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1. Introduction. Recently Dr. S. Tanno offered the author a conjecture

that the dimension of the automorphism group of a contact Riemannian

manifold of dimension 2w + l will not exceed (ra + 1)2. It has been proved

that the unit sphere S2n+1 with the standard Sasakian structure has the

automorphism group of dimension (n + ϊ)2. ([3]). In this paper, we shall

examine the conjecture for some kinds of contact Riemannian manifolds.

Especially, we shall prove that the dimension of the automorphism group of

Euclidean space E2n+1 with its standard contact metric structure is just (τz + 1)2.

The author wishes to express his gratitude to Dr. S. Tanno for his

suggestions.

2. Expressions in adapted local coordinate systems. A differentiable

manifold M of dimension 2n + l is called a contact Riemannian manifold, [2],

if it admits a vector field ξ, a 1-form η, a 1-1 tensor field Φ and a Riemannian

metric G such that

(2-1)

(2.2) Φ2

(2.3) G(ξ

(2.4) G(ΦX, ΦY) = G(X, Y) -

(2. 5) G(X, ΦY) = dη{X, Y) = \ {Xη(Y) - Yη(X) - η[X, Y]};

where X and Y are vector fields.

Let M be a contact Riemannian manifold of dimension 2τz-f 1 with ξ, η,

Φ and G. A vector field X on M is called an infinitesimal automorphism if

(2. 6) Ljη = 0

and
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(2.7) L^G^O.,

where Lx is the Lie derivative with respect to X. (2. 6) indicates that X is
an infinitesimal strict contact transformation and (2.7) indicates that X is
a Killing vector field.

Let P be a point of M. As is well known, we can take a coordinate
system x1, ,xn, y1, ,yn, z, called an adapted coordinate system such
that

(2.8) η = dz-lly
adxa

and

χλ(P) = = χn(ρ) = y (/>) = . . . = y(/>) = *(/>) = o.

We express above (2.1). (2.7) by means of this coordinate system. For
o o o

convenience, we write 3α, 3α», 3 Δ for , , — — and indices vary from
dxa aya az

1 to n. At first by direct calculations we can see

(2-9) ξ = dJ.

Put

(2.10) Φ(aα.) = φ*.dβ + ΦΆ + φj.dA,

ΦO J = o

and

G(3α, 3/3) = fi'αβ, G ( 3 α , dβ.) — gaβ.,

(2.11) G(da.,dβ.) = ga.β., G(da,dJ) = gaJ,

G(da., 3 ^ = ga,Λ , G(dj, dj) — gtΔ.

Then (2.2) is equivalent to

Φlφ? + Φaφr* = ~H Kronecker's delta,

(2.i2) ΦIΦ? + Φ:ΦP = O,

ΦLΦ? + Φr;.φ?. = 0,

ΦL ΦΓ + ΦZΦP = -82,
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ΦraΦί + ΦZΦA = -y",

Φl-Φΐ + ΦZΦA = 0

and (2. 3), (2.5) are equivalent to

93

(2.13)

Thus

" * - 2 ^ ~2~

7cβ = -^-φί', Φί>

1^ = 1.

2 ***"

\Φ%

- y

2 ψ α

0

0

1

G =

Let X = aada + αα*3α* + α J 3 ^ be a vector field. The condition Lxη = 0 is
expressed as follows:

(2.14)

/3 ifl r - 3̂ α̂  = 0.

Differentiating (2.14), we obtain

(2.15) 3

= 0

daa
β + S-α"' = 0.
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(First three equations indicate that coefficients of X do not depend on z.)
The condition L^G — 0 is expressed as follows :

\

(2.16)

0 = y

Connecting (2.14), (2.15) and (2.16), we conclude that the conditions that
an infinitesimal strict contact transformation X is to be an infinitesimal
automorphism are

r + φr

edaa
r" - φfdβa

r

(2.17) Xφί =-φB

rdaa
r- φB

r.daa
r' + φζ3*.ar - φr

adβ,cΓ,

= - φ β

r da. al - tf. da, a
r' - φf dβ. a

r - φ?. dβ.a
r'.

By Libermann [1], there is a one-to-one correspondence between infinitesimal
strict contact transformations and differentiable functions of x\ ,xn,y\
• ,yn. This correspondence is given by

/ xf = (a-/) a. - (3./) 3« + <y a«./- /) a,,
X >
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Substituting Xτ for X in (2.17), we obtain

(2. is)

95

?. a^ ar)/.

3. Calculations of dimensions. We impose on Φ following conditions for
the convenience of calculations. Let v be an everywhere non-zero function of
xx, - - , xn, y\ , y , z. Let

(3. 1)

and so

φϊ =

V

G =

-±— v + y"yβ

0
2v

0

-ya

o

1

By this (2,12) still holds and hence we have a contact Rίemannian structure.

Remark 1. The case v = l is just the standard contact Riemannian
structure of E 2 n + 1 .

Now (2.18), in this case, reduces to

(3. 2)
= v(dadβ«

CASE 1°. When v is non-zero constant. In this case, (3.2) is
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/g g\ 3α 3/3*/ = — 9/3 3α / ,

Differentiating the last equation and using the first equation,

3*3/33,/= v*dadβ*dr*f=- v*dβda*dr*f=- 3*3,3,/.

Hence 3 α dβ drf = 3 α 3,* 3 r*/ = 0. In the same way, da* dβ* dr*f = 3α* 3^ drf = 0.

Thus, if we expand / in formal power series, terms of degree more than two

vanish. On the other hand, if we put

f=fo +f" +fa + \

Jaβ = Jβcc &Ώ-d fa*β* — Jβ*a* >

then by (3.3), f«β* = -fβ(X*; f«β = v2fa*β«. As /0, /«, /«* are arbitrary constants,
the dimension of the space of such f's is

Thus,

THEOREM 1. The dimension of the automorphism group of Euclidean
space E2n+1 with a contact Riemannian structure such that Φ is given by
(3.1), where v is non-zero constant, is in + I ) 2 .

CASE 2°. When v and ξv are everywhere non-zero functions. Differenti-
ating the last equation of (3.2) by 3 = ξ, we obtain

By assumption t ^ O a r d S v ^ 0 , 3α*3^ / = 0 and so 3«3 / 3/= 0. These indicate
that if we expand / in formal power series, terms including xaxβ or yayβ

vanish. On the other hand, if we put

f = fo

then

f*β* = -fβa* if
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(3. 4) 2vfss. = - (/α. + fra,x
r)dav + (fa

+ (/o +faXa)d*v, s = 1, . . .

are the first equation of (3.2).
If we expand v in formal power series

v = vQ + vlΔz + vax" + va*ya + -^

then by above last condition,

2τ/fl/M. = —f**vΆ Λ-focVoc* +fov1 Δ s = 1,

But 770 ̂ FO, /„ . = 2^- (~fa va + faa. +fov1J)9 5= 1, , Λ. Thus the dimension

x 4.1. / i r' J x J i o Λ(W—1) (Λ + 1)(/I + 2 )OI the space ot such / s does not exceed 1 + 2n H ^ — ^ = — ~ —

which is less than (n + I) 2 .

THEOREM 2. Tλe dimension of the automorphism group of Euclidean

space E2n+1 with a contact Riemannian structure such that Φ is given by

(3.1), where v and ξv are everywhere non-zero analytic functions, does not

exceed (" + D(« + 2).

In the case when v does not depend on x1, , xn,yι, yn, but depends

only on 2: and Θ^^O, the dimension is determined definitely. For, in this

case, (3. 4) reduce to

, 5 = 1, , n.

Differentiating the last equation by xa,fa = 0 and so 2vfss*=djvf0. If

then-^ must be a constant. Hence,

v = AeBZ where A and 5 are non-zero constants.

If v is not of this form, then / s s* = 0 and f0 = 0,

y + Σ U

and
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f=fa y" + ΣUyayβ if

Thus

THEOREM 3. The dimension of the automorphism group of Euclidean
space E2n+1 with a contact Riemannian structure such that Φ is given by(β. 1),
where v=AeBz, A and B being non-zero constants, is n(n +l)/2 + l. If v is not

of the form AeBZ but still is an analytic function of z such that ~^~ is every-

where non-zero, then the dimension is n(n + ϊ)/2.

CASE 3°. When v is an everywhere non-zero function such that ξv = 0.
Though in this case calculations are a little difficult, we can see the dimension
of automorphism group is still less than (n + I)2. At first we expand v and
/ in formal power series:

1 1
v = v0 + vrx

r + vr*yr -\—— vr8x
rxi + vrs xry* + —^~vr*s*yrys + ,

Using these expansion, the first equation of (3. 2) is expressed in this case
as the following infinite number of equations

Jaβ* — Ja.*β > Jaβ*r = ~~ Ja*βr> Jaβ*r* = ~" Ja*βr* y

{?• 5 ) Jaβ*r — ~" Ja*βr > Jaβ*r&* = ~~ Ja*βrδ*> Jaβ*r*&* = Ja*βr*8* >

for CC±Ϊ/3,

and

2^o/SS* = fa V«* - fa Va ,

(3. 6) 2^0/ s s* r + 2vrfss* = Va*far - Vafa*r + fa*rfu ~ Varfa* ,

2vύfss*r* + 2vr*fss* = Va*far* - Vafa*r* + Va.r fa ~ V*r*f«*,

, for 5 = 1, •• , n,

(in general, /ss* = -=— (a linear combination of f's of indices le§§ than
£V§

left)),
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and the last equation of (3. 2) is expressed as follows

Jaβ = Vθfa*β* 9

faβr = Vlfa*β*r + 2v0Vrfa,β,

(3 7) faβr* = Vofa pr + 2v0Vr*fa*β* ,

faβrδ = Vlfa pr + 2(>r^δ + V0Vrz)fa*β* + 2v0Vδfa*β*r + 2v0Vrfa*β*8,

(in general, /α/3... = v\fa*β*... + (a linear combination of /'s of indices less than

the first term).).

By (3. 6), we can see that coefficients of the expansion of / of the form fss*

are expressed by linear combinations of other coefficients of lower indices,

and in (3. 7), if β^r, then by (3. 5)

faβr * = Vofa β r ' ' ' +

= — v2

ofa*βr* + lower terms

= ~~ faβr + lower terms.

Hence faβr = -~- (a linear combination of f's of indices less than the left.),

and hence fa*β»r is also expressed by a linear combination of f's of

indices iless than itself. In the same way, if β^r, fa β r*.. and faβr*... are

expressed by linear combinations of f's of indices less than itself.

Thus, the coefficients of the expansion of / except

/θ, fay fa*, faβ

are all expressed by linear combinations of these. Hence

THEOREM 4. The dimension of the automorphism group of Euclidean

space E2n+1 with a contact Riemannian structure such that Φ is given by

(3.1), where v is an everywhere non-zero analytic function such that ξv = 0,

is less than {n + I) 2 .

REMARK 2. Examining (3. 5), (3. 6) and (3. 7) carefully, we can see that

in Case 3°, if n>l and if the dimension of the automorphism group is just

{n + I)2, then v must be a constant. For n = 1, however, it does not hold.

Summarizing cases 1°^3° in terms of manifolds,

THEOREM 5. The dimension of the automorphism group of an analytic,
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complete, simly connected, contact Riemannian manifold M of dimension

2n + l such that for every point of M there exists an adapted local coordi-

nate system such that φ is given by (3.1), where

1°) v is a non-zero constant, is just {n + I)2,

2°) v and ξv are everywhere non-zero analytic functions, does not exceed

(n + iγ,

3°) v is an everywhere non-zero analytic function such that ξv = 0, does not

exceed (n + I)2.

REMARK 3. As is easily seen by (2.14) and (2.16), ξ is always an infini-

tesimal strict contact transformation, and ξ is an infinitesimal automorphism

if and only if φβ

a, φ®*, φ%* do not depend on z. In this case, the manifold is

called a X-contact manifold. Above Case 2° treats the cases of non K-contact

manifolds, while Case 3° treats the cases of K-contact manifolds.
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