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In [7] Turumaru introduced the notion of the direct product of C*-algebras.
Let A,(OU, be the algebraic direct product of two C*-algebras U, and %,. Then
A,OU, becomes a *-algebra under the natural algebraic operations. Turumaru’s

ras
C*-direct product %, ®.%, is given as the completion of U,(DU, under the norm
given by

n
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= sup

> a,:®as; € U OU,, where @, @, run over the set of all states of U, A, and
i=1
> x,;@x,; runs over U,(OU;. Let us call this norm 7-cross norm. Then
J=1
T-cross norm has the following property: If o, and 7, are representations of U,
and U, to Hilbert spaces $, and £, respectively, then the naturally defined
product representation m; @, of U,(DU, to the product Hilbert space 9, R9,
is continuous with respect to 7’-cross norm, so that 7 ,®w, can be extented to
the representation of 911(22)\“% which is also denoted by 7 ®,. Besides, if o, and
a, are faithful then = ®r, becomes faithful. Hence T-cross norm is very natural
norm of A,(OU,. But it is another matter whether or not 7™-cross norm is unique
compatible norm of %,(O)¥,, where a norm 8 of A,(DU, is called compatible to the
algebraic structure of A,(OY, if the completion of U,(DU, by B becomes a C*-algebra
and |z, @zl =zl « llx,] for £, € U, and x, € A,. In the present note we
shall answer for this question that 7-cross norm is smallest among the compat-
ible norms and that 7T-cross norm is unique in %,(O¥, for C*-algebra U, of
certain class but it is not so in general. So we say that C*-algebra «U; has the
property (7T if the following is true;

(T): For every C*-algebra ¥, T-cross norm of A,(OU, is the unique comp-
atible norm.

LEMMA 1. If w is a *-representation of W,(DU, to a Hilbert space £ which
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is continuous relative to a compatible norm, then there exist unique represen-
tations m, and mw, of U, and U, to D such that

m(x,Qx,) = 77'1(-751)71'2(332) = Wz(xz)wl(xl)
for x, € U, and x, € U,.

This is nothing but [3:Prop.1.] So we omit the proof. We call =, and m,
the restrictions of 7 to U, and ¥, respectively. Let 911@3‘212 be the completion
of A,(OU, by a compatible norm B. For a state o of U, ®Y, let =& and 9, be
the cyclic representation, the cyclic vector and the cyclic Hilbert space respectively.
Let 7, and 7, , be the restrictions of =, to %, and U, respectively. By the
equations

0'1(.’131) = (Wa,l(xl) &, Ea) and ‘72(-1:2) = <7r¢7,2(x2>§wga)

for £, € U, and z, € U,, we define the restrictions ¢, and o, of ¢ to U, and 2,
respectively. If o(x,®x,) = a(x))os(x,) for x, € U, and x, € U,, then we write
o = 0,®0,. Conversely, if the functional on %,(O%U, defined by

n

o (Z xl,i®x2,i) = }: 0'1(1'1,1')0'2(x2,i)

7 i=1
is continuous under the 8-norm for states ¢, and o, of %, and ¥U,, then ¢ can
ray
be extended to a state of U, ®,YU,, which coincides with o, Qa,.

LEMMA 2. Let 511 and @Tz be the C*-algebras obtained by adjoining
units to U, and U, respectively. If B is a compatible norm of U, (OU,, then B
can be extended to a compatible norm of W,(HU,.

N ,
PROOF. Let 7 be a faithful representation of U,®A, to a Hilbert space

H and 7, and m, the restrictions of = to %, and A, respectively. Then =, and

7, are faithful and can be naturally extended to the representations of %, and

A, respectively, which are also denoted by 7, and ,. For each element

> (@i + MD)@(2s: + Noi) € A,OA, putting

i=1

Z (-7/'1,i + 7\»1,i1)®(x2,i + 7\'2,1'1) l

i i=1 |

|2 [
= ;1 Z ('"'1(371,;') + )rl,il)('ﬂ'a(xz,i) + 7\'2,11) {’ s

the norm B coincides with the original one of A,(D)%,. Let  be the set of all

I

n
elements > (x,; + Mil) @ (25; + NoI) with Bnorm zero. Clearly, I becomes an

i=1

ideal of %"I‘l@gz and 3 N A,OU, = {0}. Since =, and =, are faithful, =, @,
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is so on YD, Since (m,@m,) (U,OU,) (HRH) is dense in HRH and I ,OA,)
c I N @EALOA) = {0}, we get (m®@mm,) (F) = {0}, that is, J = {0}. Hence the
new B-norm of Q(IC)?I is a compatible norm.

In the following P,(%) means the set of all pure states for any C*-algebra .
For each state o of PB,(A) and unitary # € Y we define a state o* by
o (x) = (uxu™') for x € A

We remark that % is an ideal of % and so x — uxu™ is an automorphism of
A, so that o* € P(A) if 0 € LY(A). For any compatible norm 8 of AU, put
Ss = {(0,02) € Po(U) X By(Ay) : o, R0, is B-continuous on A;(DA,}.
Then we get

LEMMA 3. S; is w*-closed and unztarzly invariant. That is, (a,%, a,”)
€ Sg for each (0,,0,) € Sg and unitaries u < A and v € 9%,

PROOF. Closedness: Let {(0y,4, 03.)} be a directed sequence in S; converging
to (o}, 0,). Then we have

Z oy, a(xl i) Oy (x2, i) - Z Ul(xl,i)a'z(xz,f)

i=1

for each2x1,1®x2_i € AN, and

i=1

n
Z xl,i®x2,i B

i=1

n
Z G'J,a(xl,z')o'z,a(xz,i)
i=1

=

so that we have

n

Z o (Z1,)05(Z1) | =

i=1

Hence (o,,0,) € Sg, that is, S is closed.
Unitary invariance: By Lemma 2 we may consider 8 as the compatible

norm of UA,DU,. For each unitaries » € U, and v € A,, we have

(0,"Qay*) (Z xl,i®x2,i) =|0,Q0, (Z ux, ' Qua, v )

i=1

0, Qay(uR@v) ("Z x1,1®x2,i) (u@v)! 1

i

(u®v) (Z Z1,i QX i) (u®“0)

i=1
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n

for each (oy,0,) €Sg and >_ x,, ,Qx,; € W,(OU,. Hence Se is unitarily invariant.

i=1

THEOREM 1. Every commutative C*-algebra has the property (T).

PROOF. Let U, be an arbitrary commutative C*-algebra and %, another

C*-algebra. Let 8 be arbitrary compatible norm of 2,(O%,. Let o be an arbitrary
Zay

pure state of A; @A, and o, and o, its restrictions to U, and A, respectively.

N
Let 7 be the cyclic representation of U;®e¥, to the Hilbert space 9, induced by
oand 7, and 7, its restrictions to U; and A, respectively. Since the commutant

of w(%1§g A,) contains 7,(YU,) by the commutativity of ¥A,, 7, becomes the repre-
sentation of A, to the scalar field over 9,. Hence we have o,(x,)] = 7 (x,) and

o(x,Qx,) = (mi(x1)my(X)Es E5)
= o (x)(my(x5)&,, &)
= oy(x,)oy(xs)
for each x, € ¥, and x, € Y,. Thus every irreducible representation = of ﬂ1§3

A, is written in the form 7 = 7, @, by some irreducible representations 7, and
m, of A, and U,. Therefore we get

D xR, ’,3 = sup { "n' (Z xl,i®x2,,-) ; 7 TuUns over
i=1 i=1
all irreducible representations of ﬁl§ﬁﬂ2
* = supj T Q7 Z1,:®x5; ||: m, and 7, run over all
{ i=1

irreducible representations of %, and U,

a

n
Z xl,i®x2,i

i=1

for each > @z, € A, OU,.

i=1
Suppose Sz %= Bo(A) X Bo(A,). By the closedness of S, there exist non empty
open sets U, and U, in L, and Bo(A,) such that U, x U, N Sz = ¢.

Replacing U, and U, byU U,* and U U,”, we may suppose that
uUe Ql;unitary ve Q,;unlmry

U, and U, are unitarily invariant and U, Xx U, N Sg = ¢ by the unitary

invariance of Sg. Putting K, = (U, and K, = (U,,K, is a unitarily invariant
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closed subset of B,(A,). By [2:Lemma 8] Ky =, and K; =, are closed
ideals of %, and %A, such that § = K, and I, = K, respectively. It follows
from the non-emptiness of U, and U, that ¥, % {0} and ¥, # {0}. Hence there
exist non-zero positive elements a, € ¥, and a, € ¥, respectively. Since Sz C
{K; x By(Ap} U {Bo(Ay) x /152} we have o¢,®0, (a,Qa,) =0 for every (o,,0,)
€ Sg. But every o € By(U,QNU,) has the form o = 0,0, for some (o,,0,) € Sg
as already shown, so that a,®a, = 0. This is a contradiction. Hence we get
Sp = Bo(A,) x By(A,), so that the inequality in (%) is replaced by the equality.
This completes the proof.

LEMMA 4. If the restriction of a pure state o of 9(1@5%2 = U to U,
becomes a pure state o, of U,, then the restriction o, of o to U, becomes a
pure state and o is represented in the form o = ¢,Qa,.

PROOF. Let = be the cyclic representation of %z induced by o, to the
cyclic Hilbert space § with the cyclic vector & Let 7, and =, be the restrictions
of 7 to A, and U, respectively. Since o,(x)=(m (2)§ &), x € A,, is a pure state
of %,, 7® becomes the irreducible cyclic representation of ¥, induced by o,
where & is defined by & = [7,(%,)¢] and #{ means the representation of %, to &
defined by 7f(x)n = m(x)n for n € & Hence & becomes a minimal subspace
belonging to 7,(¥,)’, the commutant of =,(%,).

On the other hand, the irreducibility of = implies 7(%,)" = B($), so
that R (7 (%,), my(N,))=B(9) where B(H) means the full operator algebra on 9
and R(S) means the von Neumann algebra generated by S for any subset
S of B(9). m(U,) D my(Usy) implies R(m (A,), m(U,)) = B(H) and similarly R(ar,
(A,), m(U,)) = B(H), so that both =, and =, are factor representations. Since
7(,) has the minimal invariant subspace &, =,(%,)” is a factor of type I.

Let e be the projection of © onto §. Then e is a minimal projection of
7, (A,), so that er (U;,)e = {Ae: N is complex}. Putting exe = Mx)e for x € =,
(A,)’, N is a pure state of 7, (A,)". Since my(Y,)Cm (A,), we get

o(x,Qx,) = (m(2,Qx,)E, &) = (m(x)ma(22)E, §)
= (my(xy)eE, em,(x,)*E)
= (emy(xp)eE, m(x)*E) = Mary(x,))(m (2)E, )
= 0'1(331)7\'(77'2(5132))
for every x, € ¥, and x, € ¥U,. Besides, we have

7\'(""z(xz)) = (e'"'z(xﬁ)e’g—; &= (”rz(xz)‘fa ‘i‘) = 0'2<1'2)
for every x, € U. Thus we get o = 0,Qa,.
Finally we shall show that o, is a pure state. By the equality

( T ("Z xl,i®x2.i) E m (;yl,;‘@yz,j)f ))

i=1

1) Kj means the set of all elements a; of 9 ; such that o;(a;) =0 for every o;€K; (=1, 2).
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n m
= Z Z (1,521, Qys, % 22,1)
i=1 j=1

n m

= a.l(yl,j%xlyi)a.2(y2,i*x2,i)
i=1 j=1

for 3" z1i @z, 2 ¥1,:@¥; € U (DU, 7 becomes the product representation of

i=1 =1
the cyclic ones 7, and m,, of A, and U, induced by o, and &,. Hence the
irreducibility of = implies that of =, Thus o, becomes a pure state.

THEOREM 2. T-cross norm in W, (DU, is the smallest among compatible
norms of AOU,.

PROOF. Let B be another compatible norm of %,(O%U,. Put Az = U 1@/39[2- If
S = s‘Bo(?1 ) X Bo(YU,), then we have

n
Z xl,i®x2,i

i=1

a

m ¥/ n ¥/ mn m ~1/2
(rl@ag[(z al,j®az,,-) (Z xl,z®x2,i) (Z, xl,i®x2,i)(z al,j®a2,f)J

= su \j=1 i=1 i=1

(010) € Bo (211) x P (2As) m %/ m RV
5,0, [(Z a1,;Qa;,; (Z a,,;Qa,; J

j=1 j=1

n
Z xl,i®x2,i

i=1
Hence it suffices to prove only Sg = B,(U;) X Po(A,). Suppose Sz 7= Bo(A) x B,
(%,). As in the last part of the proof of Theorem 1, there exist non-zero positive
elements a, € U, and a, € U, such that o, Qoy(a,@a,) = 0 for every (o, o,) €
Ss. Let A be the commutative C*-subalgebra of %, generated by a,. By Theorem
1 the B-norm in A,(DA coincides with T™-cross norm, so that %,®.A is naturally
imbedded in ;. Taking o, € By(A,) aP\d ps € By(A) such that o(a,)#0 and
poas) # 0, o,®p, is a pure state of A, @, A. Let o be a pure state extension of
,®p, to Us. Then the restriction of o to A, and A coincide with the original
o, and p, respectively. Hence o is represented in the form ¢ = ¢,®0, by Lemma
4. Besides, we have o(a,Qa,) = a,(a,) p(a,) # 0. But ¢ = 0,Q0, € U} implies
(01, 05) € Sg. This is a contradiction. Hence S = PB,(A,) x PBo(A,). This completes
the proof.

= 8

REMARK. In Theorem 2 we do not assume any relation between the
compatible norm B and Schatten’s A-norm on A,(O%,, so that we can conclude
that every compatible norm B is larger than A-norm.

As a direct conclusion of Theorem 2, we can answer the open question
proposed by Turumaru [8] in the following
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COROLLARY. The direct product of simple C*-algebras, in the sense of
Turumaru, is also simple.

PROOF. Let U, and U, be itwo simple C*-algebra. Let A = 911<§a2[2. Suppose
that there exists a closed ideal § of U. If 7 is an irreducible representation of
% vanishing on ¥, then the restriction 7, and 7, of = to U, and U, are factor
representations commuting each other. By the simplicity of %, and %, both

n
and 7, are faithful. For any > x,,®x,; € I we have

i=1
O=m=w (Z xl,i®x2,i ) = Z "7'1(-731,1)’77'2(-732,1),
i=1 i=1
so that there exists a n X n-matrix (\;;) by [4:Theorem III] such that

Z i) = 0 and Z 7\4,:’77'2(-?32,;’):7’2(12,1')-
i=1 J=1

It follows that D_ N, ;x; = 0 and > N ;&5 ;= by the faithfulness of =, and r,

i=1 J=1

so that > z,:®x,; = 0. Thus we get I N A,OUA, = {0}. Therefore the norm

~Ir{E )]

[l «lle defined by
for 3"z, @, € U, (DU, is a compatible norm on A,(OA,, where 7 means the

i=1

n
Z xl,i®x2,i

i=1

n
Z xl,i®xl,i

i=1

natural homomorphism of % onto /. But Theorem 2 says that

a

=

n n
> x,,Qx,;| for every > xR, € U (DU,, so that m becomes an isometry.
A

i=1 i=1

Hence we have § = {0}. This completes the proof.

THEOREM 3. Every C*-algebra of type I has the property (T).

PROOF. Let U, be a C*-algebra of type I and %, an arbitrary C*-algebra.
Let 8 be an arbitrary compatible norm in %,(O¥,. Let = be an irreducible represe-
ntation of Qll®ﬁ% to a Hilbert space 9. Let 7, and 7, be the restrictions of =
to A, and U, Let M, and M, be the weak closure of =(¥,) and my(¥,)
respectively. Then M, and M, commute each other. By the irreducibility of
m M, and M, generates the full operator algebra B(9) on 9, so that both M,
and M, are factors. Since ¥, is a C*-algebra of type I, M, is a factor of type
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I. By [4 Theorem IV] B(9) is isomorphic to M,®M, under the natural isomor-
phism szx .= Z 2 Qxy, x; e M, ' € M =1,2,--- n Since M, is contai-

ned in Ml, R(Ml, M2) = M,QM,. Hence we get M, = M;, so that M, is also of
type I and 7 = 7,°@m,” for minimal projections e and f of M’', and M,. After
all, we get the following

ool e

-\
all irreducible representations of ;& X, }

> m(xl,a@m(xﬁ,al :

i1
over all irreducible representations of 9, and ¥, respectively}

n
Z xl,i®x2,i

i=1

I 7 runs over

7, and T, run

(
=sup1

n
= Z Ix,i@'ﬂ‘z,i

i=1

for every > x,:®x,,: € U,(ON,. This completes the proof.

i=1

THEOREM 5. If C*-algebra U, is an inductive limit of C*-subalgebras
{9y} with the property (T) in the sense of Takeda [5], then U, also has the
property (T).

PROOF. Let A, be an arbitrary C*-algebra. Let 8 be another compatible
norm in A,OU,. Let > xRz, be a fixed element of AU, For any &>0

i=1
there exist an index 7, and x';; eeee,x;, € U, such that ||z, — =, Z|| <&i=1,

-,n. Since U,, has the property (71°), we have Z Z1,:0%0; | g = ’,
i=1
Hence we get
n n
le,i®x2,i = le,i®x2,i 8
i=1 “« i=1
n
= inz®l‘21 _x;,i)®x2,i
i=1 B i=1 B

IA

Xy — xl,i,

a

n n

Z »’C;1®x2z + Z

i=1 i=1
/

lIA

; xlz®xzz + (i ” Tai ” ) &

-1 i=1
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n n
= Z xl,i®x2,i -+ Z (x;z - xi,l)@-rﬂ.i
i=1 a i=1 @
n
+ & Z "xzi"
i=1
n n
= Z x1,1®-1'2,i « + 28 Z n ZLa,i " >
i=1 i=1
n n
so that| > x,,®@%,:| = |2 1,0
i=1 -3 i=1 B

According to Theorem 3 and 4, the class of C*-algebras with the property
(T) is actually larger than that of C*-algebras of type I. Indeed, the infinite
C*-direct product of finite dimensional matrix algebras in the sense of Takeda
[5] has the property (71°), but is not of type I. Finally we shall construct an
example of C*-algebra without the property (7).

Let G be the free group of two generators a,8. On the Hilbert space
9 = I*G), space of square summable functions over G, we define unitary ope-
rators u(g,) and v(g,) for each g, € G by

[u(go)’é](!]) = é(gtflg)> ['U(go)'f](g) = é"(ggo) for £ € .
Putting (w)(g) = E(g™") for £ € 9, w becomes unitary on $ and we have
w’ = I, wu(g)w = v(g) and wv(g)w = u(g)

for each g € G. Let % be the C*-algebra generated by wu(g)’s. Let =, be
identical representation of A on 9 and let my(x) = wmr (x)w,

7, (A)" = the weak closure of 7,(A) = m,(A)~,
7(A) = the weak closure of 7 (%) = 7,(N)",
and 7, (A)~, m(A)~ are factors of type II,.

Next we consider the C*-algebra B generated by {u(g,)®@u(g,); g1 9: € G}
on & = $®9. Then B is naturally isomorphic to the Turumau’s direct product

AR LA So we identity AR, A and B.
Then we can define a representation 7 of AU by

n

n n
m (Z x1,1®x2’i ) = Z Wl(xl,i)'ﬂ'g(xgyi) for each Z xl,i® xg'i € ﬂ@g{.
i=1 i=1 i=1
Suppose that 7 is continuous under 7-cross-norm. Then 7 can be extended to
the representation of %, denoted also by 7. Since the weak closure B of B has
the coupling constant one, every normal state of %5 can be represented as a
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vector state. Hence the set of all vector states of B is w¥*-dense in the state

space of %B. As every state of B can be extended to a state of %, the set of all
vector states of ¥ is w*-dense in the state space of 8. After all, for every unit
vector & of 9 the state @, of B, define by @(x) = (w(x)E &), is weakly
approximated by the vector states e, of B, where » is a unit vector of & and
w, is defined by wo,(x)= (zn,9). Putting &(9) =1 if g =e and &(g) = 0 if
g#e g < G,E is a unit vector of . Then we have

P (u(g)Qulg,)) = (7"(”(91)@”(92))50, &)

= (u(gl) v(gz)go, &)
= Z Eo(gl—lggz)go(!])

geG

= E(g.7¢2) for each (g, g,) € G x G.
For any & > 0, there exists a unit vector 7, € & such that
(1) 11— (w(@)@u(@) 1o, 10)| < /2,
11— @B Qu(B)no, m0)| < E/2.
From (1) it follows that
@ lno — w(@)@u(a)no|l < & and |7, — w(@)Qu(@)u(a)n,| <&
In fact, we have
Ino — w(@@u(@nol* = lInoll* + lee(@)Qu(@)nol®
— 2Re(u(@)Qu(a)o, 170)
= 2Re((1 — (w(@)Qu(a) 1o, 1)) < &%
For each subset S of G X G we define a projection ps in & by
(Ps??)(gl, 92) = XS(!]D 92) "7(91, !]2) for n < '@,

where ¢ means the characteristic function of S. Then we have

(P, nos ’7)(9» 92) = X, ms(g1s 92)97(91, 92)
= Xs(h17' g R g0)7( g0, 92)
= Xs(hi ™' g1, ha 7' o) (R ) Qulhy ™ )y(hy ™ g1, hy7'g2)
= [u(h,)@u(h,) Ps(u(h1)®u(h2)>_l77] (9 1,92)
for each (h,,h,) € G X G and 7 € &, that is
Poynps = u(h1)®u(h2>PSu(h1—l)®u(h2_l)-

Hence

\(PAS’%’ 770) - (P(a,arls"}m "Io)l
= | (Psno, 10) — (@)™ @ (@)™ Psu(a) Qu()go, 1) |
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= | (Psmo, 7o) — (P su(@) @ula)n,, u(@)Qu(a)n,)|
= |(Psno, m0) — (Pmo, u(@)@u(@)m)]
+ |(Psno, u(@)@u()n,) — (Psu(a)@u(a)no, u(a)@u(a)n,)|

= |1Psnolmo — w(@)@u(@)poll + | Psne — w(@)@u(@)no)l u(a)@u(@)n|

< 2€.
That is,

(Pas,ays 10> m0) > (Psmo, m0) — 2€.

Put A= {geG:g9g=a8’---, p#0}and B= G — A. Then the family {a™"B:
n=1,2++-} is mutually disjoint, so that {(@™", a™) (B x G); n=1,2,-++} is
mutually disjoint. Hence

1= ( Pn]j (@*®,a)(Bx6) o> To ) = E (Pact, et (Bx)0570)
k=0 k=0
> 1(Psee) m0m0) — n(n — 1)E.
That is, (Paxe 10> 10) < —nl— + (n — 1)¢& n=1,2 «--
Similary we have (Pixe 170, 10) < —i +(n—-1¢ n=12+.-.

But we have
= ""Iou2 = (Plaxe o> 7]0) + (Psxe) M0 ’70)

<2 (n — De) n=1,2--

since G = B U A. This is impossible if & < 11—2and n = 3. Hence @;, can not

be approximated by vector states. That is, = is discontinuous under 7'-cross-
norm in A,(OA,. After all, we get the following

THEOREM 6. There exists a C*-algebra without the property (T).
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