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ON CONFORMAL KILLING TENSOR IN A RIEMANNIAN SPACE

SHUN-ICHI TACHIBANA

(Received July 5, 1968)

0. Let Mn be an n dimensional Riemannian space. A vector field va

i:> is

called a Killing vector if it satisfies the Killing's equation:

where Vα means the operator of the covariant derivation with respect to the

Riemannian connection. A Killing tensor vbc is, by definition, a skew symmetric

tensor satisfying the Killing-Yano's equation:

(0.1) V A + VΛ C = O.

In recent ρapers2) we discussed the integrability condition of the equation (0.1)

and determined such tensors completely in the Euclidean space and the sphere.

A conformal Killing vector ub is a vector field satisfying

(0.2) VaUb + Vbua = 2pgab9

where p is a scalar function and gab the Riemannian metric. As for a general-

ization of such a vector it is not suitable to define a conformal Killing tensor

as a skew symmetric tensor field ubc satisfying

VaUbc + Vbuac = 2ρcgab,

where pc is a certain vector field. Because we can easily show that a conformal

Killing tensor in this sense is a Killing tensor, i.e., we have pc = 0. Thus this

definition of conformal Killing tensor is meaningless.

In this paper we shall define a conformal Killing tensor in another way

and generalize some results about a conformal Killing vector to the conformal

Killing tensor. The definition which we shall adopt is suggested by the

following fact. A parallel vector field in the Euclidean space En+1 induces a

1) We adopt the identification of a vector field with a 1-form by virtue of the Riemannian
metric.

2) S. Tachibana [1], S. Tachibana and T. Kashiwada [2].
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conformal Killing vector on the sphere Sn of constant curvature. Thus a tensor

field on Sn induced from a parallel tensor field in En+1 is to be a model of

conformal Killing tensor.

We shall concern only with tensor of degree 2 and the general case will

be discussed in Kashiwada's forthcoming paper [6].

1. Preliminaries. Consider an n dimensional Riemannian space Mn whose
Riemannian metric is given by gbc with respect to local coordinates {.rα}3).

Let Rabc

d be the Riemannian curvature tensor. Then Ricci's identity for

any tensor uah

e is given by

— VbVaUcd* = ~ Rab/Ufd

e - Rabd

fUcf

e + Rab/uJ.

Especially we obtain the following formula for any skew symmetric tensor ubc>

(1. 1) 2VbVcU
bC = VbVcU

bC - V c V X C = RbcebUeC + Rbce

CUbe

= Rceu
ec-Rbeu

he = 0,

where Rce = Rbce

b is the Ricci tensor.

The conformal curvature tensor Cabc

ύ is defined by

abc

d = Rabc

d

JD

where R denotes the scalar curvature.

If the tensor Cabc

d vanishes identically, then M n ( n > 3 ) is called to be

conformally flat.

A space of constant curvature (n>2) is a Riemannian space satisfying

and then k is a constant given by k = R/n(n—l).

A space of constant curvature is necessarily conformally flat.

2. Conformal Killing tensor. We shall call a skew symmetric tensor uc

a conformal Killing tensor if there exists a vector field pc such that

3) Indices a,b, run over 1, •••,«. Throughout this paper we assume that
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(2.1) Vbucd + Vc«δd = ZpaObc - PbQcd - Pcΰbd-

We call pc the associated vector of ucd. And if ρc vanishes identically, then uQd

is called a Killing tensor.4)

First we shall seek for differential equations of second order satisfied by

Ucd

Transvecting (2.1) with gbc, we have

(2.2) Vbubd = (n-ΐ)Pd,

where Vδ = #δcVc. Taking account of (1.1) it follows that

(2.3) v c V δ ^ c = 0, Vβfc = 0.

In the following we shall write ρah instead of \7apb ίor brevity.
Operating Vα to (2.1) we get

( 2 4) V α V δ w c d + V α V A d = 2padgbe - pabgcd - pacgbd.

By interchanging indices α, b, c as a —> b —• c -> a in this equation we obtain the
following two equations:

(2.5) VbS7cuad + VjVaUcd = 2p ό d # c α - p ^ α d - ρbagcd>

(2. 6) VcVα^δd + VcVδ^αd = 2pcdgab - pcagbd - pcbgad.

If we form (2.4)+ (2.5)-(2.6), then it follows that

(2. 7) 2VαV*wcd - 2Rcba

eude - i?δαd

ewce - i ? α c / ^ e - i?δc/wαe

= 2{padgbc + Pirf^co — PcdQab) + (Pcδ ~ Pb^Qad + (Pco — Pac)gbd

— (Pab + Phased-

We shall deform (2.7) into another form. By b-+ c-*d—> b in (2.7) we
have

(2. 8) 2 Vα

= 2{pabgcd + Pcδ^dα — Pdbffac) + (Pdc — Pcd)9ab + (Pdα — Pαd

4) S.Tachibana, [1].
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(2.9) 2 V α V A - 2/W« c β - i ? d Λ e - R«bc

eude - Rdbc

euae

= ΆPacQdb + Pdc^δα - ftc^αd) + (Pbd — Pdδ)^c + (ftα —pab)ffdc

~ (Pad + Pda)#δc

Adding (2.8) and (2.9) to (2.7) side by side we can get

(2.10) 2 Vα Vbucd + i ? δ Λ e + J W * c β + i ? c d α ^ e

= (Pύd - Pdb)9ac + Ode - Pcd)gab + Ocδ — ftc)^αd + ̂ PadQbc

- 2/>α cί7ά d,

where we have used the following equations which follows from (2.1):

= 3( V« V ^ C ( f + />αc#δd ~ PadQbc)-

Next we shall obtain algebraic relations between components of ucd and
the curvature tensor, ((2.14) below).

First by subtraction (2.7) from (2.10) we can get

(2. 11) RbcaUde + RadbUCe + i?dαc%β + i?cδ/Wαe

= σbd9ca + σcα<7δd ~~ σcd9ab ~~ σab9cd >

where we have put

σbd = Pδd + Pdδ

Transvecting (2.11) with gab and making use of

RdbceUhe + RchdeUhe = Q,

we obtain

(2.12) σhd = J (i?/w + i?/w)J (i?/wde + i?/wce).
^W — Δ)

We substitute (2.12) into (2.11) and put

(2.13) Tbca

e = (n - 2)i?δcα

e - i? δ ^ c α + R*gbu

so it follows that
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(2.14) (Tbca%' + Tadb%' + T d α /8/ + Tcb/Kf)ufe = 0.

Now we shall show the following

THEOREM 1.5) If there exists (locally) a conformal Killing tensor -which
takes any preassigned {skew symmetric) value at any point of an n ( > 3 )
dimensional Riemannian space, then the space is conformally flat.

PROOF. Under the assumption as the skew symmetric parts of coefficients
of ufe in (2.14) vanish, we have

Tbca%
f + TaM%f + Tdac%' + Tcb/B/

Contracting d and f in this equation we get

Tbca

e = ( - Ra
ab

Substituting this into (2.13) it follows that Cbca

e = 0. Q.E.D.

3. A sufficient condition to be a conformal Killing tensor. Let ucd

be a conformal Killing tensor. Thsn we can get

(3.1) V α V a u c d - Rc

eude - Rb

cd*ube = -(n- 3)Pcd - Pdc,

by transvection (2.7) with gab. Taking the skew symmetric part of (3.1), we
have the following equations:

(3. 2) 2VαVaUca - Rceude + Rd

euce - Rdc

beube =(n - 4)(Pdc - P c d ) .

In this section we shall show that a skew symmetric tensor ucd satisfying
(3.1) or (3.2) is a conformal Killing tensor provided that Mn is compact. To
this purpose we prepare an integral formula about a tensor field.

Define a tensor Abcd by

(3. 3) A b c d = \7bucd + \7cubd - 2Pdgbc + Pbgcd + Pcgbd

for a skew symmetric tensor ucd9 where Pc is given by

5) Analogous theorem is well known for a conformal Killing vector. As to a Killing tensor,
see S. Tachibana [1],
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(n - ΐ)ρc = VbUbc

Simple computations give us the following equations:

(3.4) ucdVbAbcd = ucd(VbVbucd - Rc

eude - Rb

cd

eube + (n - 3)pcd + pdc),

(3. 5) AbcdA
bcd = 2AbcdvVd,

where we have used (1.1) and the relation:

V j V Λ = Vc V Λ + Rbc

bue

d - Rbcd

euh

e

= (Λ - l)pcd - Rc

eude - Rb

cd

eube.

Substituting (3.4) and (3.5) into

V\Abcdu
cd)= ucdVbAbcd + Abcd \7bucd,

we obtain the following

THEOREM 2. In a compact orientable Riemannίan space M, the follow-
ing integral formula is valid for any skew symmetric tensor field ucd:

Γ [ucd{VaVaucd-Rceude-Rb

cd*ubMn-Z)Pca + Pa^
JM

where dσ means the volume element of M and (n—l)pcd=\/c\7bubd.

Thus we have

THEOREM 3.6) In a compact Riemannian space a necessary and sufficient
condition for a skew symmetric tensor field ucd to be a conformal Killing
tensor is (3.1) {or (3.2)).

4. Conformal Killing tensor in a space of constant curvature. For a
conformal Killing tensor ucd we have

(4.1) Vbucd + Vcuhd = 2pdgbc - pbgcd - pcgbd,

(4.2) Vbubc = (n-l)Pc9

6) I. Sato [3] for a conformal Killing vector and K. Yano and S. Bochner [4] for a Killing
tensor.
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(4. 3) Vcpd + Vdpc = ^ 2 (Rce**e + # / * O .

The following theorem is a trivial consequence of (4.3).

THEOREM 4. In an Einstein space, the associated vector of a conformal
Killing tensor is a Killing vector.

In the following we shall assume the space under consideration is a space
of constant curvature.

Let vc be a Killing vector. Then as is well known we have

Then by virture of

Reabc = Kdecΰab ~ 9ac9eb\ k = R/ΐl(n ~ 1) ,

the last equation turns to

V α V b v c = k(ybgac - vcgab)

and hence we obtain

(4. 4) V α V^ c + V δ V Λ = * ( - %vcgab + vbgac + vagbc).

This equation shows that \Jbvc is a conformal Killing tensor.
Now if ucd is a conformal Killing tensor, then its associated vector ρc is

a Killing vector and hence S7bpc is a conformal Killing tensor whose associated
vector is given by —kpc. Thus we have

(4. 4) VbVcpd + V c V δ p d = - k(2pdgbc - pbgcd - pcgbd).

Let us assume that kΦO (i.e.9RΦQ). If we put

Pea = Ucd + (l/*)Vcfiι,

then by virtue of (4.1) and (4.4), it follows that

V*Ad + Vcpb* = 0,

which means pcd is a Killing tensor. Consequently a conformal Killing tensor
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ucd is decomposed in the form:

uCd = pea + qCd >

where pcd is a Killing tensor and qCd
 = (—l/k)VcPd ι s a conformal Killing

tensor. Hence we have

THEOREM 5.7> In a space Mn(n>2) of constant curvature -with
k = R/n(n—l)Φθ, a conformal killing tensor ucd is uniquely decomposed in the
for?n:

(4. 5) ued = pcd + qcd,

where pcd is a Killing tensor and qcd is a closed conformal Killing tensor.

In this case qcd is the form

where pd is the associated vector of ucd.

Conversely if pcd is a Killing tensor and ρd is a Killing vector, then

ucd given by (4.5) is a conformal Killing tensor.

The uniqueness of the decomposition follows from the following

LEMMA. Under the assumption of Theorem 5, if a Killing tensor is

closed, then it is a zero tensor.

PROOF OF LEMMA. Let ucd be a closed Killing tensor. Then we have

+ V A δ + V A c = 0,

Hence we get \/bucd — 0. Thus by virtue of Ricci's identity it follows that

As the space is of constant curvature, we can obtain by a transvection with gab

EXAMPLE. Let En+1 be the Euclidean space with orthogonal coordinates

7) For a conformal Killing vector, see K. Yano and T. Nagano [5].
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[yλ},λ = l, , n + 1. Consider the unit sphere Sn and let {xa} be its local
coordinates. Putting Ba

λ = dyλ/dxa, we see that the second fundamental tensor
Hba

λ is given by

As Sn is totally umbilic we have Hba

λ = gbaN
λ, where Nλ means the unit normal

vector: Nλ=—yλ.
Let vμv be a parallel skew symmetric tensor field and define a tensor field

ubc on Sn by u^-^B^B^v^. Operating Vα to this equation we have

= vβv(N»Bc

vgab + NvBfgae).

If we put pc = vμvN
βBc

v, then it follows that

V > δ c = ρcgab - PbQac

Thus we get

V Λ C + Vδ«αc = 2pc#αδ - pagbc - pbgac

which shows ubc is a conformal Killing tensor on Sn.
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