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1. Let /(£) = 2 β w < 2 : r ι be an entire function of infinite order and let

M(r), M'(r), M(r, /dθ), μ(r), v(r)E=v(r, / ) and v(r, /<»>) have their usual
meanings. It is known [3, (80-1)] that

^ o. (1.1)

A result better than (1. 1) viz.,

i 2 g ^ ) 0 ) (1.2)

for every entire function of infinite order has been proved by Shah [4, (113-
4)]. Later on Shah and Khanna [5, (47-8)] proved that for an entire function
of infinite order

g g lOgJfrMnr)} - 0.

a result better than (1. 2) since [6, (116)]

rM'(r) > M(r) λ ° g

γ ^ ) , r ^ n =

Clunie [1] has gone still further to prove that if s is any function of v such

that s ( v ) = o ( Έ ^ Γ ) , then

lim

In §2 of this note I give an alternative proof of (1. 4). In § 3 I prove still
another result better than (1. 1).

2. We have
oo

2 - 1).... (n - s + 1) | an | r
n

in the notation of G.Valiron, [7, (30)] for n]>p

n(n - 1) . . . . (n - s + 1) | an \ rn <: ntn - 1) . . . . (n - s -f X)e-G»rn
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rsM(r, /<s>) ^ 2 n(n - 1) . . . . (n - s + l)j"(r)

-p\ri

••••+ (RP-

Take now

so that

and we have

log{ r*M(r, f^) } < log A«(r) + (2s + 2) {log v (r + j ^ y ) -Hog r+ Jog v(r)}.

(2. 1)
Since /(z) is of infinite order

logr

Hence

w->cx3 l O g / t n

There will exist therefore a sequence nq = iV such that

Further, for Rn<Lr < Rn+1 and therefore

~iόgΊr~~~ ~~lόg^R^~ o r 1 — r < N'

Given an arbitrarily large K there exists a sequence ru r2i such that

Hence for every sufficiently large RN

log v(R^
\ogRN

Also for x = RN we have

A;

logμ(x.f) = O(l) + Γ iίίVfl d r
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log vCXy.Q __.,

dr

and so for a sufficiently large *• = RN

ϊogμ(x,f)

Now let J? denote the sequence of all positive integers N = nq (q :> w') such
that

< 4- +

Either [CASE A] there is a subsequence of integers U say (/ = 1,2,3, )
tending to infinity such that

RN+I > RN + - ^ OV = /0 (2. 2)

in which case

,og w*j%/«>i < -o g ^ + ^ { 2 , o g κ f c

since s

i ) + 0(1) for q^Ln" > n' (2. 3)

= o (y-^—), or [CASE B] for all large N, say iV > W, of E

+ -~^ (2. 4)

in which case either RN+i = i?2v and then JV + 1 c £, or i?iv+i > RN,

log vCRv+i) > logCiV + 1)
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logiV 1 + logiV

1 + N

\ogRN

logRN

for

since V(RN+I)2>N + 1. Now, from (2. 4)

JJ RN+i . 1 . ]o_
^ 1 O g RN

 < NRN

 < Λ/
Hence

log μ(RN+i) . log V(RN)_ 1
TTΊb ^ Λ7 ^ ZΓ

andsoiV + l c E. Similarly N + 2, N 4- 3, . . . . c JE. Let iV > 91. Then

iV + p- l

/?iv+p ̂  i?Λr + 2 w"2 < a constant,

which leads to a contradiction since RN+P tends to infinity with p. Hence
alternative (B) is not possible and (2. 3) holds and the theorem is proved.

REMARKS, (i) It is obvious from our proof that if S and s be any

functions of v such that s θ ) is an integer and S(v) = O \~r^-—/, s(v) =

o\-Λ——) as r -* oo, thenv log v J

lim iogi

(ii) It is known [2] that for any function of finite or infinite order

Kr,f)^v(r,n^
Hence it follows that for an entire function of infinite order

l i m log

where 5 and s are as defined already and i may have any integer value.

3. If f(z) is of infinite order, we have for any (arbitrarily large) positive

constant H, lim * = oo. Hence we can choose a sequence of points rn
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(n = 1,2, 3, . . . . ) such that

~U- ^ V ~H f o r a (= constant) <±x<Lrn.
X Tn

Then

v(rw) J

Ί rn

C rπ - m ~ 1 sixj,H-m J X a X

Hence

lim^f-^-rf* = 0 (3.1)

for every real finite w. For a finite positive »ί (3. 1) is sharper than (1. 1),
since

- 0 ( 1 ) .
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