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ON CONFORMAL KILLING TENSOR IN A RIEMANNIAN SPACE
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0. Let M" be an n dimensional Riemannian space. A vector field v,? is
called a Killing vector if it satisfies the Killing’s equation:

vavb + vbva = 07

where V, means the operator of the covariant derivation with respect to the
Riemannian connection. A Killing tensor v, is, by definition, a skew symmetric
tensor satisfying the Killing-Yano’s equation:

(0 1) VaUse + VyUse = 0.

In recent papers® we discussed the integrability condition of the equation (0.1)
and determined such tensors completely in the Euclidean space and the sphere.
A conformal Killing vector «, is a vector field satisfying

0.2) Vathy + Vb = 2pGas

where p is a scalar function and g,, the Riemannian metric. As for a general-
ization of such a vector it is not suitable to define a conformal Killing tensor
as a skew symmetric tensor field u,, satisfying

Vaubc + vbuac = chgab)

where p, is a certain vector field. Because we can easily show that a conformal
Killing tensor in this sense is a Killing tensor, ie., we have p,=0. Thus this
definition of conformal Killing tensor is meaningless.

In this paper we shall define a conformal Killing tensor in another way
and generalize some results about a conformal Killing vector to the conformal
Killing tensor. The definition which we shall adopt is suggested by the
following fact. A parallel vector field in the Euclidean space E™*! induces a

1) We adopt the identification of a vector field with a 1-form by virtue of the Riemannian
metric.
2) S.Tachibana [1], S.Tachibana and T.Kashiwada [2].
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conformal Killing vector on the sphere S of constant curvature. Thus a tensor
field on S* induced from a parallel tensor field in E**! is to be a model of
conformal Killing tensor.

We shall concern only with tensor of degree 2 and the general case will
be discussed in Kashiwada’s forthcoming paper [6].

1. Preliminaries. Consider an n dimensional Riemannian space M" whose
Riemannian metric is given by g, with respect to local coordinates {x*}®.

Let R,,.% be the Riemannian curvature tensor. Then Ricci’s identity for
any tensor u,° is given by

VaVithed — VsV othed = — Rape"tpa® — RapaUes® + Ry tted”
Especially we obtain the following formula for any skew symmetric tensor wu,,

(1 1) vavcubc = Vchubc - Vchubc = Rbcebuec + Rbcecube

= Rceuec - Rbeube = Oa

where R,, = R;..> is the Ricci tensor.
The conformal curvature tensor C,,.% is defined by

Cabcd = Rabcd + ﬁ (Iza.csbd - Rbcsad + gacRbd - gbcRud)

R
= D)(m=2) (9acds® — g5c8a7) »

where R denotes the scalar curvature.

If the tensor C,;,* vanishes identically, then M"(n>3) is called to be
conformally flat.

A space of constant curvature (n>>2) is a Riemannian space satisfying

Rabcd = k(gbcsad - gacsbd)

and then % is a constant given by 2=R/n(n—1).
A space of constant curvature is necessarily conformally flat.

2. Conformal Killing tensor. We shall call a skew symmetric tensor u,,
a conformal Killing tensor if there exists a vector field p, such that

3) Indices a,b, +++ run over 1,---,#z. Throughout this paper we assume that n»>3.
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(2.1) Vithea + Votloa = 2paGbe — PoJea — PeJsa-

We call p, the associated vector of #,,. And if p, vanishes identically, then .,
is called a Killing tensor.?

First we shall seek for differential equations of second order satisfied by
Ugq.

Transvecting (2.1) with g*¢, we have

(2.2) Vuyg = (n— 1)py,
where V?=gb°V/,. Taking account of (1.1) it follows that
(2.3) VNV, =0, V°p,=0.

In the following we shall write p,, instead of ,p, for brevity.
Operating v, to (2.1) we get

(2 4) VoVisthea + VoV tlyy = 2Pudgbc — Pargca — PacGba -

By interchanging indices a, b,c as a — b — ¢ — a in this equation we obtain the
following two equations:

(2.5) VoV taa + VsV albea = 2Psagca — PscFaa — Psafcas
(2 6) VeValbyg + V Villyy = 2Pcdgab — Pca9va — PcsGaa-

If we form (2.4)+(2.5)—(2.6), then it follows that
(2 7) 2vavbucd - 2Rcbaeude - Rbadeuce - Racdeubc - Rbcdeuae
= 2(Padgbc + PraGca — Pcdga.b) + (Pcb - Pbc)gad + (Pca - Pa.c)gbd

- (Pa.b + Pba.)ng'

We shall deform (2.7) into another form. By b—>c—d—b in (2.7) we
have

(2- 8) zvavcudb - 2Rdca.eube - Rcabeude - Radbeuce - Rcdbeuae
= 2(Pasgea + PesGaa — Pargac) + (Pac — Peadas + (Paa — Paa)ges
- (Pa.c + Pca)gdby

4) S. Tachibana, [1].
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(2.9) 2V o athye — 2Ry 4ot — Ryglttye — Ropctteye — Rypctthe
= 2PacGav + PacFsa — Pscaa) T (Poa — Pas)gac + (Poa —Pas)Gac
~— (Pag + Paa)Gsc-

Adding (2.8) and (2.9) to (2.7) side by side we can get
(2 10) Zvavbucd + Rbcaeude + Rdba.euce + Rcdaeube

= (Pbd - de)ga.c + (Pdc - Pcd)gab + (Pcb - Pbc)gad + Zpadgbc
- 2Pacgbd >

where we have used the following equations which follows from (2.1):
VaVitheat VoV thay+ VoV e =3(V oV sthea + PacIba— PaaGsc)-

Next we shall obtain algebraic relations between components of #,, and
the curvature tensor, ((2.14) below).

First by subtraction (2.7) from (2.10) we can get
(2.11) Ryoofthye + Ryastee + Ryafthye + Ropa®te,

= 0baGca t Fecafba — TcaGab — Fargea>
where we have put
Fba = Poa + Pas-

Transvecting (2.11) with g® and making use of

b be
Rdbceu *+ Rcbdeu ¢ = 0’

we obtain

1
(2. 12) Opg = m— (R,,eu,,c + Rdeu“) .

We substitute (2.12) into (2.11) and put

(2~ 13) Tbcae = (71 - Z)Rbcu.e - Rbegca + Rcegba, ’

so it follows that
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(2' 14) (Tbcaesdf + Ta,dbesc'r + Tdaceabf + chdesaf)ufe = 0
Now we shall show the following

THEOREM 1. If there exists (locally) a conformal Killing tensor which
takes any preassigned (skew symmetric) value at any point of an n (>3)
dimensional Riemannian space, then the space is conformally flat.

PROOF. Under the assumption as the skew symmetric parts of coefficients
of u,, in (2.14) vanish, we have

Tbcaesdf + Tadbescf + Tdaceabf + chdesaf

= Tbcafsde + 7717,:111','86‘2 + Tducfsbe + chdfaae-

Contracting d and f in this equation we get
R R
Tbcae = (_ Ra.b + ﬁgab ) Sce + (Ra.c_ 7_——1— gac)sbe-

Substituting this into (2.13) it follows that C,..°=0. QED.

3. A sufficient condition to be a conformal Killing tensor. Let u,,
be a conformal Killing tensor. Then we can get

(3' 1) vavaucd - Rceude - Rbcdeube = (n - B)Pcd - Pdc’

by transvection (2.7) with ¢g*. Taking the skew symmetric part of (3.1), we
have the following equations :
(3 2) 2vavaucd - Rceude + Rdeuce - Rdcbeube ——"(71 - 4)(Pdc - Pcd) .

In this section we shall show that a skew symmetric tensor u«,, satisfying
(3.1) or (3.2) is a conformal Killing tensor provided that M"™ is compact. To

this purpose we prepare an integral formula about a tensor field.
Define a tensor A;., by

(3' 3) Abcd = vbucd + vcubd - zpdgbc + PG ca + chbd

for a skew symmetric tensor u,,, where p, is given by

5) Analogous theorem is well known for a conformal Killing vector. As to a Killing tensor,
see S. Tachibana [1].
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(n— Dp, = Viuy,.
Simple computations give us the following equations:

(3.4) w7 Apea = u(VVthea — Rettye — RPetpe + (1 — 3)Pea + Pac) »
(3 5) AbchbM = ZAbcdvbqu7

where we have used (1.1) and the relation:
VsV ety =V Vitly + Ryeltts — Rycd W,
=(n—1)pg— Rty — R0citse.
Substituting (3.4) and (3.5) into
VU Apeqe®®)= w7 Apq + Apea V0’8,
we obtain the following

THEOREM 2. In a compact orientable Riemannian space M, the follow-
ing integral formula is valid for any skew symmetric tensor field u.,:

f [V *V qttog— Rt go— Rty +(n— )Py + Puc) +(1/2) Ajea A%ldo =0,
M

where do means the volume element of M and (n—1)p,a= .V u,,.

Thus we have

THEOREM 3.2 In a compact Riemannian space a necessary and sufficient
condition for a skew symmetric tensor field u,, to be a conformal Killing

tensor is (3.1) (or (3.2)).

4. Conformal Killing tensor in a space of constant curvature. For a
conformal Killing tensor «,, we have

4.1 Vitea + N sa = 2PuGsc — PsGea — PeGoa s
(4' 2) vbubc = (n - l)Pc ’

6) I Sato [3] for a conformal Killing vector and K.Yano and S.Bochner [4] for a Killing
tensor.
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1 e e
(4 3) VcPd + vdpc = nTZ (Rc Uge + Rd uce) .

The following theorem is a trivial consequence of (4.3).

THEOREM 4. In an Einstein space, the associated vector of a conformal
Killing tensor is a Killing vector.

In the following we shall assume the space under consideration is a space
of constant curvature.
Let v, be a Killing vector. Then as is well known we have
vavbvc + Rcabcve = 0
Then by virture of
R, = k(gecgab - gacgeb)’ k= R/n(n - l) >
the last equation turns to
VoV, = k(vbgac - 'cha,b)
and hence we obtain
4.4) VoV + VsV aUe = k(— 20:g0s + VsGac + VaGse)-
This equation shows that Vv, is a conformal Killing tensor.
Now if u,, is a conformal Killing tensor, then its associated vector p, is

a Killing vector and hence V,p, is a conformal Killing tensor whose associated
vector is given by —kp,. Thus we have

(4.4 ViV epa + Vo Vipa = — k(2pagsc — Prgea = PeFsa)-
Let us assume that £+0 (ie., R+0). If we put

Pra=teq + (1/B)V cpss
then by virtue of (4.1) and (4.4), it follows that

Vobea+ Vepsa=0,

which means p,, is a Killing tensor. Consequently a conformal Killing tensor
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%, is decomposed in the form:
Ueqg = Pea + Qea>s

where g, is a Killing tensor and gq.,=(—1/k)V.p, is a conformal Killing
tensor. Hence we have

THEOREM 5. In a space M"(n>2) of constant curvature with
k=R/n(n—1)+0, a conformal killing tensor u., is uniquely decomposed in the
form:

(4 5) ucd = Pcd + ch 13

where Py is a Killing tensor and q., is a closed conformal Killing tensor.
In this case q., is the form

gea =(—1/B)V cpu
where p, is the associated vector of u.,.
Conversely if p., is a Killing tensor and p, is a Killing vector, then
U.q given by (4.5) is a conformal Killing tensor.

The uniqueness of the decomposition follows from the following

LEMMA. Under the assumption of Theorem 5, if a Killing tensor is
closed, then it is a zero tensor.

PROOF OF LEMMA. Let ., be a closed Killing tensor. Then we have

vbucd + vcudb + vdubc = 0’
vbucd + vcudb = 0

Hence we get V,u,,=0. Thus by virtue of Ricci’s identity it follows that
R, use + Ry uy, =0.
As the space is of constant curvature, we can obtain by a transvection with g®®
(n—2)ku,, =0.

EXAMPLE. Let E"*! be the Euclidean space with orthogonal coordinates

7) For a conformal Killing vector, see K. Yano and T.Nagano [5].
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{y"},A=1,---,n+1. Consider the unit sphere S* and let {z*} be its local
coordinates. Putting B,'=0y"/0x°, we see that the second fundamental tensor
H,} is given by

Hbulr-:_ vbBa,lEabBaA - 307t {bfz} + Ba,u {vt} Bbv’ abEa/axb

As S™ is totally umbilic we have H,,*=g,,N*, where N* means the unit normal
vector : N*= —y*,
Let v,, be a parallel skew symmetric tensor field and define a tensor field

uy, on S™ by u,,= B,*B,"v,,. Operating ¥V, to this equation we have

Vathoe= BuAVA‘v;wBbuBcv =+ vuv(HabuBcv + BbuHu cu)
= ‘vuv(N”Bcugab + N"Bbuguc>~

If we put p,=v,,N“B.’, then it follows that

Va.ubc = PcGab — PsGac-

Thus we get

Valhse + Vb, = chga.b = Pagbc — PsGac>

which shows u,, is a conformal Killing tensor on S".
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