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Let M=(Λί, J, < , > ) be an almost Hermitian manifold, i.e., J is an
almost complex structure on M9 < , > is a Riemannian metric on M9 and
<JX,JY> = <X,Y> for all vector fields X,Y on M. (Throughout this
paper each almost Hermitian manifold M that we consider is always assumed
to have a specific Riemannian metric and almost complex structure associated
with it.) We define the Kάhler deficiency of M to be the least integer
d{M) such that any Kahler submanifold of M must have (real) dimension
fg d(M). The purpose of this paper is to estimate the Kahler deficiency
of certain homogeneous almost Hermitian manifolds of positive Euler
characteristic.

The proofs of the following two propositions are easy.

PROPOSITION 1. Let M= Mλ X X Mr be a Riemannian product
manifold. Suppose that M, Mλ, , Mr are all almost Hermitian with
almost complex structures J, Jx , , Jr such that J— Jλ@ 0 Jr. Then

d(M) = d(Mx) + - + d(Mr).

PROPOSITION 2. Let M be an almost Hermitian manifold and suppose

M is a covering space of M. Then Mis almost Hermitian and d(M) = d(M).

Now let M be a compact homogeneous space of positive Euler
characteristic. Because of Proposition 2, we may assume that M is simply
connected and that M=G/K where G is a compact semisimple Lie group
acting effectively on M and K is the isotropy group at some point pzM.
Then rank G = rank K. We assume that the metric of M is determined by
a biinvariant metric on G.

Denote by θ an automorphism of G of order 3 and assume that K is the
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fixed point set of θ. All such homogeneous spaces have been determined [5].
Since rank G — rank K, θ is an inner automorphism. Thus, on account of
Proposition 1, we may assume that G is simple and M is irreducible, θ
determines an almost complex structure J on M as follows. Let g and ϊ
denote the Lie algebras of G and K, respectively. Then we may write

g = ί 0 n t (orthogonal direct sum),

where m may be identified with the tangent space to M at p. Let P denote
the automorphism of g determined by θ. Write

where / denotes the identity. Then J: m-> m is an almost complex structure.
The action of G on M gives rise to an almost complex structure (also denoted
by J ) on all of M. We call this the canonical almost complex structure
determined by θ. If the isotropy representation is irreducible (e.g., if K is
a maximal subgroup) then up to sign the canonical almost complex structure
is the only possible homogeneous almost complex structure on M [4].

The main result of this paper is the following theorem.

THEOREM 1. Let M—G/K be a compact irreducible simply connected
homogeneous space of positive Euler characteristic. Assume that K is the
fixed point set of an automorphism θ of G of order 3 and that J is the
canonical almost complex structure on M determined by θ. Let M have a
Riemannian metric determined by a biinvariant metric on G. If M=G/K
is not a Hermitian symmetric space, then

d(M) ^ dim M- 4.

PROOF. Let X,Y <zm. According to [5] we have

[X,JY]m=-J[X,Y]m.

Let V be the Riemannian connection of M. Then

( l ) vΛJ)(Y) = v,JY -

= -J[X,Y] m .
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Thus if M — G/K is not a Hermitian symmetric space, M is not Kahlerian.
We see, however, that syx(J)(X) = 0 for Xe m, and so M is nearly Kahlerian
in the sense of [3]. Now every nearly Kahler manifold of dimension 2 or 4
is Kahlerian [2], and so we must have dimMΞΞ^Θ. Therefore it sufficess to
prove that an almost complex submanifold N of dimension dim M— 2 cannot
be Xahlerian.

We may assume that pe N. Then the tangent space of N at p can be
identified with a subspace n of m. Let T denote the configuration tensor
field of N in M [2], and let V be the Riemannian connection of N. Then

v*r + τxγ

for I J ζ n, and TXY € n-1- c m. Hence by (1)

( 2) - J[X, Y]m = VΛJ)(Y) + TXJY - JTXY .

Suppose that N is not totally geodesic in M at p. Then let Xzn be
the unit vector at which Z—> \\TZZ\\'2 achieves its maximum on the unit
sphere of n. If <X, Y> = <X, JY> = 0, it is not hard to see that
<TχX,TΛY> = 0. Moreover, <JTΛX,TYY> = 0 because JTΛX=TUU with
C7=(X+JX)/v /2 . Similarly TΛJY is perpendicular to both TXX and JTΛX.
Since TΛX and JΓ^X span n-1- we must have TsY=TsJY = 0.

Thus whether or not N is totally geodesic at p, there exists X ^ n with
||X|| = 1 such that TΛY=TΛJY=0 whenever <X, Y> = < X , JY> = 0. Also,
since Λί is nearly Kahlerian, TXJX—JTXX. Now assume that N is Kahlerian.
Then (2) reduces to

( 3 ) [X,Y]m = 0 for all Yzn.

Let mx and m2 be the eigenspaces of J on m ® C, and let n, — ntiΠn,
z" = l, 2. Since iV is an almost complex submanifold of M, we have π ® C
= ttx 0 Π2. Then (3) implies the existence of X € ttx, such that X ^ 0 and

( 4 ) [X,Y] = 0 for all Yen,.

Next we decompose g ® C as

where ί) is a Cartan subalgebra of ϊ ® C and Q ® C and the gα are the root
spaces of g ® C For z" = 1,2 we set Δ t = [oc\Qa c nti}. We define an
equivalence relation ^ on Δx as follows: <x~~ β if and only if cc = β or
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there exist roots a0, , ap e Δx such that a — a0, β = ap, and ai^.ι-
i

rai e Δ2

for ί = l, •••,/>. From the classification of automorphisms of order 3 of a

compact simple Lie algebra [5], it follows that all the roots in Δx are

equivalent to one another under ~~ .

Let X and Y be as in (4). For each Qa let Ea be a basis vector of gα

such that <Ea,E_a> = 1 and [Ea, Eβ] = NatβEa+β if a+β is a root. If a + β

is not a root we set NOtβ = Ea+β = 0. Write

Then

o - [X, Y] - Σ K ^

Since ci'^'β for all at,Be Au we must have

( 5 ) 3;α = λxα for all Λ e Δx .

However, since dim N^ 4, it is always possible to choose Yetti linearly

independent from X, i.e., so that (5) is not satisfied.

Thus dimiV^dimM— 2 is impossible. This completes the proof of

Theorem 1.

COROLLARY. In addition to the hypotheses of Theorem 1 suppose

that dimM=6. Then M has no A-dimensional almost complex submanifolds.

The spaces to which this corollary applies consist of the following:

_ _ M 3 ) 5 O ( 5 ) _ SO(5l SO(6)_ 5 ^ d G%_ = o6

ί7(l)xl7(ϊ)xi7(l)' U(l)xSO(3)' [7(2) ' U(S) ' C7(3) ' 5ί7(3) '
For the last space, the above corollary was proved in [3] by a different

method.

In conclusion we prove a theorem about the curvature operator of a

reductive homogeneous space G/K for which K is the fixed point set of an

automorphism of order 3. Although S6 = G2/SU(3) is locally symmetric,

this is not true in general. However, it is possible to prove that a weak

version of local symmetry holds.

THEOREM 2. Let M=G/K be a reductive homogeneous space for τvhίch

K is the fixed point set of an automorphism θ of G of order 3. Let M

have a pseudo-Riemannian metric determined by a bίίnvariant pseudo-

Riemannian metric on G. Let σ be a geodesic in M with velocity vector
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field X. Then the holomorphic sectional curvature KXJX is constant along <τ,

zvhere J is the canonical almost complex structure defined by θ.

PROOF. We may assume that σ(0) = p where K is the isotropy subgroup

of G at p. Then Xz m. Let W, 7, Z € m. Then [1] we have

,Z> = - <W, [[Y,Z]u [Y, Z]a]> ,

where j ^ denotes the curvature operator of M. In particular

( 6) < v A J , JX> = - <W, [[X, JX]u [X, JXU> = 0.

From (6) we obtain

( 7) X<Rχj*X, JX> = 2<R^χ{J){X) X, JX> - 0 .

Now Theorem 2 follows from (7).
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