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1. The purpose of this note is to prove some results concerning spectra
of contractions as applications of the canonical decomposition.

Let T be a contraction (i.e.||T'|| = 1) on a Hilbert space H. Then there
exists a unitary operator U on a larger Hilbert space K (> H) such that

T = PU" (n=0,=%1,£2,¢000- ),

where P denotes the orthogonal projection of K onto H, and K is spanned
by all U"x(x € H; n =0, =1, =2,.--). In this case, U is called a minimal
unitary dilation of 7. An operator T on a Hilbert space H is called com-
pletely non-unitary if for each non-zero x € H there is an integer n>0 such
that either ||T"x| #||x|l or || T*" x| # | x| is true. A unitary operator

27
U= f ¢’ dE, on a Hilbert space H is called absolutely continuous if (Ez, y)
0

is absolutely continuous with respect to Lebesgue measure on the unit circle.
The main result in [6] is stated as follows.

THEOREM 1. (i) For any contraction 1T on a Hilbert space H, there
corresponds a wunique direct sum decomposition H = H™ © H with the
following properties :

(a) H™ and H reduce T.

(b) the restriction T =T |H™ 1is unitary part and the restriction
T =T|H® is completely non-unitary part.

(i) A minimal unitary dilation of a completely non-unitary contraction
is absolutely continuous.

This decomposition is called the canonical decomposition of T'.
By a unilateral shift operator with shifted space H, we mean the operator

Sy on H = i (.:c,,):=o; z, € H, > ||z, l]2<<><>} defined by the following way :
n=0

SH(xo, Ly, Xyyoeoe) = 0, zo, 1, x5, * + * ') for (xn);z;o € H.
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As a special case of Theorem 1 (i), the result of [2; Lemma 2. 1] is
stated as follows.

THEOREM 2. Let T be an isometric operator on a Hilbert space H and
T=T™ @ T the canonical decomposition of T. Then the completely non-
unitary part T is unitarily equivalent to a unilateral shift operator with

shifted space H,=H & T (H).

2. Throughout this section, o(1"), P,(T"), A,(T"), C(T) and R,(T") mean the
spectrum, the point spectrum, the approximate point spectrum (see [3]), the
continuous spectrum and the residual spectrum of an operator 7" respectively.

It is well-known that for a unilateral shift operator T o(T)={N\: |N| =1},
but we obtain the following result.

LEMMA 1. If T is a unilateral shift operator with shifted space H,
1 € AJT), that is, there exists a sequence {Zn}o-i, Tm = (XI5, < H such

that || Z, || = 1 for all m and \TZ, — Znll—0 as m—> oo.
PrROOF. For each m, we define z, = (M) € H as follows:

x .
M = oo = gMm = T for a unit vector x < H, and x2{™ =0

for n=m.

Then we have ||z, || =1 for each m and | TZn—Znl = \/% —0 as m—oo,

which completes the proof.
By Theorem 2 and Lemma 1, the following slight generalization of [1:

Lemma 2] is easily proved.

LEMMA 2. For every isometric operator T, A, (T) # & and A (T)< {\:
In]=1}.

PROOF. Since the assertion is trivial for a unitary operator, we may
assume that 7' is not unitary. Then, in the canonical decomposition T
=TWHTD, T 0. By Theorem 2, T is unitarily equivalent to a
unilateral shift operator, and so A,(T) #¢ by Lemma 1. To prove the last
part, let A € A,(T) and {x,} a sequence of vectors such as || Tx, — Az, | — 0
(n— o0). Then

FI= M = [Tzall — Ml | = | Tzu—Azn | >0 (n— o0);

thus |A| =1.



CANONICAL DECOMPOSITION OF CONTRACTION 311

As an application of Theorem 1, we have the following theorem.

THEOREM 3. Let T be a contraction on a Hilbert space H and U its
minimal unitary dilation on a larger space K 2 H. Then a complex number
of modulus 1 belongs to P,(T) if and only if N < P,(U), and the corresponding

proper vectors coincide.

This theorem was proved in [5] in a different way.

PROOF OF THEOREM 3. To prove necessity part, let Tx =Ax for
x € H. Then we have

| Uz—azx || = | Uz |’ — Uz, M) — Az, Ux) + I Az |?
=2|x|?*— (PUx, AMx) — Mz, PUx)
=2|z|?— Tz, M\x) — (\x, Tx)
=2llzl*=2lzl*=0

and so Ux = Ax.

Conversely, suppose that A € P,(U). We may assume that T is a non-
unitary contraction. Now let T =T @ T be the canonical decomposition
and U the minimal unitary dilation of 7, then U =T @ U. Since
U® is absolutely continuous, A ¢ P,(U) by [8], and so A € P,(T™). Hence
A € P(T). The last assertion is obvious from our above discussion.

As a consequence of Theorem 3 we have

THEOREM 4. Let T be a contraction on a Hilbert space H, U its mini-
mal unitary dilation and C, the unit circle, then the following results hold.

(D) RMT)NC =L
(ii) A (T*) N Cy, =A,T) N Cy, where A(T)= {N: Ne A(T)}.
(i) If T is completely non-unitary, o(T) N Co & C(T) .

PROOF. Ad.(i). If A € R(T) n C,, » € P(T*) n C, = P,(U¥) by Theorem
3,and so A e P(U)UR,(U). Since U is unitary, R,(U)=g, and thus A € P,(U)
=P (T)NC, by Theorem 3 which is a contradiction. Hence R, (T)NC, = &.

Ad.(i). By (@), o(T)NC, = AL(T)NC, and o(T*)NC, = A(T*)Nn C,, and
since o(T*) = o(T), the result is obvious.

Ad. (iii). By (i) it is sufficient to show that P,(T) n C, = @&. But, by
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Theorem 3, P(T)NC,=P,(U). Since T is completely non-unitary, P(U) = &
by [8], and the proof is completed.

ADDED IN PROOF. The fact that P,(T) N C, = £ for a completely non-

unitary contraction is also proved by a simple calculation as follows. If
P(T)NnC,=# £, there is a A of modulus 1 and a non-zero vector x such as
Tx=Ax. Then we have

Trx = N'x foral n =0,1,2,¢+--.

On the other hand, for each integer n > 0 T"x = A"z if and only if T#*=A"x
(see [7]). Hence we have

1Tzl = lIMzll =llzll ="A=z || = |T*z|| for all n=0,1,2,----.

which is a contradiction.
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