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1. Let R® be the n-dimensional Euclidean space whose points x are
represented by its coordinates (x,, « « -, x,) and let Q; =R"X(0, T) (T < + o)
be a strip in the (n+1)-dimensional Euclidean half-space R"x(0, o). Every
point in Qg is denoted by (z, ¢), z€ R, t< (0, T).

We introduce a function space Ey(Qr)(\ € (0,1]) which is the totality of
functions W(x,t) such that

| Wiz, £)| = pexpla(|z|® +1)']

in the closure g, of Q, for some positive constants x and a.
Consider a parabolic differential equation

2

“ +Zbl——a—u—+cu— % _og

(1) Lu= 3 ay, ox;ox; &' o, ot

i,j=1

with variable coefficients a,; (= a;;), b, and ¢ defined in g, where
n
> a,;£E,>0in Q, for every non-zero real vector £=(§,,-++,£,). We assume

i,J=1

that there exist positive constants K, K,, K; and A €(0,1] such that in (,

n

(2) Z a; €8, = K(lx|*+1) &2,
(3) 16| = K (lz|?+1)"?, l=i=n),
(4) c=Ky(Jx|*+1)*.

Under these assumptions the equation (1) .was treated by many authors,
Krzyzanski, Bodanko, Aronson, Besala and others. In particular, Bodanko [2]
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proved the existence and the uniqueness of solutions w(x,?)< E\(Q,) of the
Cauchy problem for (1). Aronson-Besala [1] showed the existence of a
fundamental solution of (1) in some strip R"*x(0,7T"), where T" = T.

In this paper, we shall deal with the behavior of solutions of the Cauchy

problem of (1) for large |x|.

2. In the later discussion, the existence of positive function H(x,t) such
that LH=<0 in Q,, plays an important role. The following lemma shows
the existence of such a function.

LEMMA 1. Suppose that all the coefficients of the differential operator
L in (1) satisfy (2),(3) and (4). Let p be a number greater than 1. Then
the function

( 5) H, = H.,(x, t) = exp[—a([x| 2+1)APB(a)t]
satisfies LH,=0 in g, =R" x[0,T.], where a>0, B(a) = —[4dan* K,

—OO—1K, + 22 K,n + ——I—<a3—p](logp)“ and Ty=min(T, | 8(c)] ).

PROOF. It is easy to see that

I}f« = [4a? M(|z |2+ 1P 2 p#@t — g —1)(| 2+ 1)} 2P Y a,x, 7,
a 3,j=1

— 2an(| x|+ L)p-1 pplet z (ay+bx)+c+a(| x| +1) PPt B(a) log p
-1
< 4a2 a2 pEY(| 2] 2+ 1) K, —dan(h —1) PO K, + 2anp? (| 2|2 + 1) Kyn
+ Ky(lz]*+1)* + a(|x|* +1)* p** B(ex) log p
= a(|z|?+ 1) PP [4an K, pP@' — ANAM—1) K, + 2A Kyn

+ %p"""” + B(a)logp].

So, if (x,t) is in ‘Q'ra’ then the term in the bracket of the last side of the
above is non-positive. Thus we have the lemma.

The following maximum principle due to Bodanko [2] will be important
in the later treatment.

LEMMA 2. Suppose that coefficients of L in (1) satisfy (2), (3) and
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c=01in Q,. If a usual solution u(x,t)<c E\(Q,) of the equation (1) fulfills
|u(z, 0)| = po for a constant p,, then |u(x,t)| = p, throughout Q,.

3. Now we consider a usual solution u(z, t)< Ex(Q,) of (1). Here we
assume that all the coefficients of (1) satisfy (2), (3) and (4). Let us suppose
that [u(x, 0)| = o exp[—ay(|x|?+1)*] for some positive constants u, and a,.
We put

u(z, t) = vz, t) H,(x, t),
where H,(x, t) is obtained by putting & = a, in (5). Then it is obvious that

n

v % OV LH,, v
Z“”axtax, + 20 ox; + H,, T o =0,

i,j=1 i=1

where b,*=5b,—4a, A (| |2 +1)* 1> " a,;x;. Lemma 1 implies that LHe,

=0in o, , where T,,=min(T, |B(a:)=|1‘1) and B(a,)= —[4c£.,7\.2K1—47»(7&—1)"!10{1
+ 2AK,n + f—:p] (logp)t.

Further in ﬁT% we have |b,*| =< Ki(|x|®+1)"* for some positive constant
K; which is independent of z. Clearly |v(z,0)] =l—I|j—[z:—(o‘(—ry;—(’))Ol)l—§ uo. Hence we
see by Lemma 2 that |v(x, £)| =y, in Oz, -

Therefore it holds that

|u(z, £)| = po expl—a(|z|* +1)" pP]
in ar,
If T.,<T, then we consider u(x, T,,) to be the initial condition of u(z, )
in R"X(Ta, T) and repeat the same procedure as the above. Since

|u(x, Toy)| = poexpl—aop~'(Jx|2+1)],
we get

|(z, )] = pro expl—alo p~1(| ]+ L)} pilewr 0]

in R*X [Ty, Tay+T), where T, = min(T—T,,, |B(at,p™")| 7).
In general, if T, + -+ +T,, < 7T, then by the argument used above, we
can conclude that

(6) | (2, D] = proexpl—ato p 47| 2] + 1)t prew]
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in R®* X [Tay+ 200 +T0yToy+ +++ + T + T,,l, where
Topo =min(T—(Tpy + « « « + T), |B(p~*)["1)>0.

We consider the convergent series

(7) z |B(aop~)|

oo -1
=logp)’ [4%7»2 K, p* —ANAM—=1) K, + 20AK,n + %p’“l] .
k=0 0
For simplicity we put f=4a,AMK,, g= —4\A—1K, + 2AK,n, and
h=K;a;'. Assume now 4fh—g?>0. The function [fp"+g+hp ]! of
the real variable 7€ (—o0, o0) has its maximum at 7=7,=(1/2) log,(f/hp).
First suppose that f>h. Then we can find p, (>1) so that if
po>p>1, then f/hp>1, that is, 7,>0. Let p be the non-negative integer
such that p<7y =< p+ 1. Then we see easily from 4 fhp — g* >0 that

hod ? dr = dr
8 a,p ¥ 1=1 f———,—++1 S Ay
(8) kzﬂlﬁ( P )|t =logp L fPgthp ogp » Fo+g+hpt
2
 WAhpf—g

-1n/4hpf— g’ [4hpf— g* +(2hp*** + g)(2hp+ g) +2hp(p? —1)(2hp"** + g)]

X AT ke i+ g) [Ahef — g* + (2hp" T+ g)(2hp + 9)l — (Ahef—g°) 2hp(p*—1) "

The last term of the above will be denoted by 7*(p), which is continuous
in pe[l, o).
In the case when f<h, we see that f=hp, 7, =0 and that

i _ _ ” dr 2 _ J4hm‘—g2
Bd k 1> — 1 .
(%) ,cz=0| (@)l _logp‘/; fPTHgt+hpt T /Ahpf—g? tan 2hp+g

The right hand side of (9) will be denoted by T%*(p), which is also continuous
in [1, o0).
We put

*p), (>h

o = { T, (F=h).

Now we can prove the following
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THEOREM 1. Suppose that the parabolic operator L in (1) satisfies the
conditions (2), (3) and (4) in (3, and that the constants K,, K,, K, appeared
in (2), 3) and (4) satisfy D =A4AN[(Kyn —2(0M—1)K,)* — 4K ,K;]<0. Let
u(z, t) € Ex(Qr) (A €(0,1]) be a usual solution of Lu =0 in §,. Put

2 ~/ =D
T, = min (T, ~=D P NKm— (M —DK, + 2K, ag"! )

If

lu(zx, 0)| = poexp[—a(|x|?+1)"]

for some positive constants p, and o, then for any t in the closed interval
[0, T"] contained in [0, T,) there exists a positive constant & such that

|u(z, £)| = poexpl—a'(Jx|2+1)*]
for any x<R".

PROOF. We see easily from the continuity of 7(p) in [1, o) that there
exist a positive integer N and a positive number p (>>1) such that

T <3 18@p™)|

Therefore, for o’ = orélkax(alo pr+hew™) we have |u(x, t)| < poexpl—a'(|z|?
sk=N
+1)*] at every point (z, £) € R"X[0, T’], which proves the theorem.

4. Example. We consider a particular parabolic equation

1) 4u+k2(1x12+1)u—%’:—=0, (A:E,g;‘;),

where £ (>>0) is a constant. Krzyzanski [3] proved the existence of the solution

(12)

k "/2 k(2at,cos 2kt —ksin2kt) | ., . 4,
Uz, t) = <2a0 sin 2kt +k cos 2kt ) exp[— 2(2a, sin 2kt +k cos 2kt) || +& t]
of the above equation (11) in R"X(0, /4k) with the Cauchy data u(zx, 0)
= e¢~*I*I' by using the fundamental solution, which was constructed in [4].
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The solution #(z, £) decays exponentially as | z|—oo if £<(1/2k)tan~(2a,/k).
If we put K,=1, K,=0, K;=k? and A=1 in our Theorem 1, then we get

the result stated above.
As is easily seen, the solution wu(x,f) in (12) grows exponentially as

|z|—oo provided that ¢ > (1/2k)tan'(2a,/k).
5. Recently Kusano [5] discussed the decay of solutions of the Cauchy
problem of (1) for large |z| under the assumptions (2), (3) and ¢ < K for

a positive constant K; in (,. Here we show that Kusano’s result can be
derived from the discussion stated above. First we prove the following :

LEMMA 3. Let w(x,t) € Ex(Qr) W€ (0,1]) be a wusual solution of the
parabolic equation (1) and the operator L in (1) satisfy the conditions (2),
(3), and ¢ =0 in Q,. If for some positive constants p,, &, and \ < (0, 1]
lu(z, 0)] = poexpl—ao(|z|*+1)'],

then there exists a positive constant & = alat, T) for which
|u(z, )] = moexpl—a(|x|*+1)]

in Q.

PROOF. We put K;=0 in (3). Then we get the divergent series

NE

|B(a,p7®)| "t = logp D~ (Ao M K, p~*— ANA—D) K, + 20 K;n)™?
k=0

k=0

instead of the convergent series (7).
So we can easily conclude the existence of a positive constant & in our

lemma.

Now we can prove Kusano’s result.

THEOREM 2. (Kusano [5]) Assume that the parabolic operator L in (1)
satisfies the conditions (2), (3) and c=Kj; for a positive constant K; in Q.
Let u(x, t) € Ex(Q,) (M€ (0,1]) be a usual solution of Lu=0 in Q,. If

|u(z, 0)| =< poexp[—a(|x|?+1)"]

for some positive constants p, and d,, then u(x,t) decays exponentially as
|x| tends to o for any t<|[0, T].
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PrOOF. We put v(z, t)=u(x, t)e'K;‘. Then v(z, t) satisfies

K ov
7421.(114 axaxj izlbt'—"*‘(c 3)7)"‘ at -—0.
Lemma 3 implies the existence of a positive constant a such that |v(x, 2)|
époexp[—cr(lxﬁ-}-l)"] in O,. Thus we see |u(x,t)| < poexp[—a(|z|?+1)*
+K;t], which proves our theorem.

6. By the similar argument to that used in §3, we can prove the following
whose proof is omitted.

THEOREM 3. Assume that the parabolic operator L in (1) satisfies the
conditions (2), (3) and

(4) c=Kylog(lx|*+1) + Ky, (K;, Ky'>0)
in Q,. Let u(z,t) € EQ,) A€ (0,1]) be a usual solution of Lu=0 in Q,. If
|u(x, 0)| = po expl—ato(| x| *+1)]

for some positive constants p, and o, then there exist positive constants
u and A for which

|z, £)] = wl(| |+ 1) expl—a( | | *+1)}]
in ﬁz'.
REMARK. If Ky =0 in Theorem 3, then Theorem 3 also reduces to
Kusano’s result, Theorem 2.
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