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0. Introduction. In a Riemannian space M", a skew symmetric tensor
Ug,...q, 15 called a Killing tensor of order p, if it satisfies the Killing-Yano’s

equation :

Valha,ay + Valaasa, = 0,

where ¥ denotes the operator of the Riemannian covariant derivative.
The following theorem is well known [1, 5] :

THEOREM A. A necessary and sufficient condition in order that the
Killing-Yano's equaton is completely integrable is that the Riemannian space
M™(n>2) is a space of constant curvature

Recently S.Tanno [8, 9] has investigated automorphism groups of almost
Hermitian spaces and almost contact Riemannian spaces and classified those spaces
which admit automorphism groups of maximum dimensions.

We consider the analogy of Theorem A in a Sasakian space. Denote the
structure tensors of a Sasakian space by (@,7, 9). Y.Ogawa [2] has introduced
the notion of C-Killing 1-form on a Sasakian space. We call a 1-form » C-Killing
if it satisfies 8« =0 and leaves invariant @, —7.%, Especially if a C-Killing
1-form = satisfies 74" = constant, it is called special C-Killing. For a special

C-Killing 1-form # we have
Vatly + Votta = — 2@/ 15 + @,"n4) -

In this paper we shall define a D-Killing vector of type a in a Sasakian
space and consider the analogy of Theorem A with respect to a D-Killing vector
of type a. In §2 we shall define a D-Killing vector of type « and give some
examples. We consider a sufficient condition for a Sasakian space to be a space of
constant ¢-holomorphic sectional curvature in §3. 84 will be devoted to the
integrability condition of the D-Killing equation,
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1. Preliminaries. An 7n-dimensional Riemannian space M is called a Sasakian
space if it admits a unit Killing vector field 7* such that

(1 1) VaVeNe = MGac — NcGab>

where g,; is the metric tensor of M. Then 7 is necessarily odd (=2m + 1) and
M is orientable. With respect to a local coordinate system {x*}, if we define a
2-form @ = (1/2)@dx* Adx® by @u; = Vam, then we have dn=2¢ and it holds

(1.2) VaPsc = MGac — NcGab -

On a Sasakian space M, the following identities are well known :
1.3) Vipd" = (n—1)m,,

(1.4) Rase™r = NaGse — MYac -

When the curvature tensor of a Sasakian space M has components of the
form

(1' 5) 4Rabcd = (H+ 3)(gadgbc - gacgbd)
+ (H"' l)("]b")dga,c + NaNcFoa — NaMaGve — MNcYaa

+ ¢ad¢bc — PpaPac — 2¢ab¢cd) >

then M is called a space of constant ¢-holomorphic sectional curvature (a locally
C-Fubinian space). In such a space M(n>3), H is necessarily constant.

2. D-Killing vector of type a. In this section we define a D-Killing vector
of type a.

We call a vector field #* a D-Killing vector of type a if it satisfies the
following equation
(2' 1) Valls + Vitty = — 2““7(?«17-7712 + ¢br77a)’

where a is constant. We call this the D-Killing equation of type a.

REMARK 1. A D-Killing vector of type 1 is special C-Killing in a compact
Sasakian space [2].



THE INTEGRABILITY OF A D-KILLING EQUATION 519

REMARK 2. A D-Killing vector of type a is a special form of an infinitesimal
(m—1)-conformal transformation [6].

REMARK 3. Let »* be a D-Killing vector of type a satisfying #,%” = constant.
Then we have

0(u)(gas — anam) = 0 and du =0,
where 6(x) means the operator of Lie derivative with respect to «®

In a Sasakian space M, let us consider a set of differential equations

S [dx® dx" dx*
(2~ 2) E (W) Bﬂr% ds ds’

where s indicates arc-length and & covariant differentiation along the curve and 8
is constant. These equations show us that its integral curve is a C-loxodrome,
that is, the curve is a loxodrome cutting trajectories of 7* with constant angle
[10]. We shall call (2.2) a C-loxodrome of type 5.

Now take a C-loxodrome z%s) in a Sasakian space and consider the inner
product of a D-Killing vector of type 8/2 and a unit tangent vector dx*/ds to the
C-loxodrome. Then along the C-loxodrome we have

@.9) %(ua‘fjﬁ ) = Lt Vita B g+ ) B 0,

which shows that the inner product is constant along the C-loxodrome.

Conversely, if the inner product is constant along any C-loxodrome, then we
have (2.3) for any dz®/ds and we can see that the vector z* is a D-Killing
vector of type 8/2. Thus we have

THEOREM 2.1. In order that a vector field u* define a D-Killing vector
of type B/2 in a Sasakian space, it is necessary and sufficient that the inner
product of u* and a unit tangent to an arbitrary C-loxodrome of type B be
constant along this C-loxodrome.

Next, let us consider a D-homothetic deformation [7] g —*g defined by

*Gap = Bgab + /8(6 - 1)%%

for a positive constant 8. Denoting by W,% the difference *J{ bi} — { b‘i’} of

Christoffel’s symbols, we have in a Sasakian space
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2.4 Wee = (8 = D(gu*n. + @c*m) -

If @.%, 74, 9as are the structure tensors of a Sasakian space, then
(2.5) *@ = @ #my = Bm, %ga = Bgas + BB — 1ams

are also the structure tensors of a Sasakian space [7].
Let «* be a Killing vector with respect to ¢, Then we have

Vatty + Vtha = 0.
Taking account of (2.4) and (2.5), the above equation reduces to
*Vaub + *Vbua, = - 2(1 - B—l)ur(*(par*nb+’\%¢br*77a) >

where #%/ denotes the operator of the covariant derivative with respect to %g.
Thus we have

THEOREM 2.2. For a Killing 1-form wu, with respect to g, on a
Sasakian space, *g°*u, is a D-Killing vector of type 1—8~! with respect to *g,;.

3. A sufficient condition for M to be a space of constant ¢-holomorphic
sectional curvature. In this section and next section, we shall deal with a D-
Killing vector of type a. Then we have

3. 1) e(u)gcd = Upg + Uge = — Zaur(%"ld + ¢dr77c) s

where we put #.,,= V.4, Into the following formula
Za(u)‘l brc} = grs(Vbe(u)gcs -+ Vce(u)gbs - VS9<u)gbc)y
we substitute (3. 1), then we have

3.2) (66 [} g0 = s+ @Ry

= a[ubr((prcﬂd + ?rd"]c) + ucr(¢rb7]d -+ q’rdnb) - udr(¢rb77c + ¢rc77b)

+ 20 (0,00 se = NG ro = M6NaGre + NNeG ra+ PrePoa+ PrsPedl 1,

where we put ., = V5V By virtue of (3.2), we can write the following
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Upeqg = a[ubr(¢rc’7d + ¢rd77c) + ucr(¢rb’7¢ + ¢ra7lb)

— ) (@m. + @rem)] + [*¥1,

where [*] means the term which contains components #°.
Let us prove the following :

THEOREM 3.1. Let M be a Sasakian space. For any point Q of M and
for any constants C, and C,, such that C,, satisfies

(3 4) Cab + Cba = - chr(@fm + ¢’br77a) ’
if there exists (locally) a D-Killing vector u® of type a satisfying u,(Q)=C,
and ) (Q)= Cuy, then M is a space of constant ¢-holomorphic sectional

curvature with H=1—4x.

PROOF. If we substitute (3.2) into the following formula
gdrg(u)Rabcr = gdr <Va€(u){ l;’(:" - Vbe(u){arc}) ’

we can get
(3.5) Uy R,peq + " Rayoq + 1, Rayrg — UraRase”
= sy Agerr + " Acgar + 10" Apaar + 14" Agper + [¥1,
where we have put
Averr = aAl(@—=2Y0m.9re =019 ra) + 1 (MaGse =M Gs0) + PrePra— PraPre + 2@ Peal -

As an initial condition at Q we consider C,=0 and non-zero C,, such that
C.,,+C,,=0. Then the equation (3.5) can be rewritten

(3. 6) U Tyosr + " Togar + " Topagr + g Toper = 0,
where we have put

8.7 Tyerr = Racor — Adesr -

The tensor 7,,;., satisfies the following relations :

(3 8) Tabcd + Tbcad + Tcaba =0, Tabcd + Tbacd =0, 7‘abrr =0,
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Tred” = Rey + 2094 + al(n — 1)a — 2nlnen, ,
T1esr9°® = Ryr + ala + 1)g4, — ala@ + n)n,1, .
By virtue of the assumption of the theorem, from (3.6) we can get
Taes 8t + T oua 815+ Thaa 85+ Tane 0 — Taes®a” — T caa’® — Traa™®c” — Tanc0s” = 0.
Contracting the last equation on @ and e and making use of (3.8), it féllows that
3.9 = 1D)T4esr = GarTere = GerLesd -
Again, transvecting (3.9) with ¢°¢, we have

_R-(n+la
- n

3. 10) R, 9ar + (n+ Dangm, ,

where we have used (3.8) and R means the scalar curvature. By contraction (3.10)
with 7"5%, it follows that

R=n—-1)n—-(@m+a).

If we substitute the last equation, (3.7), (3.8) and (3.10) into (3.9), then we
have (1.5) with H=1—4a. Hence M is a space of constant ¢-holomorphic sectional
curvature with H=1—4a.

4. Integrability condition of a D-Killing equation®. In a Sasakian
space M we consider the D-Killing equation of type a as a system of partial
differential equations of unknown function u,. This system is equivalent to the
following system of partial differential equations with unknown functions #, and
Uy

(4' 1) Ueqg + Uge = — Zaur(¢cr7)d + (pdrnc) s
(4 2) Velhy = Ueq »
(4 3) vbucd = - urRrbcd + a[ubr(¢rc77d + q’rd"}c) + ucr(q’rb")d + ¢rd77b)

- udr(‘prbno + ¢rc77b) + 2u” {nr”dgbc = NcNa9rp

+ NyNeGra = MNaGre + PrcPra + PrsPeal ] -

*) In this section we assume that M and all quantities are real analytic,
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We shall show that the system is completely integrable if M is a space of
constant ¢-holomorphic sectional curvature with H=1—4a, that is, if a curvature
tensor of M has the form (1.5) with H=1—4a.

From our assumption, we can replace (4.3) by the following equation :

(4 3)’ Vbucd = a[ubr(¢rc77d + ¢rd770) + ucr(¢fb77d + ¢7’d7’b)
— w4 (Prine + Prem)] — (L — @) Gootha — Goathc)
+ o’ (0, maGse + 1M Gra — MNaGre — 200G 7o + MNeGra

+ PrcPha + ¢bc¢rd) .

The equation obtained from (4.1) by differentiation :
Opthea + Opthge = — 2a04[u (P04 + Pa"nc)]

are satisfied identically by (4.1), (4.2) and (4. 3).
Next, discuss the integrability condition (4.2):

(4.4 VsVetty — NV Vthy = — Ryea,tt" .

Taking account that M is a space of constant ¢-holomorphic sectional curvature
with H=1—4a, we have

—Ryeqyt’ = — (1 — a)(gcaub — Guathe) + A PP Uy — PraPc Uy

— 204 Py Uy — Geal Uy + Goale Uy — NeNathy + NTalhe) -

On the other hand, by virtue of (4.1), (4.2) and (4.3), W,V ty—V.Vstty
becomes the right hand side of the above equation. Thus (4. 4) holds good.
The integrability condition of (4. 3) is

(4 5) vaVbucd - VbVaucd = - Rabcrurd - Rabdrucr .

Since M is a space of constant ¢-holomorphic sectional curvature with H=1—4«,
we can get

— Rose"trq — Rapa"ther = — (1 — @) Gvottas — Gacthva + Jaathse — Jrathac)
+ " (Gsamatr — GaaWr + Po:Pad — ParPra + 2PasPar)
+ W (Goclallr — Gachr + PorPac — ParPsc + 2PurPer)
+2(1 — )" {(@are + PerNa)gba — (Porne + Pers) Gaa} ],



524

S. YAMAGUCHI

where we have used (4.1). On the other hand, making use of (4.1), (4.2) and

(4.3, VoVitheq— VsV atheq reduces to the right hand side of the above equation.
Therefore (4.5) holds good.

Summing up the results obtained above, we get

THEOREM 4.1. A mnecessary and sufficient condition in order that the

D-Killing equation of type a is completely integrable is that the Sasakian
space M (n>3) is a space of constant ¢-holomorphic sectional curvature with

H=1-4a.
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