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Let R be a commutative ring with a unit element. If there exist no
proper ideals a, b such that R =a@ b, then R is said to be indecomposable.
If the number of maximal ideals of R is finite, then R is said to be semilocal.
In [6], I. Kaplansky proved that, over a local ring, any projective module is
free. Our objective in this paper is to generalize his theorem into

THEOREM. Qver a commutative indecomposable semilocal ring, any pro-
Jjective module is free.

Every ring considered in this paper has a unit element which acts as unit
operator on any module. A denotes a ring (not always commutative) and R denotes
a commutative ring. Modules are always left modules.

1. Some lemmas on projective modules. We begin with a trivial

LEMMA 1. Let L, M, N be modules over a ring A such that L D M D N.
If N is a direct summand of L, N is a direct summand of M.

PROOF. Let L= N@P N'. Then we have M = NP (NN M).

LEMMA 2. Let P be a projective module over a ring A and p an element
of P. If p& m P for any maximal right ideal m of A, then Ap is a direct
summand of P and pis a free basis of Ap, where mP is the image of m& P

A

— P by the natural map.
PROOF. Let F be a free module such that F = PP Q, {«,} a basis of F;

n
p=2 ra, i € R;
1=1

w=p+q, p<PqgecQ

Then we have that the right ideal (4, ......,7,) generated by 7, is equal to A,
since, if 7, € m for a maximal right ideal m, we have
P = Zrlp iy

i.e., p € m P. Therefore there exist elements s,,......,s, in A such that
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Z riS; = 1.
We consider a free module F' = Av@F, where v is a variable. Then we
have
p=v+ 2 ru — sw).

Now {'U, U= 51T, s Un = SpUs Uptqyeeeeee } and {P’ Uy — 51U, s Up — $pU, Uptgyeen.oe }
are free bases of F’. Thus A p is a direct summand of F’, whence A pis a
direct summand of P by Lemma 1. It is evident that p is a free basis of A 2.

LEMMA 3. For a projective module P(3=(0)) over a ring A, we have
JP = P, where J is the Jacobson radical of A.

PROOF.” Let F be a free module such that F = P@ Q and x any element
of P. Select a basis {u;} of F such that the expression of x in terms of that
basis has the smallest possible number of non-zero entries. Assume that JP = P,

ie, JEDP,
x =2 ra, 40,7 €A
i-1
w=p+q, ppe P q <@

m
Pi = Zsijuj, Si; € A; 1= 1, 2, ...... .
j=1

Then we have
=3 1w =D rip = DriSul;
[3 i i,J
Thus we have

n n
= Zrisilv ie, (1 —s)= Zrisil-
i=1 i=2

By assumption s, € J, whence 1 —s,, is inversible in A. Put s = 1/(1 — s,)),
and we have

n
ry = D riSus.
f=2

Therefore

n
x = > rfu; + sisuy).

=2

This is a shorter expression for x, a contradiction if x==0, since {u,, %, +s,,54,,

1) The method of this proof is due to Kaplansky [6]. This lemma is prop. 2.7 of H. Bass,
Finitistic dimension and a homological generalization of semi-primary rings, Trans. Amer.
Math. Soc.95 (1960), pp.466-488].
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...... Uy + SuiSUL, Uiy} is @ free basis.

Now let R be a commutative ring, S a multiplicatively closed set not con-
taining 0 of R. As usual we denote by Rs the ring of quotient with respect to
S, and if S = R — p for a prime ideal p, we write R, for Rg_,. Similary, for
an R-module M, we denote by My the module of quotient with respect to .S,
and we write M, for My_,, if p is a prime ideal. We know that M= M@ Ry

and that there exists a canonical map @: M — My and the kernel of this
map is the S-component of (0) in M: Ker ¢ ={m € M| there exists s € S such
that sm = 0}.

Now we have the following result which states that, over a commutative
indecomposable semilocal ring, any non-zero projective module is faithfully flat®.

LEMMA 4. Let R be a commutative indecomposable semilocal ring, and
P(3=(0)) a projective module. Then we have that mP== P for any maximal
ideal m of R.

PROOF. First we notice that P, is a projective module over a local ring
R,. Therefore, if P, ==(0), we have that mR,P., 5= P, by Lemma 3. But m P = P
implies that mR,P, = P, .Therefore we have P, = (0) if mP= P. Now P, =(0)
implies that, for any element p of P, there exists an element s of R, s & m,
such that sp = 0. Thus the fact that mP = P for each maximal ideal m of R
implies that (0: p) = R for any element p of P, i.e., P = (0). Thus there must

exist a maximal ideal n of R such that nP == P. Now let {m,,,....,m,; n,,.....1,}
be the set of all maximal ideals of R such that mP= P, n,P==P for i = 1,...
om; j =1,...., n. We shall prove that m = 0, by proving that, if m Z=0, R is

not indecomposable.

Now Py, is a projective module over Ry, Therefore there exists an element
p; € Py, & n;Py,. Let @; be the canonical map of P— Py,. Then we may assume
that p; € @,P. Put @;(p;) = p;. Since P,, = (0), there exists an element s,
of R such that s; & m,, s;;p; = 0, whence s;;p, =0. By Lemma 2, Ryp; is a
direct summand of Py, and p; is a free basis of Ryp;. Therefore we have
@(s;;) =0 in Ry, i.e., there exists an element sj; in R such that s; & n,, 5,8
= 0. Let a; be the principal ideal generated by s,5;......5;» and b; the ideal
generated by (51, Sis--.» Sm). Then we have that a, & m,, 5,%&n; for j =1,2,....,
n and that a6, = (0). Put a = (a,, a,,......, a,), b = 5,6,-b,, and we have that
adem, bEn; for i =1,2,...., m; j=1,2,...,n and that ab = (0). Therefore
we have R=a@ b, a==(0), b==(0). This is a contradiction if m 3= 0. Thus
m =0 and we have mP =k P for any maximal ideal m of R.

Combining this with Lemma 2, we have

COROLLARY 5. Over a commutative indecomposable semilocal ring, any
Sfinitely generated projective module is free.

2) Cf. §6.4, p.57 of [4].
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REMARK. If R is an indecomposable commutative ring and P is a finitely
generated projective module over R, then the p-rank of P (i.e., the number of
free generators of P, over R,)is independent of the prime ideal p of R®. There-
fore the above Corollary 5 is contained in Theorems 3, 4 of [1] since R is
semilocal if and only if X = m-spec(R) is a decomposition space and dim X
= 0.

LEMMA 6. Let P be a projective module over a commutative indecom-
posable semilocal ring R. If there exists a maximal ideal m of R such that
P/mP is finitely generated over R/m. Then P is finitely generated over R.

PROOF. Suppose P is not finitely generated and dim(P/mP: R/m) =s.
By Lemma 4, there exist elements p; € P, & m;P for j=1,2,....,m where

{m,,....,m,} is the set of all maximal ideals of R. Let ¢; be elements of R
such that e; € ﬂm,-, e, &m,. Then p, =2 ep, & m,P for i=1,2,...,m.
J=*i J=1

Thus Rp; is a direct summand of P, ie., there exists a submodule P, of P
such that P = Rp, @ P,. By assumption, P, is not finitely generated. Repeating
this process, we can select s + 1 elemens 2,......, ps.1from P such that P = Rp;
@D ... @ Rpsci PP, Then we have that P/mP= Rp,/mRp;P ...... @D Rpin
/MRP s PP,,,/ mP,,,. Thus we have dim (P/mP: R/m)=s + 1. This con-

tradiction completes the proof.

2. Proof of Theorem. The following lemma is essential in the proof of
our theorem.

LEMMA 7. (Eilenberg). Let P be a projective module. Then there exists a
Sree module F such that F @ P is free.

PROOF.” Suppose PP Q is free. Define F to be the direct sum of an
infinite number of copies of P@ Q. Then F is free and it is evident that
FPP=F.

Before proving our theorem we must state two lemmas without proof®.

LEMMA 8 (Kaplansky). Any projective module over a ring is a direct
sum of countably generated projective modules.

LEMMA 9 (Kaplansky). Let A be any ring, M a countably generated A-
module. Assume that any direct summand N of M has the following proper-
ty: any element of N can be embedded in a free direct summand of N. Then

M is free.

3) See [3].

4) Cf. [1], [2], [5] and [8].

5) This proot is the same as in [7].
6) See Kaplancky [6].
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By virtue of Lemmas 8,9 the following Lemma 10 suffices to complete the
proof of our theorem.”

LEMMA 10. Let P be a projective module over a commutative indecom po-
sable semilocal ring R. Then an element p of P can be embedded in a free
direct summand of P.

PROOF. By Corollary 5, we may assume that P is not finitely generated.
By virtue of Lemma 7, there exist free modules U,F such that U= F@ P. Let

{u;} be a free basis of U,
{f.} a free basis of F,
7 the projection from U to F,

G.e,ifue U u=f+p, feF,p e P, then mlu)=f),

n
p= Zriui’ ri € R,

=1

TU; = Zs”ﬁ, Sij € R, i: 1, 2, ...... , n.
-1
Put
F=@®Rf, P=F@P, U= @®Ru.
i=1 i=1

Then U c P U and U is a direct summand of U, hence U is a direct
summand of P’, by Lemma 1. Now we have P"=U @PU” and pc PN U.
Put

(L@ rs) or-r

i=2

and we have

PP=Rfi@P ' =UQ@U".

Let =" be the projection from P ot U”, and

=5+1

8 t
mfi € mmu‘U”, & U m,;U",
=1 E

where ¢ is the number of maximal ideals of R and U denotes the set theoretical

7) This method of proof is the same as in [6].
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union. Now assume that #P” < m U” for a maximal ideal m of R. Then we
have that

P'/mP = Rf,/mfi, @P"/mP" =U/mU PU"/mU"’

and that

#(Rf/mf)) = U"/mU".
Therefore U”'/mU” is finitely generated, whence so is P/mP’. Thus by Lemma 6
P is finitely generated and this is a contradiction since P is not finitely
generated by assumption. Thus we conclude that, for any maximal ideal m, = P~
& m U". Therefore there exists an element p” ¢ P” such that

T

8
wp g\ JmU", e (1) myU”.
J=1

J=s+1

Then n'f, + w'p” ¢ mU” for each i. Therefore Rx'(f; + p”) is a direct sum-
mand of U”, by Lemma 2,i.e, if we put #' (i + p")=u", U' =Ru" P U"".

Now we have
P=Rf®P =Rfi+p)VDP'=U@PR"PU".

Let = be the projection from P’ to U”’. Then we have »'P'=U"". For: letu
be any element of U”, u=r(fi+p)+q, reR, ge P’, then u=nr(f;
+p)+ng=ru’ + n'qg=7"ru’ + a’'n'q =n"q. Therefore we have an exact

sequence

’

0K, —>P' 5 U” 0.

This sequence splits since U is projective. K; = P" N (U@P Ru”) since K,
={p' e P'l7o"'p" =0} and #'p” =0 if and only if p" ¢ UPRu". Now K,
is a direct summand of P and contained in U @ Ru«” which is finitely gener-
ated. Thus K, is a direct summand of U @ Ru", hence K, is a finitely gener-
ated free module by Corollary 5. Therefore we have that

P'=Rfi @ PRHLPP=K DK,

and that p € K, [l P since p € U'. Inductively we have
P = RE® - @RGP
= Iiz(:) K, K;,NP> ?;

Lastly we have a finitely generated free module K which is a direct sum-
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mand of P and contains p. Thus we have completed the proof.
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