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In this paper, we study the principal fibre bundles whose structure
group is the 1-dimensional toroidal group T1, mainly from the differential*
geometrical point of view. Therefore all the spaces considered here are
differentiable manifolds (of class C°°) with the second countability axiom and
all the maps are supposed to be of class C°°.

First we define the additive group structure in the set P{M, T1) of all
principal fibre bundles over M with group T1. It is possible to study the
group P(M, TL) at least from three points of view (1) the differential geo-
metrical point of view, (2) the sheaf theoretical point of view and (3) the
homotopy theoretical point of view. The method of (2) is the simplest and
gives the best result namely an isomorphism between P(M, T1) and H%M, Z)
([14]). The method of (1) gives only a homomorphism of P(M> T1) onto the
Betti part of H2(M, Z). The deficiency comes from the use of differential'
forms which makes it difficult to obtain any information about the torsion
part. However this method has some advantage for the applications, because
the homomorphism is closely related to the curvature form of a connection
in a bundle P € P(M, T1). The method of (3) can be applied only to the case
where M is simply connected. Since the second point of view is well known,
we only sketch the outline and in this paper we put stress on the first point
of view.

In § 6,7,8 and 10, some applications of the first method are discussed
and making use of the third method we give in § 9 a very geometrical
description of P(M, T1) under the assumption that M is a simply connected
homogeneous space with the compact isotropic subgroup.

Most of results in this paper are mutatis mutandis valid in the case the
group is the ^-dimensional toroidal group, and such a case can be usuali}^
reduced to the case of group T1.

We remark also that the second method can be applied to the case
where the structure group is not abelian ([6], [8]). The case where M is a
complex analytic manifold and the group is the complex torus has been
studies by Blanchard [2J.

To finish this introduction, the auther acknowledges many valuable
suggestions given by Professor H. C. Wang.

1. Principal fibre bundles with group T1

1). Supported by National Science Foundation Grant.



30 s KOBAYASHI

Let P and P' be principal fibre bundles over an /2-dimensional manifold
M with the 1-dimensional toroidal group T1. (T1 is the additive group of
real numbers modulo 1, written multiplicatively in this section). We shall
define the sum P + P', which will be also a principal fibre bundle over M
with group TK Let Δ(P x P') be the set of all elements (u, ur) € P x P' such
that 7r(u) = 7r'(u'), where ir and TΓ' are respectively the projections of P and
P' onto M. We say that two elements (uτ, u[) and (u i, u.λ) of Δ(P x F) are
equivalent if there exists an element s <Ξ T1 such that

2/iS = u z and z^s"1 = ẑ

We denote by P + P the quotient space of Δ(P x P') by this equivalence
relation. The projection from Δ(P x F) onto M induces a projection from
P + P' onto Λf, which we shall denote by TΓ". The action of T1 on Δ(P x P )
defined by

(«, u')s = (us, ύ) s € T1, (u, u') e Δ(P x P),
preserves the equivalence relation hence it defines the action of T1 on P +
F. (Note the fact that T1 is abelian). Now we shall show that T1 acts
simply transitively on τr"~\x) for each x € M. Let u[,u'ί be arbitrary
elements of P + F and let {Uι,u\),(u2,u^ be representatives for u[',uί resp-
ectively. Then there are elements s, s' 6 T1 such that

U'i = WiS and ^ = w's',

if 7r"(uϊ) = iτ'Xuί). Since (w2, u>) and (w2s', 3«ί) are equivalent, we have that
u'y - u['ss'. Hence T1 is transitive on r7r'f~ι(x). Now suppose u"s = w" for
some element u" € P̂  + P and s € T1. Let («, w') be a representative for u".
Then (u,ur) and (us,uf) are equivalent. Hence s is the unit of T1. We shall
prove that the set of all principal fibre bundles over M with group TL forms
an additive group under the above defined addition operation. It is evident
that the correspondence

Δ(P x F) ^ (u, W) -> («', u) € Δ(P' x P)

gives rise to the bundle isomorphism between P + F and P' + P. (Note the
fact that (us, u') and (u, u's) are equivalent in Δ(P x F)). Hence the addition
operation is commutative. Let Po be the product bundle M x T1. Then the
mapping

P^u->(u,(τr(u), 1)) e Δ(P x ft)
induces a bundle isomorphism of P onto P -f Po. (1 is the unit of TL and
(7r(u)} 1) € Po). This shows the existence of the unit element. Let — P be a
space homeomorphic to P and let — u be the element of — P corresponding
to an element u of P. Then we define the projection — 7r of — P onto M by

The action of T1 on — P is defined by
( - u)s = -(^s-1).

Then — P is a principal fibre bundle over M with group T1. We shall show
that P+(-P) = Po. Let («b - ι#a) be any element of Δ(P x ( - P)). Then
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there exists a unique element s of T1 such that

uγ = u*s.

The mapping

Δ(P x ( - P)) ^ (uh -κ 2) -> (wtoi), ^ M x T ^ P o

induces a bundle isomorphism of P + ( — P) onto Po. This shows the ex-

istence of the inverse elements. Finally we shall show the associativity.

Let P, P' and P" be arbitrary principal fibre bundles over M with group T1

and let Δ(P x Γ x P") be the set of all elements (u, uf, u") € P x P' x P"
such that 7r(̂ j = 7r'(V) = 7r"(^") We say that (w, ̂ ' ; ̂ '0 and {us, u's~Ίsf, u"s'~ι)

are equivalent for any s, s' € T1. The quotient space of Δ(P x P x Pf/) by

this equivalence relation is naturally isomorphic to the spaces P + (P' + P")

and (P + P') -f P/f. Furthermore the action of T1 on Δ(P x P x Pr/) given by

(w, ̂ ', «")5 = («s, u'} u")

defines the action of T1 on the quotient space, which turns out to be a

bundle isomorphic to P + (P + P") and (P + P') + P". (The detail will be

omitted).

THEOREM 1. The set P(M, T1) of all principal fibre bundles over M with

group Tι forms an additive group. The zero element is given by the trivial

bundle.

REMARK 1. If we adopt the Steenrod's definition of a fibre bundle, then

the sum of two bundles P and P' can be defined as follows. Let fa: Ut[\ Uj

—> T1 (resp. f-j: Ui Π Uj -> T1) be the coordinate transformations of the bundle

P (resp. P), where Ut, Uj are open sets in M. Then the bundle whose co-

ordinate transformations are given by fi3 f'i} is the sum of P and P.

REMARK 2. The rdsults in this section hold for any principal fibre bundle

over M with abelian structure group.

2. From the point of view of the differential geometry

Let P be a principal fibre bundle over M with group T1. We note the

fact that the Lie algebra of T1 is the real line R with the trivial bracket

operation. An infinitesimal connection in P is defined by a real valued linear

differential form ω on P with the following properties ([7], [10]):

(ω. i) ω(us) = s~ι7 for u € P, s € ^(T1) .

(ω.2) ω(ύs) = ω(ϊΓ) for u~€ T(P\ s € TK

REMARK 1. Since T1 is abelian, the property (ω.2) is equivalent to the

usual one : ω(us) = s~ι ω(u)s.

The structure equation of E. Cartan is given by

dω = Ώ

where ίl is the curvature form.

REMARK 2. Since T1 is abelian, the usual structure equation

dω — p- [ω, ω] + ί l
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is reduced to the above equation.

Since Ω satisfies the following condition:

ΩφiSi, »a?a) = n(uuu2) for all ϋu ϋ* € TU(P), su s^ € Ts(Tι)r

there exists a unique 2-form Ω* on M such that

Ω = τr*(Ω*),

where 7r* is the mapping induced from TΓ.

From

7r*(tfΩ*) = dΩ = drfω = 0,

it follows that dΩ* = 0.

Let ω' be another form defining a connection in P. Then

(&> — ω') (ΰ s) = (ω — &/) (#S + ws) = (ω — ω') (£).

Hence there exists a unique differential form Ψ on M such that

7r*(Ψ) = ω — ωr.

From

π*(dΨ) = ί/(ττ*(Ψ)) = dω - dω' = τr*(ί2*) - τr*(ίl'*),

we obtain

dΨ = Ω* - ίl'*.

(Ω' is the curvature form of the connection defined by ω')
Therefore /^^ cohomology class of Ω* zs independent from the choice of

connections and is called the characteristic class of P. This is a particular
case of the theorem of Car tan-Weil [3].

Let P and P' be principal fibre bundles over M with group TL and let
ω and ω' be connection forms on P and P' respectively. We define a linear
differential form ω x ω' on P x P' as follows:

ω X ω' = φ*(ω) + φ'*(ω'),
where φ and ^?r are the natural projections from P x P' onto P and P
respectively. We denote also by ω x ω' the restriction of ω x ωr on Δ(P x
P'). From the properties (ω. 1 & 2) it follows that ω x ω' induces a linear
differential form on P + P' more explicity, there exists a unique differential
form &/' on P + P such that

yu,*(ω") = ft) X &>',

where ^ is the natural projection of Δ(P x P') onto P + P'. It is easy to see
that ft>" defines a connection in P + P' and

Ω"* = Ω* + ίl'*.
Therefore the mapping which sends P into its characteristic class is a

homomorphism of P(M, T1) into the second cohomology group IΓZ(M, R) of M
with real coefficients. We shall study the kernel of this homomorphism.
Suppose that the characteristic class of P vanishes. If a form ω defines a
connection in P, then the 2-form Ω* on M is cohomologous to zero, i. e.T

there exists a 1-form θ on M such that
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dθ = Ω*.

It is easy to see that the form τr*(θ) has the following properties :

τr\θ)(us) = 0 for any u € P, s~€ T(TL),

τr*(0) (£s) = τr*(θ)(u) for any £ € T(P), s^T1.
Hence the form ω — 7r*(0) possesses the properties (ω. 1 & 2) and defines a
connection in P. Its curvature form vanishes identically. We have proved
that, if the characteristic class of P vanishes, then there exists in P a connection
with the vanishing curvature form. The restricted holonomy group of this
connection contains only the unit. Let M be the universal covering of M

and p the projecton of M onto M. Let P be the bundle over M induced
from P by p. If a form ω defines in P a connection with the vanishing
curvature, then p*(ω) defines in P a connection with the vanishing curvature,
where p is the natural bundle map of P onto P. Since the base manifold
of P is simply connected, the holonomy group of this connection contains
only the unit. Hence the structure group of P can be reduced to the unit ,
in other words, P is the product bundle M x T1. We have proved that, if
the characteristic class of P vanishes, then the bundle P over the universal

covering space M of M, induced from P by the projection p: M-+M, is trivial.
In particular, if M is simply connected, the above homomorphism is an isomor-
phism.

Let P be again a principal fibre bundle with the vanishing characteristic
class and let ω be a connection form on P whose curvature vanishes. We
have the natural homomorphism from the fundamental group ir\(M) onto
the holonomy group. Since the holonomy group is abelian, the commutator
subgroup [7Γi(M), τri(M)] of τrι(M) is in the kernel of the homomorphism.
On the other hand it is well known that the 1st homology group Hι(M, Z)
of M with integer coefficients is isomorphic to 7Γi(M)/[7Γi(A/), τri(Λf)]. Hence
if H^M, Z) = 0, then the homomorphism of P(M, T1) into H\M, R) is an
isomorphism into.

Now we shall study the image of the homomorphism of P(M, T1) into
H\M,R). To this end, we state a result of Weil in [17].

LLMMA OF WEIL. Every differentiate manifold admits a diffe?entiably
simple open covering.

An open covering {Ui}iqτ is, by definition, differ entiably simple, if
(1) It is locally finite and each Ut is relatively compact.

(2) Let / b e a subset of /, if (~\ Uj is non-empty, then it has a dif-

ferentiable retraction.
Observe that the cohomology of the nerve N associated with a differen-

tiably simple open covering of M is isomorphic to the Cech cohomology of
M.

Let ψ be a closed 2-form on M. Then, for each i € /, there exists a
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1-form Ψf on Uι such that

Ψ = dΨi on Ui.

If Ui Π £7ί is non-empty, then Ψ* — Ψj is a closed 1-form on it. Hence
there exists a function Ψ«} on Ui Π ί/> such that

dΨij = Ψi-ψj and Ψi>; = -Ψβ.

Suppose UiΠUjΠUk is non-empty. Then fi5k = Ψtj + Ψjfc 4- Ψfc* is closed,
hence it is a constant function on Ut Π Uj fl £7fc. Since (ι, j , k) is a 2-simplex
in the nerve N, a function f:N-+R given by

is a 2-cochain of the nerve N. It can be easily shown that / is a cocycle.
According to a theorem of Weil [17], the correspondence

gives rise to an isomorphism between the De Rham cohomology H%M, R)
and the cohomology H*(N, R) of the nerve N with real coefficients.

A closed form Ψ is integral, if

Ψ = integer

for any finite singular cocycle c with integer coefficients. The set of all
elements of H2(M, R) which contain integral closed forms is the image of
the natural homomorphism H\M, Z) -> H2(M, R)} which will be denoted by
H\M, Z\ (the subscript b stands for "the Betti part"). We define similarly
H\N, Z)b. Then the isomorphism of H\M, R) onto H\N, R) induces an iso-
morphism of H%M, Zh onto H'\N, Zk.

We shall apply the above results to the form Ω*. Let {Ui)ui be a
differentiably simple open covering of M. Let σι be a local cross-section in
P defined on Ui. Then ω* = σ*(ω) is a 1-form defined on Ui and satisfies the
following equation:

dcύi = ί l* on Ui.

If Uf.f]Uj is non-empty, we define the coordinate transformation function
jij as follows:

σi(x)yij(x) = σj(x) for x € Ui f] Uj.

jij is a mapping from Ui Π Uj into T1, hence it can b*e considered as a real
valued function modulo 1. We have ([5])

ojj — (ύi = djij on Ui Π Uj.

From the fundamental property of coordinate transformations:

Ύij + Jjk + 7ki = 0 (mod. 1),

it follows that the cocycle of the nerve N corresponding to the closed form
ί2* is integral. Therefore the characteristic class of P belongs to H\M, Z)b.

We shall prove the converse. Given an arbitrary element of H'\M:Z)D}

let Ψ be a 2-form which represents it. According to the method of Weil,
we define a 1-form Ψ{ on each Ui and a function Ψtj on each non-empty
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If we choose properly ΨiJf then we have that

fijfc = Ψij + ψjh 4- ψfc£ = integer on ZΛ Π Z7j Π Ub.

In fact, if the fι& 's are not integers, the 2-cochain / defined by

is cohomologous to an integral 2-cochain /' of the nerve N; that is, there
exists a 1-cochain g of the nerve N such that

Then we have to only take ΨtJ + £•(*,./) in place of Ψί,.
If we consider the "Ψtfs as functions with values in T1 and take them as
the coordinate transformations, then we obtain a principal fibre bundle P
over M with group T1. From

dΨtj = Ψ« - Ψj,

it follows that the set of Ψi's defines a connection in P, whose curvature
form is π*(Ψ). More precisely, there exists a connection form ω on P such
that

Ψι - σ;(ω) on Uί}

where σ i is the natural cross-section on Ui associated with the coordinate
transformations ΨtJ. (σt(x)Ψtj(x) = σ/x), xζ Uif] Uj).

We have obtained the following
THEOREM 2. Let P(M, TL) be the additive group of all principal fibre bund-

les P over M with group Tι. The mapping which sends P into its charac-
teristic class is a homomorphism of P(M, T1) onto H2(M, Z)b. If P is in the
kernel of this homomorphism, then there exists a connection in P whose
restricted hoίonomy group is trivial. If the first homology group HX(M, Z) of
M with integer coefficients is zero, then the homomorphism is an isomorphism.

3. From the point of view of the theory of sheaves

Since the msthod based on the theory of sheaves (faΐsceaux) is well
known ([6J, [8], [14J), we shall only sketch the outline of the method and com-
pare with the geometrical method in the section 2.

Let F (resp. F and F") be the sheaf of germs of all local mappings of
class C°° from M into R (resp. Z and Tι). Let {UΪ}L,I be a differentiably
simple open covering of M and 7̂  j: Ui(\ Uj —> T1 the coordinate transforma-
tions of a bundle P. Then the set of ji/s defines a cochain 7 of M with
.coefficients in the sheaf F". It can be easily shown that 7 is a cocycle and
the mapping P->y gives rise to an isomorphism of P(Mt T1) onto Έ£{M, F").
From the natural exact sequence

we obtain an exact sequence

H\M, F) -> Hι(M, F") -± H\M, Ff) -> H\M, F) - > . . . .

Sinca HKMy F) = flW, F) = 0 and H\M, F) = H\M, Z), we have the iso-
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morphism

, F") = RKM, Z).

Finally we obtain an isomorphism of P(M, T1) onto H\M, Z). It is easy to-
see that the composed homomorphism

P(M, Γ1) -> HHM, Z) -> HHM, Z\

is nothing but the homomorphism defined in the section 2.

4. From the point of v iew of the homotopy theory-

Consider the exact homotopy sequence of a bundle P .

Given a bundle P, we have a homomorphism Δ : 7r2(M) -> r7Γι{Ti) ( = Z). We
shall prove that, under a certain condition (which is satisfied if M is simply
conneced), the above defined mapping P(M, T1) ->- Hom(7r2(M), Z) is an iso-
morphism.

Let a be an arbitrary element of 7r2(M) and / : / x /-> M a differentiate
mapping which gives a. T h e n / maps the boundary of P into a single point

XQ. Let / be a differentiate mapping of P into P with the following pro-
parties :

(1) τro7(τ, /) = f(τ, t) for any τ,tel,

(2) 7(τ, 0) - 7(0, *) =7(1, ί) = Mo for any τ, t e I,

where u0 is a point of P such that 7r(u0) == Λb
Put

Δ/(τ)=7(τ,l).

Then Δ/" is a mapping of / into the fibre of P over x0 and defines Δα £
7Γι(Tι). Let βo be the generator of π^T1). Then the integer m defined by Δα
= mβo is the winding number of the closed curve Af along the circle T1.

Let h be the natural homomorphism of 7r2(M) into H2(M, Z). Consider the
following integral of the characteristic class:

f Ω* - Γίl* = Γ ί2* = Γ τr*(Ω*) = /\ίλ
J /i(Λ) J / • J Tt(fj J f J f

Applying the Stokes formula, we obtain

/
Ω = / dω = / ω = l ω + ω — I ω — I ω

f J f J 2>ί J σ\ J σ% J σa J σ*

w h e r e

= Λ 0 , f) ί € /

σ,(τ)=/(τ,0) re I.
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JFrom the 2nd property of f we get immediately

/
co = / ω = i ω = 0, I ω = I ω.

Δ/

From (ω. 1), it follows that the integral of ω around the fibre of P is equal
to 1. Hence the integral of ω over Δ/" is equal to the winding number m.
We have proved the

THEOREM 3. Let h: 7ra(M) ~> Hz{M, Z) be the natural homomorphism and
let m be an integer given by Δα = mβ0, where β0 is the generator of TΓ^T1)

and Δ is the boundary operator of the exact homotopy sequence of a bundle P.
Then

J hi
Ω* = m,

where Ω* is the characteristic class of P.

If M is simply connected, then h is an isomrophism of 7r̂ (M) onto
H->(M, Z). From the theorems 2 and 3 we obtain the

COROLLARY. If M is simply connected, then P(M, T1) is isomorphic to Horn
(τra(M),Z). The isomorphism is given by P-+Δ (the boundary operator of the
homotopy sequence of P).

5. Properties of P(M,Tι)

Let / be a mapping of a manifold M' into a manifold M and let P € P
>(M,TL). The induced bundle/"1^) over Λf is defined as follows.

f'KP) = {(*, u) f(xf) = τr(u)}.
The projection π' and the action of the group TL are defined by

τr\τS, u) = x', (x'u)s = (x', us) for s <E T1.
The following theorem is easy to prove.

THEOREM 4. Let f be α mapping of M! into M, Then the mapping P -+
f'HP) is a homomorphism of P(M, T1) into P(M', T1).

Let Gm be the cyclic subgroup of TL of order m. Since T1 acts on P on
the right, Gm acts on P on the right. The quotient space P/Gm is a principal
fibre bundle over M with group Tι/Gm. Since TιfGm is isomorphic to T1, it
can be considered as a principal fibre bundle with group T1. More precisely,
the bundle structure in P/Gm is defined as follows.

Let M denote the element of P/Gm which is represented by u ^ P. We
define the action of T1 on P/Gm by

Ms = [us'] for any s <£ T1 and [ύ] € PjGm;
where s' is an element of T1 such that

s = sfm.
This defintion is independent from the choice of representative u and m-th.
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root s'. In fact, if g is any element of Gm,

[ug]s = [ugs'] = [us'g] = [>s'J =

If s"w = s, then (s'-V)7* is the unit, hence s'-W is in Gm, Therefore

[us"] = [ίis's'"1*"] = [us'].

We shall prove that T1 acts simply transitively on each fibre of P/Gm-
Given two elements [u] and [uf] in the same fibre, let s' be an an element
of T1 such that ur = z/s'. Then \u'] = [M]S'W. Suppose Ms = [us'] = [«], Then
s' is in Gm, hence s = s'm is the unit element.

THEOREM 5. Let P be a principal fibre bundle over M with group Tι and
let Gm be the cyclic subgroup of T1 of order m. We consider P/Gm as a
principal fibre bundle over M with group T1 as defined above. Then

P/Gm ^m-P( = P+....+P, m times).

PROOF. From the definition given in §1, it follows by induction that m P
can be defined directly as follows. Let Δ(P x x P) be the set of all
points (#i, . . . .um) € P x . . . . x P such that ΊΓ(UI) = . . . . = 7r(um). Two ele-
ments (#i, , um) and (UJSJ, , umsm) of Δ(P x x P) are equivalent if
and only if SιS2.... sm is the unit element. The quotient space of Δ(P x . . . .
x P) by this equivalence relation is m P. We denote by [{uh , um)] the

equivalence class of (u1} . . . . , um). The action of T1 on m P is given by

l(Ui, Um)]s = [{UiS, U'2, Um)].

We shall define a mapping / of P/Gm into m P by

First of all, / is independent from the choice of representative u. If g ^ Gmt.
then

/([̂ ^•J) = l(ug, ug ...., ug)] = [(w, «,....,«)]
because ^ is the unit element.
Let s be any element of T1 and s' an element such that s'm = s. Then

/(Ms) = AIUS'Ί) = [(WS', . . . ., «S')] = [(W5, «,....,«)]

= [(«,....,«* = (/•([«])>.

Therefor / is a bundle isomorphism of P/Gm onto m P. Q. E. D.

COROLLARY. If P is simply connected and m is an integer greater than 1,
there does not exist a principal fibre bundle P' such that P = m P'.

Proof. If such a bundle P' does exist, then P ̂  P'/Gm. Hence P' is a
covering space of P. Since P' is connected, this can happen only in the case
where m = 1.

6. Applications to bundles wi th group JJ{m).

Let P be a principal fibre bundle over an ^-dimensional manifold M
with group U(m). (U(m) stands for the unitary group in m variables). Since
SU{m) = {s € £7ίm) det s = 1} is a normal subgroup of U(m), P/SU(m) is a.
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principal fibre bundle over M with group U(m)/SU(m) (which is isomorphic
to TL). The Lie algebra of U(m) consists of all skew-hermitian matrices in
m variables. Hence a connection in the bundle P is is given by a matrix
differential form ω = (ω )̂,:̂ =!,,...,«» such that

(1) Each ωιj is a complex valued linear differential form,

(2) ω = (ω^) is skew-hermitian,

(3) ω{us) = s^s for any s € Ts(U(nϊ), u € P,

(4) ω(us) = s-Jω(ϊi)s for any s € ί/(wι), w €

The structure equation of E. Cartan is given by

dω = — g fω> ω] + ί l

or, more explicitly,

Consider the trace Σ ω'j, which is a complex valued linear differential form
on P. Then there exists a unique linear differential form ζ on P/SU{m) such
that

**(?) = 2 ω*c

where v is the natural projection from P onto P/SU(m). Then f defines a
connection in the bundle P/SU(m).

REMARK 1. This is a particular case of a general theorem. If P is a
principal fibre bundle over M with group G and if 7/ is a closed normal
subgroup of G, then P//7 is a principal fibre bundle over M with group
G/i7. Let 0 and ί) be the Lie algebras of G and H respectively and let λ be
the natural projection of Q onto q/ί). If ω is a g-v?.lued linear differential
form on P defining a connection in P, then there exists a unique g/ϊj-valued
linear differential form ζ on P/H such that

where z; is the natural projection of P onto P/H. And f defines a connection
in P/H.

The curvature form of the connection in P/SUim) defined by ζ is dζ
and there exists a unique 2-form p on M such that

where 7r is the projection of P/SU(m) onto M. We call p the generalized
Ricci curvature form of the connection in P defined by ω. We call the 2-
dimensional Chern class the cohomology class of p/2ir\/ — 1.

REMARK 2. If P is the bundle of unitary frames over a Hermitian space
M and ω defines a connection in P, then the generalized Ricci curvature is
nothing but the classical Ricci curvature and the Chern class coincides with
the classical one.

The generalized Ricci curvature vanishes identically if and only if the
restricted holonomy group of the connection in P/SU(m) contains only the
unit element ([1], [10]). The natural homomorphism of U(m) onto U(m)/SU(m)
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maps the (restricted) holonomy group of the connection in P onto the (rest-
ricted) holonomy group of the connection in P/SU(m) (|ΊOJ). Hence the rest-
ricted holonomy group of the connection in P is contained in SU(ni), if and
only if the restriceted holonomy group of the connection in P/SU(m) is
trivial. Thus we have generalized the theorem of Iwamoto [9] and Lichne-
rowicz [11], [12].

THEOREM 6. The generalized Ricci curvature of a connection in a principal
fibre bundle P over M with group U(m) vanishes identically if and only if the
restricted holonomy group is contained in SU(m).

Now we shall prove the following

THEOREM 7. The 2-dimensional Chern class of a principal fibre bundle P
over M with group U{m) is zero if and only if there exists a connection
in P whose restricted holonomy group is contained in SU(m).

PROOF. The sufficiency is an immediate CDnsequence of the theorem 6.
Suppose that the Chern class is zero. Let ω be a connection form on P.
Then the Ricci curvature form is cohomologous to zero. Let g and ί) be the
Lie algebras of U(m) and SU(m) respectively and let c be the center of g.
Then

G = ή + c.

According to the above decomposition of the Lie algebra g, we decompose
the g-valued linear differential form ω into the direct sum of an fj-valued
form ωι and a c-valued form ω2:

ft) = Cϋi + ft)2.

Now we shall modify the second component of ω in order to obtain a
required connection. Since the characteristic class of P/SU(m) is zero, there
exists a connection in P/SU(m) whose restricted holonomy group is trivial
(Theorem 2). Let ω be the form on P/SU(m) which defines such a connection.
Then v*(ω') is a form on P, where v is the natural projection of P onto
P/SU(m). It is easy to see that the form «i + v*(ω') defines a required
connection in P. Q. E. D.

7. Bundle S2'1*1 over the complex w-dimensional projeotive space

Consider the complex (n + l)-dimensional Euclidean space Cίl+1, whose
coordinate system is given by z°, z1, , zn. The set of points z = (z°, zL, ,
zn) satisfying

| z | a = z°z° + z ι z ι + . . . . + z n z n = 1
forms the (2/2 + l)-dimensional sphere S2n+1. We shall identify two points z
and z' of S*n+1 if there exists a complex number e2nri such that

z' = e**rtz.

Then the set of equivalence classes is the complex w-dimensional projective
space, which we shall denote by M in this section. The sphere S3n+I is a
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principal fibre bundle over M with group {e2nrί r € /?}, which is isomorphic
to T1. We shall study the relationship between this principal fibre bundle
and the second cohomology group of M.

It is well known that, if M is the complex w-dimensional projective
space,

H*(M, Z) = Z.

Furthermore M is simply connected hence the group of all principal fibre
bundle over M with group T1 is isomorphic to the additive group of integers.
Let P be the principal fibre bundle over M with group T1 which corresponds
to 1 ̂  Z. Suppose the bundle S*n+1 corresponds to an integer k. Since Saw+1

is simply connected, we have only two possibilities, namely k = 1 or — 1.
(See the theorem 5 and the corollary).

THEOREM 8. The group of all principal fibre bundles over the complex n-
dimensional projective space M with group T1 is isomorphic to the additive
group of integers Z. The bundle S2n+1 over M corresponds to 1 ^ Z for a proper
orientation of M.

REMARK 1. This theorem has been proved in the case where n = 1 by
Steenrod [15].

The complex projective space M, considered as a homogeneous space
U(n + 1)/U(n) x £7(1), admits an invariant Kaehlerian metric, which is unique
up to a constant factor. We shall define the canonical Kaehlerian metric on
M as follows ([4]),

ds* = 2 dι%ώ* - (2 z'dz1) (2 zιdzι).

Then the fundamental 2-form of the Kaehlerian space M is given by

Φ = 2 dzι A dzK

On the other hand, the linear differential form ω on S*n+1 defined by

gives a connection in the bundle S2n+1 over M. Its curvature form is therefore
given by

ί l = dω = 2 dzι A dzK

It is known that, if p is the Ricci curvature form of the canonical Kaehlerian
connection on M, then ([4])

p = (n + 1)Φ.

The following theorem follows from the theorem 2, 5, 6 and 8.

THEOREM 9. Let M be the complex n-dimensionάl projective space with the
canonical Kaehlerian metric. Let P be the bundle of unitary frames over M.
Then

(1) The principal fibre bundle S*n+1 over M has the characteristic class
represented by the 2-form — Φ, where Φ is the fundamental 2-form of the
Kaehlerian space M.

(2) The principal fibre bundle P/SU(n) over M is isomorphic to the bundle
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- ( « + 1)S2W+1, i.e., P/SU(n) corresponds to the integer —(n + 1).

REMARK 2. In this section, we have identified the group {e**n r € R}
with the group T1. Note that Φ/2w\/" ϊ and ρ/2π χ/~ΞΓΐ are integral
cocycles of M.

8. Submanifolds of a Hermitian space

Let M be a complex w-dimensional Hermitian space and M' a complex
^-dimensional regular submanifold of M. M! is also a Hermitian space with
the metric induced naturally from that of M. Let P be the bundle of unitary
frames over M. It is a principal fibre bundle with group U(n). We consider
the set P' of all unitary frames (x; eh ,, en) € P such that

(1) x^M,
(2) the first k vectors are tangent to M! at x,
(3) the last (n — k) vectors are normal to M at x.

Then P' is a principal fibre bundle over M! with group U(k) x U(n — &).
The injection map of U{k) x U(n — k) into U(n) induces an isomorphism

of U(k) x U(n-k)/SU(n)[)(U{k) x U(n-k)) onto U(n)/SU(n). Hence the in-
jection map y: Pr -> P | Mr induces an isomorphism

j*:P/SU(n) Π (£/(*) x ί/(w - k)) = (P| Mf)/SU(n).

Let PΓ(resp. Piv) be the bundle of tangent (resp. normal) unitary frames
over M. Then Pr (resp. PN) is a principal fibre bundle with group U{k)
(resp. U(n — k)). We shall show that

PτlSU(k) + PN/SU(n - k) s Pf/SU(n)f](U(k) x Ϊ7(w - *)).

First of all, we note the fact that

P Γ ^ P7(l) x i/(w - Λ), PN = P7ί/(^) x {1}.

Let Δ(Pτ x P^) be the set of all points (v, w) € PT X P,V such that 7r2{z;) =
πN(w), where τrΓ and τrΛr are the projections of the bundles Pτ and PN onto
M! respectively. A tangent frame v at x and a normal frame w at x give
a unique frame u of M at x, if # € M. The mapping

17 : Δ(P2' X Pivr) 3 W W) -» ^ € P'

induces an isomorphism

V* : Pτ/SU(k) + PNISU{n -k)~ Pf/SU{n)f](U(k) x Z7(rc - *)).

In fact, if s € U(k) and s7 € Z7(w - Λ), then
η(VS, WS') = (M(S X S'))

and 5 x s'^SU(k) x SC7(w - k)αSU{n)(](U{k) x Γ/(rc - *)). Hence the mapping
η* is well defined and it is easy to see that rf is a bundle map. The com-
posed mapping η*oj*~ι gives an isomorphism of (P| M')/SU(n) onto Pτ/SU(k)
+ PN/SU(n - k).

THEOREM 10. Let M be α complex n-dimensionαl Hermitian space and M!
a complex k-dimensional regular submanifold of M. If P is the bundle of
unitary frames over M and PT and PN are the bundles of tangent and normal
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frames over M' respectivaly, then

PrlSUik) + PN/SU(n -k)^ (P\M')/SU(n).

Consider the case where k = n — 1. Then a cross-section in the bundle
pN = PN/SU(1) is a normal vector field to M! and conversely, a non-singular
normal vector field is a cross-section. Since PN is a principal fibre bundle,
it is trivial if and only if it admits a cross-section. Hence

COROLLARY. Suppose M is a complex (n — l)-dimensional submanifold.
Then there exists a non-singular normal vector field to M if and only if

Pτ/SU(n - 1) s* (P\M')/SU(n).

9. The ease where M is a homogeneous space

H. C. Wang proved in [16] that every simply connected compact homo-
geneous complex manifold (C-space) is a fibre decomposition space of a
certain homogeneous space with torus as the fibre. Following his idea, we
shall determine geometrically the group P(G/K, T1), where G is a simply
connected Lie group and K is a connected compact subgroup of G.

Since G is simply connected and K is connected, the homogeneous space
M = G/K is simply connected. Since K is compact, K is locally the direct
product of the connected component of the center (which is the £-dimesional
toroidal group Tk) and a connected semi-simple closed subgroup H = [K, K]
(the commutator subgroup of K). It is well known that P = G/H is a
principal fibre bundle over M = G/K with group Tk = K/H. Let Tk

{iγ be the
normal subgroup of Th defined by

T^1 ^Tx....xTx{e}xTx....xT,

where e is the unit element of the i-th component of Tk. Then Pi = P/T^y1

is a principal fibre bundle over M with group Tι. We shall prove the
following

THEOREM 11. Let G be a connected and simply connected Lie group and
K a connected compact subgroup of G. Then the group P(GjK, T1) is spanned
by Pi, ...., Pic with integer coefficients, i. e.,

PROOF. First of all, we note that (i). 9n(G) = 0, (ii). τn{H) = finite (The-
orem of Weyl), (iii). ττ2(G) = 0 (Theorem of E. Cartan) and (iv). TΓ^G/H) =
finite. The last fact follows immediately from the exact homotopy sequence
of the bundle G over G/H with fibre H. Consider now the following exact
homotopy sequence of the bundle P:

0 = τr2(Tfc) ̂ > 7Γ2(G/H) A τr2(G/K) -> 7n(Tfc) -> TniG/Iί) = 0.

Let ψt be the natural homomorphism of Tk onto T1 = T^/T^1 and φ\ the
induced homomophism of 7Γi(Tfc) onto 7rx(Tι). Put Δί = φ*t°Δ. Then each Δ«
is the boundary operator for the exact homotopy sequence of the bundle Pi
and the homomorphisms Δi, ,Δ* of 7Γ2(G/K) into πx(Tι) = Z are linearly
independent, i.e., if
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m1 Δι -f 4- nik Δ& = 0 (*Wi, , mfc are integers),

then Wi= = m,c = 0. This follows from the fact that Δ induces an

isomorphism of TΓ ̂ GI^IΊΓ^GIH) onto 7Γi(Tfc). If we prove that Δi, , Δb

span Horn (τr^G/K), Z), i. e.,
Z Δι + - . . . + Z-Δc = Hom(wa(G/Λ0, Z),

then our theorem follows immediately from the corollary to the theorem
3. Let ξ be an arbitrary homomorphism of τr2(G/K) into Z = TΓ^T1). Evidently

.ξ maps every element of finite order into zero. Since TΓ /G/H) is finite, ξ
induces a mapping of -7r2(G/K)/7r2(G/H) into Z = TΓ^T1). Therefore £ is a
linear combination of Δi, , Δb with integer coefficients^. Q. E. D.

10. Application to surfaces

Let P be the bundle of oriented orthogonal frames over a 2-dimensional
oriented Riemannian space M. Then P is a principal fibre bundle with
group SO(2), which is isomorphic to T1. The Riemannian connection on M
is given by a matrix differential form

/ 0 ω\
V - ω 0/

There exists a unique 2-form ί2* on M such that dω = 7r*(Ω*). If we identify
SO(2) with T1 and consider P as a bundle with group T1, then the charac-
teristic class of P is represented by Ω*/2w. If is well known that if M is
compact, then

/ Ω* = 2TT-%(M),

where %(M) is the Euler characteristic of M.
On the other hand, the Betti part H'\M, Z)b of the second cohomology

group of M is isomorphic to Z and a closed 2-form Φ which represents 1 £Ξ
Z = H\M, Z)b satisfies the following equality:

Therefore ffce homomorphism of P(M, Z) onίo ^ ( M , Z)

BIBLIOGRAPHY

[ 1 ] W AMBROSE, AND I. M. SINGER, A theorem on holonomy, Trans. Amer. Math.
Soα, 75(1935), 428-448.

[ 2 ] A. BLANCHARD, Varietes kaehleriennes et espaces fibres, C. R. Acad. Sci. Paris,
234(1952), 284-286.

[ 3 ] H. CARTAN, Notion d'algebre differentielle etc, Colloque de Topologie, Bruxelles
(1950) 15-27, and 57-71.

.2). The assumption that G is simply connected and K is connected, can be replaced
by the assumpton that Λi(G) is finite and G/K is simply connected. The finiteness
of τri(G) is essential.



PRINCIPAL FIBRE BUNDLES 45

[ 4 ] S-S. CHERN, Characteristic classes of Hermitian manifolds, Ann. of Math. 47
(1946), 85-121.

[5] S-S.CHERN, Lecture notes in Princeton (1951).
[ 6 ] P. DEDECKER, Extension du groupe structural d'un espεce fibre, Collcque de

Topologie, Strasoourg (1955), See also, Cohomologie a coefficients r.on
abelien et espaces fibres, Bull. Acad. Belgique (1955), 1132-1146.

[ 7 ] C. EHRESMΛNN, Les connexions infinitesimales dans un espace fibre differentiate,
Colloque de Topologie, Bruxelles (1950), 29-55.

[ 8 ] J. FRENKEL, Cohomologie a valeuis dans un faisceau non abelien, C. R. Accid.
Sci. Paris, 240 (1955), 2368-2370.

[ 9 ] H. IWAMOTO, On the structure of Riemannian spaces whose holonomy group fix
a null-system, Tόhoku Math. J. 2nd ser. 1 (1950), 109-125.

[10] S.KOBAYASHT, Theory of connections I (thesis), to appear.
[11] A. LICHNEROWICZ, Varietes pseudo-kaehleriennes a courbure de Ricci non nulle,

C. R. Acad. Sci. Paris, (1952), 12-14.
[12] A. LICHNEROWICZ, Espscec homogenes kaehleriens, Collcque de Geometrie diffe-

rentielle, Strasbourg (1953>, 171-184.
[13] H. SEIFERT, AND W. Threlfall, Lehrbuch der Topologie.
[14] J-P.SERRE, Seminaire de H. Cartan (1951-52), Chap. XX.
[15] N. STEENROD, Topology of fibre bundles.
[16] H. C. WANG, Closed manifolds with homogeneous complex structure, Amer. J.

Math., 76(1954), 1-32.
[17] A. WEIL, Sur les theoremes de de Rham, Comm., Math. Helv., 26(1952), 119-145.

UNIVERSITY OF WASHINGTON




