K: L).
Vo, -+-., Va1 are algebraic over L and Z(Vy, ...., V,_)) =Kisa cyclic

extension field over L' of degree at most p” (E. Witt [3]),
(K: LY p= (K: L)

Therefore, L= L = k(Fy, ----, Fu_1,01, -+ -, Upm_n). As L is a field with degree
of transcendency p® over k, the p® generators

FU, .. ..7F-n—],1)1, ey Upney
are algebraically independent over %2 Furthermore, in the following const-
ruction we may take a system of polynomials in sj, ...., sy as the seeking

generators of L/k.

1) The original problem which we have heard of from Prof. C.Chevalley, was
the case for any field 2 of arbitrary characteristic and K=k(zy,...... ,Zp) with p=5,
and was already established in [1] and [2]. It is not yet solved for p which is not
equal to the characteristic of k.
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Thus the problem is reduced to the proof of the existence of generators
with (1). In order to construct them, we take, at first, a new system of
generators® (¢, ..tpn) of K/k which are transformed by o as follows:

tz l = 1
ti — ’ i )
(4) [~ {t;"l‘ti—'ly z=2,,,..7pn'
CONSTRUCTION OF GENERATORS WITH (4). The elements
-1 ,. . .
_ I+ pu— 1>s (the index of s;4, is to be)
®) £ = %( i—1 e considered modulo p"
i=1....,p%
satisfy (4). In fact,
oty =1
P "y
i—1+p i—1+4+p
oty —1; = ,LZ=0 ( i—1 )Sz'+,4—1 0( i—1 )si+u

Gy
SZ ) Y

[ ~2+,u
(l )sz 1+ 2( 2 >$L =14+pm

Il

= ti-]; i z 2‘.
As the determinant of right side of (5) is 1, s; are also linear forms in #;.
Therefore k(si, -.-.,Spm) = Kk({i, -...,¢m), so that #; are seeking generators (4).

From these ?#;, we now construct a new set of generators(#;) on which
the automorphism o operates as follows:

us, i=p 4+ 1,

(6) U {ui + 1, i=p0+1=2
ui + (Uposrthpsr- - - Uy 1)?7, i=p +1
1=7< n).

In the following, for convenience’ sake, we distinguish two kinds of letters
capital letter U; means #, with 7 = p’ 4 1, and small letter #; means always
u; with index 7= p' 4+ 1,0 < j< »n (which is invariant uuder ¢):

p i=1...,p% =P +1 0s7<n|,,
Uj = tty)sa, i=0,.....,m—1 JP in number,

6’ ocl; = U;,
6 O_UZ{Uj—l-l, j=0
! Us + (Uy-. .. Us_1)*~ 1, G0,

CONSTRUCTION OF GENERATORS WITH (6°). Putting U; into its own place

2) The existence of such generators are informed by Prof. T.Tannaka and Mr.
S. Takahashi, independently. Mr. S. Takahashi has proved it employing the Jordan’s
normal form of linear transformation without giving the concrete form of #;.
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in the series {#;} with i= p/ + 1, and arranging #; in the order i=1,2,3,
....we shall construct them by induction on ;. By the construction we do
more precisely

) Z[‘; }:azli—i-Bi(Uo;----yUJ)z P+1<ispri+1
J+1
where a; € kuy, .. .., w1 < L,
(8) B; is a polynomial in Uy, ....,U; over Kwy, -..., u;-1)» < L of grade
i—1,9
and

(9) for i == p? + 1 the coefficient of the term Uge.... U (0 = a;, < p) of grade
i — 11is not zero.
Firstly we put

1
u =1, Up= u_1t”’
and assume that we have already succeeded to construct the generators up
to u;, Uj+r with, p/ +1 <7< p'*. We shall prove a lemma concerning the
terms in B;.

LEMMA For any term U .. .. Uf‘! of grade G <i—1, not equal to (U,
....U;)?"1, there exists a polynomial P(U,, ....,U;) of grade<G + 1 with
coe fficients in the prime field such that
(10) Up.... U= (¢ — P, -+ -+, Uy).

Furthermore the term Ub....U% (0 < B, < p, 2 Bup* = G + 1) appears in
the polynomial P(U,, -...,U;) with a non zero coe fficient, when go.... .Uy
=UP....UY 0 a, < p).

Proor. Induction in the grade. Since 1 = (o0 — 1)U,, we assume that the
lemma is true for terms of grade less than m. Then we define an ordering
among terms of grade m:

(0) Up... . U< Up....Ub if a;= By, ..., Qye1 = Bosr, & < B

Next, we use induction in this ordering. The first step of induction is devided
in two cases. The first term in the ordering is UM
1. When m == — 1 mod. p,

o Ur+t = U+t + (mf' 1)U6n + (m2+ 1) urt+.....

Hence, collecting terms after the third in a polynomial C,

Ur= (o —1) pi4 C

1
m+1 U
3) Strictly speaking, this means &(...... JUky e D E=i—1, kxpt+1, [ <j+
1. By distinguishing the capital letters Uj and the small letters ux, these restrictions
k #+ pt + 1 can be carried out automatically.
4) We define the grade of Vs’o ...... V”;/ by the number e + e1p + ...... +eajpl and

the grade of a polynomial by the highest grade of its terms. *
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where C is a polynomial in U, of grades less than m — 1. By the assumption
of induction for m, C = (¢ — 1)C’, C' is a polynomial of grade less than .
Therefore
(1) m= (o —1) [‘-771;—1— Up + ¢ ]
The polynomial in the right side is of grade at most m + 1.
2. When m = — 1 mod. p, we put m = pg — 1. Then,

U@ U P = (U + 1) (Ur + U™

= UPeny, + (q I 1)Ug<‘1"2>U, o

+ U 4 (q 'i‘ 1)Ug>(q_1)—1 doans

From the same reason as in the case 1,
12) Uy = (o — DIUZ-2U, + D]
where the polynomial in the right side is of grade at most 2 + 1.

Now, we assume that the lemma is already proved to be true for terms
of grade m which are placed before Uge....U;” in the ordering (0), and
prove the lemma for Uge....U.

Whenay=.... =a;= —1 mod. p,we have ay= .... = a; = p —1,

because Z a,p*=i—1=<p* — 1. This term arises only when 7 = p'+1, and
it is the exceptional term of the lemma. We may put accordingly

A= .... = Q1= — 1
o, %= — 1 mod. p, 0
a, = plg+1)—1, 0=t

A

IA 1IN
ESRES

Then,
O'[U:qo_ e U:zlg—l U:lc"'l U:i'{-l . U;J]
= (U](; + 1)‘10(1]{J + Ug’(l’—l))‘ﬂ_ . '(Ufg—l -+ (UU' .. .Uk_z)p(p_l)),,k_l
(13) X (Ui + y---- Up—1)? 1)+l
X (Ulc+1 + (UU' e U;,)p‘l)“lc+1~ .. .(Uj + (UO o Uj-])p-l)wj
= UPo. . Uy U Ukt Uly + (@ + DU ... . U% + E,
where E means the sum of remainder terms and they are of grade at most

m and placed before (&, ....,a;) if grade are m. Therefore, from the
assumption
(14) Up....Upr= (o — 1){;& QU U U UL U+ B,

In the right side, the polynomial is of grade at most m + 1.
In the above deformation of U....U# into the form (10), if any one
of exponents in Uge....U is greater than p, each term of grade m + 1 in

5) Sincei—1z=m=pg—1,9g=1, weseei=p. Wheni=p, then m=p —1,
and it is the exceptional case of the lemma. When i > p, the (p + 1)-th term U, was
already constructed.
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the polynomial P in (10) contains an exponent greater than p. In fact, it is
obvious for U by (11), (12). As, in the right side of (13), each term of grade
m in E contains an exponent greater than p, the assertion is proved by
induction in the ordering (0).

When we deform U....U%, 0 < a, < p, into a form (14), each term of
grade m + 1 in E’ contains an exponent greater than p, because each term
of grade s in E in (13) also contains such exponents. Therefore, in the
relation (14), any term in E’ cannot cancel with the first one.

Thus we proved the lemma.

Now, we continue the construction of (6').
From (4) and (7)

= g B U, i+,
(15) (o0 — Dty = 1“ 1

ain_ 'a'ljBi(Uo,----,Uj—l), i=p 4+ 1
In both cases the right side is polynomial in Uy, ...., U; of grade i — 1 over
Ry, .- -, e, ---- )P, k<1, with non-zero coefficient for U®....U#,0 < a, <

p, Joupt =i—19. In particular, when i = p/*! the coefficient b; of (U,..
..Uj)P-! is not zero. Since all coefficients are invariant under o, applying
the previous lemma, we may deform the right side of (15) into the form

(0 — 1) Bisy(Uy, -- .., Uy), except for the term (Uy....U;)?"! for i = pi+1, i e.
: (o = 1)Bysy(Uy, ----, Uy) i pitt
— Dty = ’ ,
(o- ) 1 {bi(Ua, Tty Uj)p~1 + (0— - I)Bi+1(U07 M) CTI))
b, = 0, 7= p“‘{

Bi., is a polynomial of grade i with non zero coefficient for Uf....U#;,

0=<B.<p, 2 Bd*=i Then

Uisy = tsy — Beai(Uy, - - -+, Uy), 7% Pt
1 1
Ujsr = b, tivr — FB£+1(U07 e, Uy), 1= p*t

satisfy the conditions (6'),(8) and (9). Thus we have completed the const-
ruction of all #;, U;. Obviously, they generate K over &, k(u, U) = k(2).

To construct (1), we utilize some properties of Witt’s vectors over K.

Let x, X1, +--+, Y0, Y1, + - -+ be variables over XK. The addition of two vectors
(%, %1, ----) and (g, 3, ----) is defined by polynomials:
(16) (%, %y, =+ =) + (o, Fre-+-)
= (xﬂ +y07 X +yl + gl(x:y)z tee ')
where ¢,(x,9) is a polynomial of equi-grade p' in %, --.-, %y, ¥y, ----,

6) When i + pJ + 1, it is obvious by the condition (9). For i = p/ + 1, the term
is U with non zero coefficient 1/a;.
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Yi-1"> over prime field ky. Furthermore, the coefficient of (%, -+ -+, %:-)?"1 ¥ in
9%, ) is (— 1),

Proor. We shall deal with vectors over prime field R of characteristic
0 and use “sub-components” x®
7) 2O = ) 4 pa?’ T e+ Pl
The addition (16) over K is induced by addition over R defined by sub-
components (17),

(18) (xu;xu"")+(J’0,y1;"")
= (% + Yo%+ + hl(x:y): et lx(O) +y(0)7 F® + 3D, .. )
h(x,y) is a polynomial with integral coefficients and reduces into gi(x,y)
modulo p. It is sufficient to prove the assertion for these 7:(x,%). (17) (18)
show
X+ 4 9@+
=@+ pE I A e+ P P+ PUE A P
= (% + 9P + (% + I+ B A e+ DU+ 3+ R
+ PP U Kis1 + Yier + Risr),
so that,
—1 i i i
hivy = 'p-i:f{(xo + oy — xgHI —y
(19) + p(% + 3+ R — pxp — py?’

+ D% + 33 + R — piar’ — piyp t]-
It is obvious that h;., is equi-grade pi+l, when all 7%, are equi-grade p*, k
< i. Furthermore, as the term, which contains x; exactly, arises only from
D% + yi + hi)?, the coefficient of (%, - --x;)?~1y, in (19) is — pi( 5 » 1) /p,.ﬂ =

-—1 times multiple of that of (%----%;_;)?~1y, in hy(x,y). Since the assertion
p-1

is true for & (%) = :p—l—zlg) x2y%-v, we may complete the proof by

induction on .

When we calculate about vectors of components in K, we may put them
into (16). Therefore, we put (¥4,¥;, *++-) = (1,0, ----) = 1 into (16), then

(20) (%, %y, ++++)+ 1
= (xo +ﬂ)) Xy +fl(x): "")
where fi(x) is a polynomial in %, ----, x,_; of grade p‘ — 1 and contains the

term (% - --%;-1)?~1 with coefficient ( — 1)
CONSTRUCTION OF GENERATORS WITH (1). We take p"® — n elements u, --

7) This means that gi(x,y) is a polynomial with terms z%...... x':_i_—l yBo.. ... yff;l’

i-1 i-1
2 t® + 2 Bupl = p.
k=0 1=0
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e, Uyt AS Dy, -+ -, Upn-n, With a suitable renewing of indices. As for V; with
(1) 0'Vj=V.f+fJ(V07""7 V.f—l): j=0""'7n~—1’
we may define inductively as follows:
(1) Vy=U, 0

Vi= &U;+ HyUg, -+ -+, U;_y), & ==x1,
when H Uy, -- -+, U;-1) is a polynomial over prime field %, of grade at most

p’. Assume that V;, 2 < j are already defined, then
(o — 1)Uj+1 = (Uy--- .Uj)p-l

@2) = Euee EVP Vs — HyU) ™1 - (Vy — HyUp, -+, Us-1))?™
=& E(VVie e V=t + HWUy, -+, Ujoy, Vi, -+ -+, V)
Putting (21) into H’, we deform it into a polynomial H” in U,, ----, U; of

grade less than p/+1 — 1. As (V,----V;)?-1is not in H’, the exceptional term
(Uy-+--Ujs)P~t of the previous lemma can not appear in H”. Indeed, a term
in H' is
U(‘;‘“----U,‘C’”_"fl Vgo....Vﬁ?J’ /8}:""=13k+1=ﬁ—17
B<p—1 k=0,----,7.
Putting (21) into it, it is reduced into
Uge: - ULy U (&U+ HUDP - @V + H(U, -+ Us)Ps
in which each term has an exponent less than p — 1 for one of Uy, ----, U

So that, (Us----Uj)?~! does not exist in H”. Hence, applying the previous
lemma we have

H" = (¢ — 1)H"(U,, -- -+, Uy)
where H'” is of grade at most p'+1, and collecting it to the left side,
(23) (o = DIUss1 + H"(Up, -+ -+, Ul = &+ - E(Vg, - -+, V)P7L
On the other hand, in the polynomial
fiaVo oo, V) = (= 1V, -+, VP2 J(V, -+ -+, V),

there is no (Vy, -+ -+, V:)?-1 in the remainder J(V,, ----,V;). We put then (21)
into J and reduce it into a form (¢ — 1)J(U,, -- - -, U;), where j” is of grade
at most p'*! —1. It is really possible from the same reason as above.
Transfering J to the left side
(24) (¢ =1J"Uy, -+, U;) = f1:WVo, » -+, Vi) + (= 1Y (Vy, =+ -+, V)P-L
From (23) and (24) it follows,

(¢ — D&+ EVijar + E-- - EH" + (= 1Y = (= 1Y*f5,(Vy, -+ -+, V).
So that we may define

Viep =&+ EL = 1Y U4y + &+ - E(— 1Y H" + ]

where H”, J" are of grade at most p/*1.
Thus we completed the construction of (21). Obviously &V, - -V 1)
= kU, -+ -+, Un-y), and v;, V; are generators of K/k.

In the above construgtion, (4) are linear forms in s, (6’) are rational
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functions in (4), (1) are polynomials in (6’), and the seeking generators of
L/k are polynomials in (1). If we insert a new set of generators (4') of K/k

’ t; i=1
’ = f 12 ’
(4) i Itt/t1, Z'=2,-"',p”,
between (4) and (6’), then (6’) may be defined from (4) by
@) 0.} = @i+ B, - U
j
where g, lies in prime field %, and B] is a polynomial over &(u,, -- - -, #;-;).

The final generators of L/k are, then, rational functions in s; in which

denominators are powers of 23, = »,. Therefore, multiplying a suitable
12

powers of v, to vy, -+ -, Upn-n, Fy, -+ . F;, we may take polynomials of s, --
-+, sy, as seeking generators for Z/k.
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