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0. Introduction. In a Riemannian space Mn, a skew symmetric tensor
uaι...ap is called a Killing tensor of order p, if it satisfies the Killing-Yano's
equation:

where V denotes the operator of the Riemannian covariant derivative.
The following theorem is well known [1, 5]:

THEOREM A. A necessary and sufficient condition in order that the
Killing-Yano's equaton is completely integrable is that the Riemannian space
Mn(n>2) is a space of constant curvature

Recently S. Tanno [8,9] has investigated automorphism groups of almost
Hermitian spaces and almost contact Riemannian spaces and classified those spaces
which admit automorphism groups of maximum dimensions.

We consider the analogy of Theorem A in a Sasakian space. Denote the
structure tensors of a Sasakian space by (<p, η, g). Y. Ogawa [2] has introduced
the notion of C-Killing 1-form on a Sasakian space. We call a 1-form u C-Killing
if it satisfies δw = 0 and leaves invariant ffab~^VaVb Especially if a C-Killing
1-form u satisfies ηru

r — constant, it is called special C-Killing. For a special
C-Killing 1-form u we have

Vα«6 + VbUa = - 2ur(φa

rηb + φb

rVa) .

In this paper we shall define a D-KϊlYmg vector of type a in a Sasakian
space and consider the analogy of Theorem A with respect to a Z)-Killing vector
of type α. In §2 we shall define a D-Killing vector of type ci and give some
examples. We consider a sufficient condition for a Sasakian space to be a space of
constant φ-holomorphic sectional curvature in §3. §4 will be devpted to thf
jntegrability condition of the Z)-Killing equation.
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1. Preliminaries. An rc-dimensional Riemannian space M is called a Sasakian

space if it admits a unit Killing vector field rf such that

(l 1) V α Vδ*7c = Vbffac — Vcβab >

where gab is the metric tensor of M. Then n is necessarily odd ( = 2 m + l) and

M is orientable. With respect to a local coordinate system {xa}, if we define a

2-form φ=(l/2)φabdxaAdxb by φab = \7aVb> then we have dη = 2φ and it holds

(l 2) Vaψbc = Vbβac - Vcβab

On a Sasakian space M, the following identities are well known:

(1.3) Vr<Par = (n-l)Va,

(l 4) Rab/Vr = Vaffbc ~ Vbffac

When the curvature tensor of a Sasakian space M has components of the
form

(1. 5) ARabcd = ( i f + 3)(gadgbc - QacQba)

+ ψadψbc — ψbdψac — 2<Pab<Pcd) >

then M is called a space of constant φ-holomorphic sectional curvature (a locally

C-Fubinian space). In such a space M{n > 3), H is necessarily constant.

2. D'Kϊlling vector of type a. In this section we define a D-Killing vector
of type oc.

We call a vector field ua a D-Killing vector of type a if it satisfies the
following equation

(2.1) \/aUb + Vbua = - 2aur(φa

rηb + 9>Λα),

where # is constant. We call this the D-Killing equation of type cί.

REMARK 1. A D-Killing vector of type 1 is special C-Killing in a compact
Sasakian space [2].
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REMARK 2. A D-Killing vector of type a is a special form of an infinitesimal
(m — l)-conformal transformation [6].

REMARK 3. Let ua be a ZλKilling vector of type a satisfying ηru
r = constant.

Then we have

θ(u)(gab - aηaηb) = 0 and hu = 0,

where θ(u) means the operator of Lie derivative with respect to ua.

In a Sasakian space M, let us consider a set of differential equations

/o OΛ S ldxa\ R adxr dxs

where 5 indicates arc-length and δ covariant differentiation along the curve and β

is constant. These equations show us that its integral curve is a C-loxodrome,

that is, the curve is a loxodrome cutting trajectories of ηa with constant angle

[10]. We shall call (2. 2) a C-loxodrome of type β.

Now take a C-loxodrome xa(s) in a Sasakian space and consider the inner

product of a D-Killing vector of type β/2 and a unit tangent vector dxa/ds to the

C-loxodrome. Then along the C-loxodrome we have

/o o\ δ / ίf^t:\ 1 Γr_^ , __ , r% / r , r \Λdxadxb n

(2. 3) ~di\Ua~ds] =~Y ^VaUb V Λ Γ ̂ α ^ ^ ^ α ) ] -fo -jfc = 0 ,

which shows that the inner product is constant along the C-loxodrome.

Conversely, if the inner product is constant along any C-loxodrome, then we

have (2. 3) for any dxa/ds and we can see that the vector ua is a D-Killing

vector of type β/2. Thus we have

THEOREM 2.1. In order that a vector field ua define a D-Killing vector

of type β/2 in a Sasakian space, it is necessary and sufficient that the inner

product of ua and a unit tangent to an arbitrary C-loxodrome of type β be

constant along this C-loxodrome.

Next, let us consider a Zλhomothetic deformation [7] g-**g defined by

*9ab = $9ab + β(β - l)VaVb

for a positive constant β. Denoting by Wb

a

c the difference *\fc\ ~~ \^c\ °f

ChristoffePs symbols, we have in a Sasakian space
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(2. 4) Wb\ = 08 - l){φb

aηc + φc

aηb) .

If <pa

b> Va> 9ab are the structure tensors of a Sasakian space, then

(2. 5) *φb

a = ?>Λ *Jfe = £%, *flrα6 = /3#αδ + β(β - ϊ)ηaηb

are also the structure tensors of a Sasakian space [7].

Let uα be a Killing vector with respect to gαb- Then we have

= 0 .

Taking account of (2. 4) and (2. 5), the above equation reduces to

*Vαtta + *S7buα = — 2(1 - β~ι)ur(*φ

where *V denotes the operator of the covariant derivative with respect to *g.

Thus we have

THEOREM 2.2. For α Killing 1-form uα with respect to gαb on α

Sαsαkiαn space, *gabub is a D-Killing vector of type l — β~ι with respect to *gab>

3. A sufficient condition for M to be a space of constant ψ-holomorphic
sectional curvature. In this section and next section, we shall deal with a D-

Killing vector of type a. Then we have

(3.1) θ(u)gcd = ucd + udc= - 2aur(φc

rηd + φd

rηc),

where we put ucd = V cud. Into the following formula

2θ{^\bc\ = 9r*(πΦ{u)gCΛ + vΛu)gbs - \7sθ(u)gbc\

we substitute (3. 1), then we have

(3. 2) (θ(u) [ζj^gra = ubcd 4- urRrbcd

= a[ub

r{φrcηd + ψraVc) + Uc

r(φrbηd + ^ r d ^ ) - Ud

r(φrbηc + ^ r c ?? δ

rbψcd] 1»

where we put ubcd — \Jb\7cud. By virtue of (3. 2), we can write the following
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Ubcd = a[ub

r(φrcηd + φrdηc) + Uc

r(φrbηd + <prdηb)

- u/(φrbηc + (prcVb)] + [*] >

where [*] means the term which contains components u°.

Let us prove the following:

THEOREM 3.1. Let M be a Sasakian space. For any point Q of M and

for any constants Ca and Cab such that Cab satisfies

(3. 4) Cab + Cba = - 2θίCr(φa

rηh + φb

rηa) ,

if there exists {locally) a D-Killing vector ua of type a satisfying ua(Q)=Ca

and VaUb(Q) — Cab, then M is a space of constant ψ-holo?norphic sectional

curvature with H— 1 — Aa.

PROOF. If we substitute (3. 2) into the following formula

gdrθ(u)Rabc

τ = gdr(yaθ(u

we can get

(3. 5) ua

rRrbcd 4- ub

rRarcd + uc

rRabrd — urdRabc

r

— Ma Jltfcbr + U/j J±cdar + Uc J±badr + Ud J±abcr + [ J ,

where we have put

Λdcbr = Cί[(θL-2)(ηdηhgrc - VcVbgrd) + Vr(Vdgbc - Vcgbd) + ψrcψbd - ψrdΨbc + ̂ Ψrb

As an initial condition at Q we consider Ca = 0 and non-zero Cab such that

— 0. Then the equation (3.5) can be rewritten

(3. 6) ua

rTdcbr + ub

rTcdar + uc

rTbadr + u/Tabcr = 0 ,

where we have put

(3. 7) Tdcbr — Rdcbr ~ Adcbr.

The tensor Tabcd satisfies the following relations :

(3. 8) Tabcd + Tbcad + Tcabd = 0 , Tabcd + Tbacd — 0 , Tabr

r = 0 ,
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Trc/ = Rcd + 2agcd + a[(n - l)a - 2n]ηcηd,

Tdcbrg
cb = i?d r + tf(tf + 1)9dr - Φi + * ) m > .

By virtue of the assumption of the theorem, from (3. 6) we can get

τdch

rκe+τcΛ
e+τba/sc

e+ταδ/δ/ - τ d c δ

eδ/ - τcda%
r - τbad%

r - τabc%
r = o.

Contracting the last equation on a and e and making use of (3. 8), it follows that

(3. 9) (n - l)Tdcbr = gdrTebc

e - gcrTebd

e.

Again, transvecting (3. 9) with gcd, we have

(3.10) Rdr = ^ ί ^ + A ) ^ gdr + (

where we have used (3. 8) and R means the scalar curvature. By contraction (3.10)
with ηrηd, it follows that

R = {n-l)(n-(n

If we substitute the last equation, (3. 7), (3. 8) and (3. 10) into (3. 9), then we
have (1. 5) with H= l — 4a. Hence M is a space of constant φ-holomorphic sectional
curvature with H= 1 — Aoi.

4. Integrability condition of a 2)-Killing equation^. In a Sasakian
space M we consider the D-Killing equation of type a as a system of partial
differential equations of unknown function ua. This system is equivalent to the
following system of partial differential equations with unknown functions ua and

(4. 1) ucd + Udc= - 2aur(φc

rηd + φ/ηc) ,

(4. 2) \7ctιd = ucd ,

(4. 3) VbUcd = - UrRrbcd + OL[ub

r(φrcηd + φrdηc) + Uc

r(φrbηd + φrdηb)

~ Ud

r(φrbηc + φrcηb) + 2ur{ηrηdgbc - ηcηdgrb

rc + ψrcψba + ΨrbψcM

*) In this section we assume that M and all quantities are real analytic.
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We shall show that the system is completely integrable if M is a space of

constant φ-holomorphic sectional curvature with H= 1 —4tf, that is, if a curvature

tensor of M has the form (1.5) with H= 1 — Aa.

From our assumption, we can replace (4. 3) by the following equation :

(4. 3)' VbUcd = a[uh

r{φrcηd + φrdηc) + Uc

r(φrbηd + φrdηb)

- ud

r(φrbVc + ΦrcVb)] - (1 - oL)(ghcud - gbduc)

+ aur(ηrηdgbc + VrVcffba ~ VbVddrc ~ 2

+ Ψrcψbd + ΨbcΨrd) -

The equation obtained from (4.1) by differentiation :

= - 2adb[ur(φc

rηd + φ/ηe)]

are satisfied identically by (4.1), (4. 2) and (4. 3)\

Next, discuss the integrability condition (4. 2):

(4. 4) VδVA - VcVbud = - RbtdX .

Taking account that M is a space of constant φ-holomorphic sectional curvature

with H= 1 — Aa, we have

-RbcdX = - (1 - a){gcdub - gbduc) + a(φcdφb

rur - φbdφc

rur

On the other hand, by virtue of (4.1), (4.2) and (4.3)',

becomes the right hand side of the above equation. Thus (4. 4) holds good.

The integrability condition of (4. 3) is

(4. 5) X/aVbUcd - VbVaUca = - RabcrUrd - Rab/^cr

Since M is a space of constant φ-holomorphic sectional curvature with H=l — 4<x>

we can get

- RabJurd - Rabdrucr = - 0- - ot){ghcuad - gacubd + gadubc - gbduac)

Vr + Ψbrψad ~ ψarψbd + Zφabψdr)

VaVr - gacVbVr + ΨbrΨac ~ ψarψbc + 2φabφcr)

2(1 - ά)ur {{φarηc + <PcrVa)gbd - (ψbrVc
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where we have used (4.1). On the other hand, making use of (4.1), (4.2) and

(4.3)', VoVδWcd—VήVo^cd reduces to the right hand side of the above equation.

Therefore (4.5) holds good.

Summing up the results obtained above, we get

THEOREM 4.1. A necessary and sufficient condition in order that the

D'Killing equation of type a is completely integrable is that the Sasakian

space M (w > 3) is a space of constant φ-holomorphic sectional curvature with
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