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o0

1. Let f(2) = > anz" be an entire function of infinite order and let

n=0 .
M), M'(r), M(r, f®), pu(r), v(r)=v(r, f) and v(r, f®) have their usual
meanings. It is known [3, (80-1)] that

;o logu(r)
Jm =Py =0 an
A result better than (1. 1) viz,,
lim 1og M(r) _ o (1. 2)

TS V(@)

for every entire function of infinite order has been proved by Shah [4, (113-
4)]. Later on Shah and Khanna [5, (47-8)] proved that for an entire function
of infinite order

. log {rM'(7)}
Th"’Lg V(f, f)

—— a result better than (1. 2) since [6, (116)]
log M (7r)
log r
Clunie [1] has gone still further to prove that if s is any function of v such

that s(») =0(~10%J~), then

=0, (1. 3)

rM'(r) > M(r) y ¥ =70 = 70(f).

o log {r*M(r, f©)}
1 i
ri-»—rg v(r,f)

In §2 of this note I give an alternative proof of (1. 4). In §3 I prove still
another result better than (1. 1).

= 0. 1.4

2. We have

M, )< Dnn—1....(n —s+ 1) |an| 7"

n=s

1in the notation of G.Valiron, [7, (30)] for n>p
nn—1...n—s+Dlan|rm<nn—-1)....(n — s + 1)e "Gy

p+1

St —D....on—s+ Da(F)
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-1
r*M(r, f®) < pz: nn—1)....(n—s+ Lur(r)

+ 2 nn—1)....(n —s+ 1)/‘(7')(-1’%)n_pu
P

n=p

s s 7 r? yst1
<ﬂ(7)p +1 + ﬂ(")pz [Rp — 7 + (Rp - r)2+----+ (Rp — r)s+1 ]'

Take now

1
p=v (1’ +—-w2(r) ) +1,
so that

1
Bo =725y
and we have

’M (7, fO) < pur)p'tt + nw(r)p®r2i(r) + .. .. +{rv(»)}2*+2]

25+2

< pu(7) {V(r + ﬁ) WO')} )

log{ rSM(r, f©) } <log #(r) + (2s + 2) {log y (r + %2—1(’—7) +log 7+ log v(r)}.

2.1
Since f(z) is of infinite order

Im lolgv(r) o
r—>00 og 7
Hence

T log V(Rn) _
S Tlog Re

co,

There will exist therefore a sequence 7, = N such that
log v(Rx) log v(Rx) . _
log Ra < Tog Ry for n=12,...., N—1.
Further, for R, <7 < R,:: and therefore
logv(r) _ logv(Rx)

Togr < “log Ra for Ry <7 < Ru.

Given an arbitrarily large K there exists a sequence 7, 73, .... such that

log v(7x) B
" log 7 > K. n=1,2,....).

Hence for every sufficiently large Rx

log v(Rx)
g R > K.

Also for x = Ry we have

X
log Cx, ) = OV + [ YT LD ay
Ry
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log v(z» 1) _,

<0 +f g gy
R,

log x log v(zy 1)
<O(1> + logu(x f) log =
- log x
=0(1) + Tog vCx, 3 v(x, f)
and so for a sufficiently large x = Ry
log #(x, f) 1
vz, ) <o(l) + K

Now let E denote the sequence of all positive integers N = n, (¢ = #’) such
that

. log v(Rx)
@ TlogRy =K
i) B’%C—’}%}— < % + o(1).

Either [Case A] there is a subsequence of integers I; say (¢=1,2,3,....)
tending to infinity such that

Ryi1> Ry + TV1~2~ (N =1) 2. 2)

in which case

1
V(sz + T;jz(kﬁ) = v(Ry),
g RAMRy, fO)} _ log (Rw) | 2542 ( V4 2542
V(R < V(R + V(R l2 log V(RN)I V(R )log Ry
< O(—Ilf) + o(1) for g=>n">n' 2.3
since s =0 (Wgu—), or [Case B] for all large N, say N > %, of E
Ryo <Ry + @ 4

in which case either Ry41 = Ry and then N 4+ 1 C E, or Ry+1 > Rw,
log v(Ry+1) > log (N+1)
log Ry+
g Ly +1 log(RN'i‘ NZ)

log N + log (1 +—}v)

B log Ry + log (1 +N—}R;)
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log N + log (1 -l-—lb—)

tog Ry + ()

log (1+ +)
_logN T TTiogh
o lOg RN 1
1+ NzRN 10g R_N
10g N 27
2 Tog Ry for N =#»",
> K,
Ry +1
log #(Rw+1) 1 ¢ v(x) \
WRuy) = NFT 108 4R +R{ Tx %%
since v(Ry+1) > N + 1. Now, from (2. 4)
Ryi1 1 log M(RN)
Nlog RN <NRN < N .
Hence
l_Og_ﬁ(szﬂ) log #(Ry) _L
v (Rwa) < N < o4 + 0(1),
and so N+ 1c E. Similarly N+2, N+3,....CcE. Let N> % Then
N+p-1
Ryip< Ry + 3> »*<a constant,
n=N

which leads to a contradiction since Ry., tends to infinity with p. Hence
alternative (B) is not possible and (2. 3) holds and the theorem is proved.
Remarks. (i) It is obvious from our proof that if S and s be any

functions of v such that s(v) is an integer and S(v) = O(RéT)’ s(y) =
o( Y )as 7 — oo, then

Tog v
. log {rSM (7, f®)}
m e T

(ii) It is known [2] that for any function of finite or infinite order
v, f)<v(r, fH<.....
Hence it follows that for an entire function of infinite order

. log {rSM (7, f )}
lm ==, 7

where S and s are as defined already and { may have any integer value.

=0

3. If f(z) is of infinite order, we have for any (arbitrarily large) positive

. vix . —
constant H, lim (H = co. Hence we can choose a sequence of points 7,

>0
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(n=1,2,3,....) such that

vx) < VEL”) for @ (= constant) <x < 7s.

7 = 7
Then
= Tn _ 7n
v T xF-m-1y(x)
v(ray ) T xH dx
1 7n
S saom fxll—'m—l dx
a
1
< H—m"
Hence
™ hou(x) _
lr1+n‘:1c V(r)f e 4% =0 @G. D

a

for every real finite m. For a finite positive m (3. 1) is sharper than (1. 1),
since

xm+l

r”'fy(x) drg—::f—”;x) dx

a

= log #(r) — O(1).
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