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Let @(f) be an even periodic function with Fourier series

@) @(t) ~ 2 a, cos nt, a,=0.

n=0

The a-th integral of @(2) is defined by
t
2) . Pu(t) = IT(%)‘ f P(u)t — u)*~' du (a >0).
0

G. Sunouchi [1] has proved the following theorem? ;

THEoREM 1. Let A=g/B=1. If
3) @) = o) (t->0),
and further if

t

) f ldu pw)| = O@F), 0<t<n,
0
then the Fourier series of ¢(t) converges to zero at t = 0.

Concerning this theorem M. Kinukawa [4] has proved the following
theorem ;

THEOREM 2. Let A=1, —1<a<l If

A 2(A—T)
(6) f @(u) du = oft")
and
2
4 f [du*p@)| = O(F), 0<t<m,

then the Fourier serizs of ¢(t) is summable (C,a) to zero at t = 0.
The object of this paper is to generalize the above theorems.

THEOREM®. If
@) @s(t)=0"), v>B >0,
and

1) An Alternative proof was given by Prof.S.Izumi [5].
2) This theorem was proposed by Prof. G. Sunouchi.
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12

@ [ 1aw gt = 0w, 0<t<n,
0
then the Fourier series of o(t) is summable (C, ) to zero at t =0, where
— AB—v > 7
a = A+7—B——1‘md A= R

If we put A = l, we have Theorem 1. And if we put 8 =1, then

A—y o 2aa=D ... .
a= Aiy—2° that is, y = A Tra This is Theorem 2 in the case
o<a<l.

ProorF. We use Bessel summability instead of Cesaro sumimability.
Accordingly, the proof is due to Sunouchi’s method [2].
Let J(2) denote the Bessel function of order u, and put

®) aut) = Ju/t*
(9) V1+#(t) = afl-*-lIZ(t)
then
VE@® =01 ast>0 and
(10) V@) = 0@-@+d)  as t oo, for k=0,1,2,.....

We denote by o2 the a-th Bessel mean of the Fourier series (1). Since the
case @ =0 is Theorem 1, we may suppose that « >0. Neglecting the
constant factor,

s . Co™P °°
(11) cl = f 0PV owt) dt = (f + / )wcp(t)Vlm(cot)dt =I+],
0 0 =P
a+1

a—+ A <L

say, where C is a fixed large constant and p =

If we put
T

0(t) = t2p(t), O() = f |d6(2)],

0

then we have, by (4)
12) |) = 0¢), 0@ = 0@).
Next we consider the formula [6]

ll(git—z_.i,zi_)._tzu+ldt = ZMP(,"’ + 1) i;ﬂﬂl_

 + 22y a’tigv-pt1 !

where a>0, (5 — ) > %R > ~1

In the above formula, if we put #2 + 2% = 7%, u = A, then

f Jfar)(a — 20 o TN + 1), -, —1(@2)]/ (@ +12v-A-1),
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v 1
where a > 0, 2)%(—5 - T) RA) > —1.
This formula is valid when A =0, » > 1/2. Therefore

(13) f Jfﬂ) dr = J,_(az)/az"-1.

Now, by (8) and (9)
A= [ Voo g o [ Jeanlow_g,

uA(wu)w+1I2

—(a+1/2) Ja+12(0n)

=W
Uo 124!

By (10) and (13), integrating by parts we get

@ @HIDA(L) = f]““l?("’”) aveu- (A+1)j]

@—1/2

—@A+1) f { f JMZ;(S?) do } Uy

= []u-l/z &) u)m'lu"(""'”z’u'(““)]

t

—(A+ Do f Ju-1j2(@ a0~ @108+ gy
t

= O{[w—x(w u)—l/zu—(m+A+1l2) } } + O{f w—3/2u—ll2u—(A+a+312) du}
) t t

= O(m—312t—(A+a+x)) + (Om—SIZt—(A+w+1))’
for wt > 1. Thus if w# >1, then we have
14) A@) = O~ @+Df-(A+a+D)
We first estimate J. By integration by parts, we have

J= f oPEWiiaw t)dt = f me(t)&-_..;iw—t)dt

Cw™P Cw~P
= — f wBt)A(E) = — [ H(t)mA(t)] to f A2)do(t)
Cw—p Co™ P C~P
=N+ Uk,
say. Then, by (12) and (14)
Ji= o{mt,,,—(wfz)t-(.\wﬂ)]“ = Ow~(@+DC-B+mrgpca+ay)
-

= O(C—(A-l»d)) é e’
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for large C, since p = ;13 .
r=of f w-esp-Grern|dgp) |
Cw™P
= O{w““”) [@(t)t—wwﬂ) ] + fuw“‘””’@(t)t-wﬂﬂ dt }
Cw~P Co™P

- Ofurcn Coyen e [ roen |7

= O{w~@+D C-(a+a) gyp(a+a)) wr

= 0(C- M) <.
Thus
(15) J=hL+L=<é&

Now there is an integer 2 > 1 such that 2 — 1< @ < k. We suppose that
k—1< B< k, for the case B = k can be easily deduced by the following
argument. By integration by parts k-times, we have

Co™P Co~ P

I= ﬁ( — 1)"‘1[m"¢;.(t)V§’;;”(mt)} + (— 1eb*! f PEWVE (o) dt
0 0

h=1

k
= (= 1=, + ( — 1Fhess, say.

h=1
Since @(t) = O(t}-2) by (12) and @g(¢) = o(t?), we have, by convexity

theorem due to G.Sunouchi [3],

@iu(t) = o(t{B-ma->+m)B)  for B =1,2,....k—1,
(16) ,

@) = o(t?-B+v),
Therefore, if 8 >1

L= [mh%(t)vg':;”(wt) ]”“’ ’

0
= 0{a"~ U@ gy =H(B=1) (1-2)+1Y)IB g P(1+8) C ((B-I)(A~B)+hV)IB C -(1+a)}
+ o lim V7, l(et) 2{B-mA-2)+A7}IB,
>0

Now, if the condition (7) holds then the Fourier series of () is summable

B _ .
(C, v ) to zero at ¢ = 0. Therefore if

B AB —vy Yt B+1 -
T+9=8 >A+'y—,3-—1’ that is 3 > A, then our theorem has
the meanirig. Hence we may suppose v+ 'g+—1 > A.

If 8>1 we have 'Y_E,'?_Il >7+g+1 . Thus we have (3 — 1) (1 — A)

+ v >0.
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Since (8 — k)1 —A) + hy > (B —1)(L — A) + v >0 and V{J0(et) = OQ1) as
t >0 the second term is zero. Since p=(1+a)/A+a)=(B+1)/A+7)
the w’s exponent of the first term is

h—(1+a)—%{(ﬁ—h)(l—A)+h'y—,3(1+a)}
=h—(1+a)—%{—B(a+A)—h(1~A“'Y)}
h(1+a)+ﬁ P B(+v )
____,’L{B__(B‘l'l)(é“")’—l)},_;vl’_ﬁ(3+1_A-_ey)<0,

B Aty T BA+Y
(h=1,23,....k—1). IfB<1

L = l:‘"‘?h(l‘)Vua(mt)]Cm_P = O{!-0+® @=PB-DU=2)+NIB pU+a)}
0

« CUB-DU-D+NBC-U+®) _ lim t{B-1DU=-2)+NIB Y +%(p}),
>0

Since (8 —1)(1 —A) + 7 > 0 and Vi.a(wt) = O(1) as £ >0, the second term

is zero. About the ’s expont of the first term we have
B+1—-A—-7)/BA+v)<0,

by similar calculation. In this case another terms of 7, disappear for k=

2,3,....k—1. Thus we have :

a7) In =01), as w > for h=1,2, ....k—1
Concerning I,

L= | atp VD wt) [
20

— o{mkm—p(k-l-y-ﬂ) = 1+2) ¢y°U +¢)} — ]iirf)l Wt E+Y-8) V§’f._;1)(wt)
.?

= o{mk(l—P)"P(’Y"ﬁ)-(l—ﬂ)(1+a)}
The exponent of o is
A—1

kA —1) 1+«
Ata " Ara @ AT Az

A-1 1
= k(A+a) ~Ata@tA=8-D

= R k=B -1 =P (—B-D<O,
for 1+ a=@QA~-1)(B+1)/(y + A— B —1). Therefore
@s) I =o0(l), as a-> .
Concerning f;..;, we split it up into four parts,

Cw P Cow™P
Lonr = @b+l f PV, (@it = o**1 [ VO (of) dt
0

0
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1
. f pp(u)(t — u)f-P-1du
0

w™ P Coo— P
= f o**+pp(u)du f V& t) (¢ — uf-P-1dt
0 %

w™! ol Cw~P Ut~ L w Pyt w™P w P us
=f duf dl‘+f duf dt+f duf dt—fc duf
0 % w-1 u 0 Uto™1 0 Cw=P

=K1+K2+K3_'Kgy
say. Since V& () = 01) for 0=t <1,
-1 w1
K, = o f pp(w)du f V»(wt) (¢ — w)-F-1dt

0 w
-1

=of a f " pat) f T — e ar)

w1 ute~!
= o{ m""l-f uy[(t -—-u)""ﬁ'} du}
0 %

-1 -1

W (0]
= 0{ w""”f wew~®-8) du} =0 {a)ﬁ” l:uy'”] }
0

0

(19) = 0(w®"Y) = o(1), for vy > B.

Cw™P w1
K, = (o"’”f () duf V) (0t) (@ — uy-8-1dt

-1 w

u.+m'1
e f "o du f (wzr<1+~>(t—u)’c-ﬂ-ldt}

(/]

u
Cw P -1

U+ w
wu= %> f (t — )51 dt}

m-l %

wu
Cw~P

0! 0"~ %~ %-B [u”'“‘] } = o(wP~ %~ PY~P),
-1

_ AB=y =Bty o
fory—a=v— o T A¥y—B=1

ol

f

l
o{ b= ‘”f u*'“*"‘) du[(t — uYG'B]um_l}
ol

Since

B—a—ply—@)= tr{BA—y—ald+y—B-1)=0,
we have

115

dt



116 K. KANNO

(20) K; = 0(1) as w —» oo,
Concerning K;, if we use integration by parts in the inner integral,
then

Go-P-w
K; = w"“f
¢

-1

. Cw P
padu [ V@~ upsiat

utw L

Cw™P

u-Ho—l

Tl S
@)  =oett f pp(u) du { [m‘lVﬁ’::,D(wt) (t — u)"”‘ﬂ'l}
0
Cw P
—(k—B-1 f VEDN(wt)- (¢ — u)'c—ﬁ-'~dt}

Utw ™t

=M, — (k — B — )M,
say. Then

Co~P-w~t
M, = a)’“’lf Pa() dufa,—l @~ U+® P U+®) (Coy=P — gg)b-B~1

{

— - l~ U (g + m—l)-—(l"-w)w-(’c—ﬁ‘l)}

0

(22) = N + N..

Cuw ~P
Ni=o0 {m’““’“l) (“'“)f ' (Co=° — u)-P-1du }
0

=0 {wk+(p—1)(1+a) [uyﬂ_ﬁ]a.,"’} — o(wrc+(p—1)(1+a)—p(v+'c—ﬂ))_
0

Since the exponent of o is

_A=D@+1l) _ a+1 _
k A+a Ara¥tE=8

= g HA—D —aly +A—B—D—y—A+8+1)}

= AL HA-D—(BA—m) —y—A+B+T)
=2 Lg-p-n=a-pr-s-n<o
(23) N =o(1) as w - ©

—p_gp-1

Cer
N:{ =0 {wk—(l*-’”)‘(k—ﬂ—l)f

0
Co ™ P
=0 {Q)B—“f wy—+a) du}
0

(24) = 0(w3~%w~~%P) = (1) as w > «.
From (23) and (24) we have
(26) M, = 0(1) as w - ©

u‘/(u + w‘l)‘(““)du}
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w Pl Co P
Mz = wkf Pa() du Viia N wt) (¢ — uf-B-2dt

0 ute~1

0P Cw P
wkf quuf - U+O-Qrax u)?c-ﬂ-'-*dt}
1

U+w

>
Co P! w™P
= 0{ o*~ (“")f wu~ (““>duf (t — wu)ye-B- zdt}
0

Ut~ 1

{

{
o{ k¢ 1*“)fcw ~ u‘f"(“"‘) [(t — u)t-p-1 ]CN—P du}
L

U+ w
=0! o~ (1+d)f Y~ U+%) oy (= ﬂ-l)du}
= o{mk—(1+m)-(k—5—1) [uy—m :\0'” '}
0

27) = (P~ "0~P=) = o(1) as o -» o,
From (21),(26) and (27) we have
(28) K; = o(1) as w -» oo,
Cw ™ P utw™L
K, = ot g du [ VD) @ — i dr
w P-w~1 Cw~P
utw™1
=0 { " f pa(w)du f ()~ 0+ — g)e-B=1 dt!,
CoP-0u1 Ca™P
w ™ P uto™1
=0 { wh+1- (1+a)f0 ¢g(u)m"(1+“)du f (t — uyc—ﬁ—l dt }
Co~P-u1 Cw™P
w™P U™t
= 0 {mrc-zx+p(1+m) f w [(t — u)lc-—ﬂj, du}
=P_u—1 Cw™P
Cw™P
= 0 {wk-'ﬂp(“w) m-(k-ﬂ)[ uv+1} }
1

Cw~P-n™
= o(wk-w+p(1+a)—(k-ﬂ) @™PU*D) = o(@B-%-PU-®),

Since the exponent of o is
B—a—ply—a)

A+a{ﬂ(A+a) alA + a) — (a + 1)y — a)}
A+a{‘8A vy—aly+A—-B-=1)} =0,

(29) K, =0(1) as w > oo,
Summing up (19), (20), (28) and (29) we have
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(30)
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Lisr = o(1) as w > ®©

From (11), (15), (17),(18) and (30) we have

g =0o1) as w >

which is required.

11
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