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1. Introduction. A series 2 an is said to be absolutely summable (A4)

or briefly summable |A]| if the series 2 axx" is convergent for 0<x< 1
and its sum-function ¢(x) satisfies that

f |¢'(x)] dx < . 1.1
0

This summability has been studied by many writers. Recently T.M. Flett
introduced an extension of this summability for £ =1 replacing the condition
(1.1) by the condition

f (I —xf-1d'(%)[* dx < o, (1.2)

which has an important significance as well as (1.1) in the theory of Fourier
series (cf. [1] where references are given). T.M. Flett called this summability
“summability |A|.” where 2=>1. At the same time he gave an extension

for summability |C|—— the absolute Cesdro summability—-, that is, the
series 2 an is called summable |C, a|i, where 2 =1, a > —1, if the series
> wlon, — ol (1.3)

is convergent, o2 being the » th Cesaro mean of order « of the series 2 an.

The summability |C, a|, is the ordinary absolute summability |C, «]|.
Among the many theorems on the absolute summability, one of the most

interesting is the so-called high-indices theorem. By the Zygmund high-

indices theorem [5], if the series 2 an is lacunary, that is, its terms are

all zero except for the terms with indices 7, =0< n, < #, < .... such that
ma/n;=q¢>1(G=1,2....), and if the series is summable |A][, then it
turns out to be absolutely convergent or summable |C,0|. Flett [2] studied
an extension of this result to the summability |A|; and gave an inequality
corresponding to that of the Zygmund theorem [5]. But he has left open the
problem: If the series 2 an is lacunary and summable |[A]x, then is it
summable [C,1 — 1/k|x where 2 >17?

The main purpose of this paper is to give a negative answer to this
problem. Therefore the Flett inequality ([2] Theorem 1) is the best possible
one of this sense.
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2. Our answer to the Flett problem is:

THEOREM 1. For any [k > 1 there exists a lacunary series 2 cn which is
summable |A|x but is not summable |C,1 — 1/k|s.

For the proof of this theorem we shall establish some preliminary
theorems concerning the absolute summabilities of the Rademacher series.

Let us denote the Rademacher system by yry(x), Yri(%), Ya(%), ....(0 =<
x<1). The following theorem is a generalization of the Zygmund theorem
[56] where 2 = 1.

" THEOREM 2. Let B =1. For the Rademacher series

oo

> aipr(x), @1

=0
if the series

con+lg k[2

i( JE a}) 2.2)

n=0
is convergent, then the series (2.1) is summable |A|v almost everywhere. And,
if the series (2.2) is divergent, then the series (2.1) is summable | A\ almost
nowhere.

Proor. Suppose that the series (2.2) is convergent and that 2> 2. We
shall prove the convergence of the integral

1 1
f dxf (1 —py-t
0 0

which leads us to the summability |[A|; almost everywhere of the series
(2.1). By the Khinchin inequality (cf. [3] p.131, [4] Lemma 1) the integral
(2.3) is not greater than

1 - k2
& [ a-pr(Zmwapn) apo
0

n=1

2 nanYra(xp"

n=1

" dp, 2.3)

Pi+1 o k2

-x3 [ a-pi(Swam) o
i=0 o n=1
= KE]L' @.4)
i=0
say, where p; =1—2-(:=0,1,2,....). Now easily we have
K w i+l g k/3 1
ji = 2*(&?3(]2 Zj n* a: p?L) ’2’{;’1‘
=0 poo

1) K, K’ are positive constants not necessarily the same in every occurrence.
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k2

S s (Zrow el 2 )

K /& " oI+ k%
+ W(EZ‘(’“’ A 05)
j=i n=gl
= K-P; + K-Q; (2.5)
say. We put for brevity

oi* g

Al = 2 a, (7=0,1,2;,....).
n=2/

Then, as p; =1 for £=0,1,2,....,

- k2

P =< 2‘51 (2240“) A’) ,

and as k > 2 by the Holder mequahty thh indices 2/2 and k/(k —2), we get
K /& Sk ue 2o E gy o + ¥
Pis gy (12 2% ) ( 2 2 )
=0 j=

-1

K 2 27c(.1+1)/z Al.

k{lz-l-l

=

Hence, we have

2 P < Kz k‘“ 227‘70+1)Iz. Ak

i=0

oo

—S—KZ U+1)[2 AL 2 2m
Jj=0 i=j+1
<K AL 2.6)
J=0
On the other hand,
K o k2
_ ; 2j+1 2
Q: = §k+f (12 220+D pi+1 AJ)
k2

S g (Zwet )

f+1 j-i 74 »
since pi+1 = (1 2‘“) «2 ~e¢?% . Let us put £,=2"e¢%" then by

the Holder inequality with the same indices as above,
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o k/2
< —2{?,,— (-2 a3)
J=i

k

25,,,4)

< K<2 E?(lc 2) )
tj=1
=S K> &4 AL
J=i

Hence we get

SosKETeA - KZ 4T

i=0 j=i i=0

<K> At @.7)
=0

From (2.4), (2.5), (2.6) and (2.7) we can conclude the convergence of
the integral (2. 3).

The case & > 2 was proved. The case 1 < 2 < 2 will be proved by showing
the convergence of (2.3) with suitable application of the Hélder inequality
along the similar way as above. But in this case the more will be proved
in the next theorem, and we omit the proof here.

For the proof of the latter half of the theorem let us suppose that the
series (2.1) is summable |A|; for all x € E, |E| >0. We may suppose that
the summability is uniform in the set E. Hence we may suppose that

fdx{f (1 pp ]i e

By the Khinchin inequlity
1
k> [a-
0

1 o
2 [ - prodp( S aie)
0 n=1

We put p;=1—277 and I; = (p;, ps+1) then

dp} <K

dx

V(@ prt |

k[2

. k/2

K>3 [a-prap(Zmar)
Jj=0 Iy n=1

k-1 SJ+1 _1 k/2

22() [ (g rar) @

=0 oy s
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S s Ps’”Z”‘f (Za) s
j=0

n=o-’

53

v

o

1 g 9% 9-u+1) Ak
2 zfac c-D\" " of §

Jj=0

T 24

Jj=0
Therefore the series (2.2) is convergent. The theorem was proved.
Since the summability |C, a|. implies the summability | A|x, where 2 =1,
a > —1 (Flett [1] Theorem 2), the following theorem is a refinement of the

first part of theorem 2 if the summability index % is restricted such as 1 <
k2

v

I[

THEOREM 3. Let {@u(x)} be an orthonormal system. If 1=<k=<2 a >1/2
and if the series (2.2) is convergent, then the orthonormal series 2 an Pn(X)
is summable |C,a | almost everywhere.

For the convenience we shall prove this theorem after the proof of the
next two theorems.

THEOREM 4. Let k=1 and o« > —1. For the Rademacher series (2.1), if
the series

oo

Ialkz a1+1{2(n_.7+1)z(m vita; }kl’ +E Ll @.8)

nka- “k+1
n=l

n=1
is converegent, then the series (2.1) is summable |C, a|: almost everywhere.

And if the series (2.8) is divergent the series (2.1) is summable |C, a|r almost
nowhere.

Since the second term of (2.8) is a necessary condition for the summability
|C, ] in a set of positive measure ([1]. Theorem 3), it seems to us that the

first term of (2.8) should play an important role for the summability |C,a|s
if @ 0.

ProoF OF THEOREM 4. Let us denote by o%x) the n-th Cesdaro mean of
order « of the series (2.1). Then by the well known formula we have

o (%) — ap(x)

aj G + e Gy Yrmaa(),
; EZ+1 CESCE ) A%) B 1 Vnaa(%)

where Ev = (" : a) ~ n*. Hence by the Khinchin inequality we get

[ Sr-stote - otiax
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n o

éKé nk—l{ <§:+f (n+1)(n ;+1)> +(E:+1) e |

n=1 Jj=1

éKgn “2/ Ef ("+1)(0:2]—J+ 1)) “2 E (E;‘f+1 ) ’“"””}

which is easily majorated by K times the sum of the series (2.8). Hence the

first part of Theorem was proved.
Now let us suppose that the |C, a|s sum of the series (2.1) is uniformly

bounded for x € E, |E| >0. We have

> 7 0% (®) — o) dx

E n=1
oo n @ . 1 k
= -1 By @
/ 2" 2 e D= DO gy, @ d
v ne -
Let IV be a positive integer and replace @, @, .. ..,av-; in the series (2.1) by

zeros. This replacement has no influence on the summability, since

>

nel J=1

nJ a] ’
ZE aa(m+ 1D —7+ 1) a¥4%)

k

sEZ (2O )

<K2 sy zfl“fl

which is convergent. Therefore we may suppose that
k

%—1 ()(j _1_ |
K> \E/.’;vn 2 E;“Hl (71 + 1) (71 j—l— 1) aj'sb.j(x) + E?Hl Qns1 "P'nq-l(x) l dx,
2.9
where N = N(E) is determined by the Khinchin inequality :
n E o k
——:_‘f @ a; X)+ — — Gns \b'n-r» x]
!EEzﬂmﬂxn—H ) VA" E 1¥nea(2)
n . k12
> K "— j (24} )
=K{2<E:“(n+1>(n—;+1> (E“ “m, (2.10)

J=N

From (2.9) and (2.10) we get immediately the convergence of the series (2. 8),
since the integer N may be replaced by 1 repeating the similar argument

as above.
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Thus the theorem was proved.
THEOREM 5. Let 1=<k=<2and a > —1. If the series (2.8) is convergent,

then the orthonormal series z Anpn(x) s summable |C, a |, almost everywhere.

The proof is immediate by the same line as the proof of the first part
of the preceding theorem using the Holder inequality ,and the Parseval
relation in place of using the Khinchin mequahty The detail may be
omitted.

Now we are in a position to prove Theorem 3. For this purpose it is
sufficient, by Theorem 5, to show that if one of the series (2.2) and (2.8) is
convergent, so is the other under the condition 1<%2=<2 and a > 1/2.

Suppose that the series (2.2)jis convergent. For the second term in (2. 8),

- 14
|@nl|® S\ 2 Ian|k
z-kﬂ—kil Sk —k+1
n= oo 1 0 n2 P *
. od+1_
k
= 2 (koo — k+l) 2 lan|
._,ﬂ-l_1 kj2

IA

2 i(1-k/2
2 2!(ka k+l)( 2 dn) 2(1 )
j=0 ﬂ=2f

= Zzw-m) 5

Jj=0
=>4} 2.11)

which is convergent as o > 1/2. For the first term in (2. 8),

n k|2
e {0 i e
n=1 i=1
/2] k2 ~ k2
<K2nm1{2....} +K2nwk+l{ > }
n=1 j=1 n=1 J=lnj21+1
= K-A + K-B 2.12)
say. Then by easy consideration
- K [n/21 iz
453 KA S
n=1 ‘j=1

[n)2] k2

K30 (3]

n=1
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SA¥I_g ol k/2
K3 s 3 (el
i=0 n=at j=1

k2

o
'"‘KE okt {12-7!'“;;'
=1

i=0
P 1 i—1 .,l+1 k)2
&2 5 (2'E #4)

i=0 L=0 5yl

<K2 oki (E ylAz) ’

=0

—KE T > ar (as 1SE=2)

=0

_KEAI.r)kz 2 2

=0 Cod=l+l
SEX AL . @.13)
l=)
On the other hand, we get
n k'2
B<K2 al+1 { 2 (n_j+ 1)2(""1)]'2(1}}
n J=n,;2]+1
n k2
SES b k{ S (it gl
=1 n J=in,2]+1
o  oMF1_q n -
= KE 2 Qe+l - k{ 2 (n _j+ 1)2("‘”4’} }
m=0 4, _om J=1n?)+1
m+1 -1 kJ2
éKZ 2m(mk+1 -5 2 ‘] 2 (n —j7+1)3C@Vaqj }
m=( n=2™ (n,2]+1
o 1 kl2
S KX snanion | E 2 (n—j+ 1o gl gno-tm
m=0 oo Jein2i+l
(by the Holder inequality)
m+l_y o m+1_ k2
<K22m(dk k/”){( 2 2 2 2 )(”.—]_I_ 1)A(¢ l)a }
m=0 Jaam=1 p_ym oM n=§
= KE z——m(l}—IIZVC {Cn + D)2 2.14)

m=0
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say. We have
2™_1
=3 & 2(n—]+ 1yxe-D
j_,m -1 n=2M
M-y 2j

IA

> @S (n—j+ 1D

j=._,m-—l n=j

2m+1_1

=K > aj! (as a >1/2)

j=2m——1

< K2nas-D(A2 |+ A2), (2.15)

2'm,+1_1 gm+l_y

S @ S (n—j+1pen

j=a™ n=j

D,

Il

am+1_y gm+1_g

< 2 a'j 2 J2@-1)
JmaM l=1

2m+1_1
<K 2 0327’*(2“—1)

Jaa™
= K2m@r-D A2 (2.16)
Hence from (2.14), (2.15) and (2.16) we obtain

BSKE ol o 42, 4 gvae-n Azyen

m=0"

H/\

2 2m(w VY om(®-1/2)k Ak
m=0

=K A, 2.17)

m=(

which is also convergent.
Thus we get from (2.12), (2.13) and (2.17) the convergence of the first term
in7(2.8), that is, the convergence of (2.2) implies that of (2.8).
Now suppose that the series (2.8) is convergent. Then we have
x/3

o> 3 e | D= e g |

n=1 j=1

(n/2]+1 k2

{ 2 nz'(a—l) 7t a;}

j=1

P |
g KE ”wk+1
n=1
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m/21+1 k2
23 (2 i)
n=1 7* -
. 1 oM+ npola1 kj2
-
2K i = (2 74)
m=0 n=2M J=1

X2

m——]
>K22m(1+k) 2m< 2 ]zai)

o 1 om—1_; k|2
2K o2 ( > %)
m=:2 j Zm—

= KE AL,

Therefore the convergence of the series (2.8) implies the convergence of the
series (2.2). The proof of Theorem 3 was completed.
Finally we shall give a proof of Theorem 1. Let us define

Cyn = n2% for n=1,2,3,..
and c;=0 if 7 is not of the form 2"
The series
PINIRTE)) (2.18)

is lacunary for every x. The series (2.18) is summable |[A[x (2 =1) almost
everywhere by Theorem 2, since we have
o 2n+1_1 k|2

(2 g) ==

n=0 j=2" n=1

which is convergent. And by Theorem 4 the series (2.18) is summable
|C,1 — 1/k|x almost nowhere for 2 > 1, since

o k|2
> {zm—H 12 jics |
n=1 j=1
om+l_y . g, k|2
_KE o 2 {Z(n—]+1)—zk]z }
m=0 n=2M .
o gm+1_y k/2
= KE > {2 (n— 20 4 1)~ 2111—4/'0}
m=0 n=2m l=1
o 1 2‘m+1_1 ) k/2
2KX 5 3 { (n — 2m  1)=21% 2am -4l }
n=( n=2Mm
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m+1_

I 2
2K 5 S -2+ D

m=Q

n=2™

o 1 2™ ~
SE2 L 2

m=0

gKi ”i log 2™

m=y

1
—K> -

m=0

which is divergent, and a fortiori the series (2. 8) is divergent for the indices
a=1-—1/k and > 1. '

Therefore there exists a value of x such that the series (2.18) is summable
|Alx but not |C,1 — 1/k|x (& >1).

This proved the theorem.
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