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SOME REMARKS ON SEMI-GROUPS OF NONLINEAR OPERATORS

ISAO MlYADERA

(Rec. Aug. 29, 1970)

1. Let X be a Banach space, and let Xo be a subset of X. By a contraction
semi-group on Xo we mean a family {T(t) t^o] of operators from Xo into Xo

satisfying the following conditions :

(1.1) T(0) = I (the identity), T(t +s) = T(t)T(s) for t, s ̂  0

(1.2) \\T(t)x-T{t)y\\^\\x-y\\ for ί^O and x,ye Xo

(1. 3) lim T(ί> = α; for Λ; e Xo.

We define the infinitesimal generator Ao of [T(t) t^ί

and the weak infinitesimal generator A by Ax=w-\\mh~1(T(h)x—x) whenever

the right sides exist.
We shall deal with multi-valued operators. By a multi-valued operator A in

X we mean that A assigns to each X<Ξ D(A) a subset Axφ 0 of X, where
D(A)= [xz X ; Axφ 0 } . And D(A) is called the domain of A, and the range

of A is defined by R(A)= \JX,DU) AX. We define III Ax III =inf {\\x\\ x € Ax}

f o r x ^ D ( A ) and A°x={x £ Ax; \\x | |= ||| A x | | | } . A0 is called the canonical
restriction of A. A multi-valued operator A in X is said to be closed, if the graph

G(A)= \)χe DU) lχy Ax] is closed in the product space X x X where [x, Ax]

= {[x, x ] e X x X x € Ax] for x € D(A).

We now introduce the notion of dissipativity. Let X* be the dual space of
X and (x, x*) denote the value of x* <= X * at x € X. A multi-valued operator A
in X is said to be dissipative if for each x, y € Z)(Aj and x' € Ax, 3/' € A^ there
exists a f*€F(x— 3O such that

(1.4)

where F ( Λ ) = {Λ*€ X*; (Λ;,Λ;*)= W 2 = | | Λ : * | | 2 } for ^ X and Re fcx*) means the
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real part of (x, x*). It is known that A is dissipative if and only if

(1.5) \\χ-y-Mχ

for λ > 0, x,y € D(A) and x € Ax, y <= Ay (see[5]).

Recently Crandall and Liggett [3] proved the following

THEOREM A. If A is a dissipative operator satisfying

fo) R(I-\A)ΌD(A) for λ > 0 ,

then there exists a contraction semi-group {T(t) t ^ 0} on D(A) such that for

each x z R Π D(A)

(1. 6) T(t)x = limC7-λΛ)-[ί/λ] x

uniformly on every bounded interval of [0, oo), and

(1.7) \\T(t)x-T(s)x\\^ HI ArHI | ί - 5 | /or ^ ^ £>(A) αwJ ί,5^0,

where R= f^\x>o i?(7—λA) α//ύ? [ ] denotes the Gaussian bracket.

In Section 2 we shall prove the following

THEOREM 1. In addition to the assumption of Theorem A, suppose that

A is closed. Let {T(t) t ^ 0} be the contraction semi-group on D(A) given by

Theorem A. If xz D(A) and if T(t)x is strongly dijferentiable at to>O, then

T(to)xzD(A) and [(d/dt)T(t)x]t=toz AT(to)x .

This theorem has been proved in [3] under the condition

(c2) R(I-χA) Deo D(A) for λ>0,

where co D(A) denotes the convex hull of D(A).
The proof of Theorem 1 is based on Lemma 1. By using the same lemma we

have the following

THEOREM 3. Let A be maximal dissipative in D(A) satisfying (ci), and

let {T(t) t g; 0} be the contraction semi-group on D(A) given by Theorem A.

Assume that A0 is single valued.
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(i') If X is reflexive, then D(A°) = D(A)9 AΌ is the weak infinitesimal
generator of {T(t); t^O] on D(A) and

(w-D+)T(t)x = A°T(t)x for xzD(A) and t^O.

(ii') If X is uniformly convex, then D(A°) = D(A), A0 is the infinitesimal

generator of {T(t); t^O] on D(A) and

D+T(t)x = A°T(t)x for xzD(A) and t^O.

Here D+T(t)x {or (w-D+)T(t)x) denotes the strong (or weak) right derivative
of T(t)x.

And it follows from Theorem 3 that if X and X* are uniformly convex and
if A is closed dissipative satisfying (ci), then A0 is single valued with D(A°)
= D(A) and it is the infinitesimal generator of a unique contraction semi-group

on D(A) (Corollary 2).

In Section 3 we shall deal with approximation of contraction semi-groups.
And we may obtain the following

THEOREM 4. Let [T(t) t ^ 0} be a contraction semi-group on a closed

convex set Xo, and put E = [x€ Xo ||Ahx\\ = O(l) as h->0±}, where Ah

= hrι(T(h)-I). Then for each xzE

(1. 8) T(t)x = lim (I-\Ah)-[m x
(λ,ft)-(0,0)

uniformly on every bounded interval of [0, °o).

For {T(t) t g: 0} in Theorem 4, we have also that for each x € E

(1. 9) T(t)x = lim {(1 - t) I + t T(l/n)} nx

uniformly in t € [0,1] (Corollary 3).
Theorem 4 is somewhat sharper than a theorem due to Neuberger [9], and

(1. 9) is well known in linear case (see [4, Theorem 10. 4. 3]).

REMARK. Theorem A can be extended to the following form (see [3]). If
A — ωl is dissipative for some ω^O and R(I— λA) DD(Λ) for λ€ (0,1/ω), then

there exists a semi-group [T[t) t ^0} € Qω{D{A)) satisfying (1.6) with R

Λ W Λ(7-λA) and
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(1.7) \\T(t)x-T(s)x\\ ^e«™^\\\Ax\\\ \t-s\

for xzD[A) and t, 6^0. And the results mentioned in Section 2 may be also

extended to this type. Here by {T(t) *^0} e Qω{X0) we mean that T(t), t^O

are operators from Xo into itself with the properties (1. 1), (1. 3) and

(1.2') \\T(t)x-T(t)y\\^e «\\x-y\\ for t^O and α:,3^X0.

Our results in Section 3 also hold true for semi-groups of class Qω(X0).

2. We define < , > s : I x X ^ ( - o o , o o ) by

<x,y>s = sup{Re(x,y*) y*zF(y)}.

It is shown that| < ^ , ^ > s | ^ | | x | | | | ^ | | and

(2.1) < , > s : XxX-+( — oo, oo) is upper semicontinuous (see [3, Lemma 2.16]).

Let A be dissipative satisfying the condition

(0 R(I-\A)ΏD(A) for λ>0.

Since A is dissipative one can define for each λ > 0 a single valued operator

- 1 : R{I-\A)-^D(A) such that

\ \ x - y \ \ f o r x , y (

We set Ai = λ"1(Λ —/) for λ>0. The following properties of Aλ are well known:

(2.2) AλxzAJλx for ^ ^ i ? ( / - λ A ) ;

(2.3) | |A λ*| |^| | |Aα:| | | for xz D(A) and λ > 0 .

Theorem A shows that

(2. 4) lim J[t/λ]x exists for xzD{A) and ί ̂ 0 ,

and if T(t)x is defined as the limit in (2. 4) then \T[t) t^O} is a contraction

semi-group on D(A) satisfying

(2.5) \\T(t)x-T(s)x\\^\\\Ax\\\\t-s\ for xeD{A) and t,s^0.
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LEMMA 1. Let A be dissipativε satisfying (c/) and let [T(t) t^O] be
the contraction semi-group on D(A) defined by the limit in (2. 4). If xz D(A)
and yQ € AxQ, then

(2. 6) sup lim sup Re ( ( 'X. ^ £*) ^ <y0, x - xo>s.
ζ*zF{x-x0) ί->o+ y ί y

PROOF. Since | |Ji ί / λ l.z0-.r0 | | ^ [ί/λ]||Jλa:0-α;0 | | ̂  ί ||| Ar, | | |, we have

(2.7) μ r ^ - cj ^ μi'^-jr^oin-μr^o-^ii^iix-xoii +ί mAr0m

for λ > 0 and ί^O. For each λ > 0 and positive integer k,

yλ,k = χ-\Jλ<<x-Jl-'x) = AxJt'xt AJλ«x

by (2.2). Since A is dissipative, there is an η*e F(Jλ

kx—x0) such that

(2.8) Re(yλ.*-3Ό.»»*)^0.

Now

i,» 9*) = λ"1 Re(Jχkx -xo- {Jt%x-x0}, η*)

and hence

λ ĉ — α-oll ll̂ λ x -̂oll = ^A ive^λ^, ^ j

= 2λ Re(̂ λ,A: —^OJ ̂ ) + 2λ Re(^0> ^ J

^ 2 λ R e ( y o > ^ * ) (by(2.8))

^ 2λ <^yo> «Afc^ — x0 > s.

Since J[τ/λ]x = Jχkx for ^λ ^ T < (* + l)λ,

J
/ (fc + l)λ

fcλ

Let t ^ λ and add (2. 9) for & = 1,2, , [t/\]. Then we have
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II TU/λ]~ _ ~ II 2 | | ~ ~ II 2

/

(tί/λ]+l)λ

< ^ o > Λ r Λ ] ^ - ^ o > s dr.

Taking the lim sup as λ—>0-f we have from (2.7), (2.1) and the Lebesgue

convergence theorem that for ίg^O

(2.10)

[ s dr.

Since | |T(φ:-;ro | |2HI*-^oll2^2Re(T(ί).r-α:,£*) for any ζ*e F(x-x0), (2.10)
yields

(2.11) Re(T(ί)a: - Λ, {*) ^ f <3

for
In view of (2.1) and the strong continuity of T(τ)x in τ ^ 0 , <j>0> T(τ)^:—α:0>

is upper semicontinuous in τ§:0. Thus for any £ > 0 there is a δ > 0 such that

<y0, T{τ)x - xQ>s < <yQ, x - xo>s + S for 0 ^ T < δ .

It follows from (2.11) that if 0 < * < δ then

R e

Consequently

/

for any f*ζF(α:-^ 0 ) , This completes the proof.

PROOF OF THEOREM 1. We note that under assumptions of Theorem 1,
(2.6) in Lemma 1 holds true. In fact, R(I—χA) is closed for each λ > 0 because
A is closed and hence (cj implies (c/). Then, by using the same method as in
the proof of Theorem II in [3], we obtain the conclusion. Q. E. D.
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REMARK. In [3], the condition (c2) has been used only to prove Lemma 1
above.

Let Af, i—\, 2 be multi-valued operators in X. A2 is an extension of A19

and Ax is a restriction of A2, in symbol A2~DAX, A^A^ if Z^AJcZ^Aa) and
AxxcA2x for x£ D{AX). If S is a subset of X and A is a dissipative operator,
we say that A is maximal dissipative in S if Z)(A)c*S and A has not any
proper dissipative extension A such that D{A)cS. Lemma 1 leads to the following

COROLLARY 1. Let A be maximal dissipative in D{A) satisfying (cj,
and let {T{t) t^O} be the contraction semi-group on D(A) defined by the
limit in (2. 4). [Note that (c/) is satisfied, since the maximality of A implies
that A is closed,)

(i) IfxzD{A) and if x=wAim t^iTitJx-x), then xz D(A°), x z A°x
tn-*0+

and

l im t^WTi tJx- x\\ = \\x [| = HI Ax\\\.
£,,->0+

(ii) If X is reflexive, then

ί ^ O ( 3 ] ; \\T(t)x-x\\=O{t) as t

and for each x belonging to the set above

- x\\= \\\Ax\\\.

PROOF, (i) We first note that there is a y*zF(y) such that <x,y>s

= Re(x,y*) since F(y) is compact in the weak* topology of X*.
Let xQ€ D(A) and let j>0€ Ax0. By Lemma 1,

sup Re{x, ζ*) ̂  Re^oj V*) for some η* z F(x—x0).
ζ*eF(x-x0)

So that

Re(;r' — y0, η*) ̂  0 for some η* € F(x — x0).

The maximal dissipativity of A implies that xz D(A) and x € Ax (see [6, Lemma
3.4]). But, by (2.5), \\T(tn)x-x\\^\\\Ax\\\tn. And hence

III Ax HI ^ ||*'|| ̂  I™ inf tn-'\\T(tn)x - x\\
ί0
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^ - z l l ̂  III A c III

T h u s Ymtn-
1(\\T(tn)x-x\\) = \\x\\= \\\Ax\\\ ,xz D(A°) and x'e A°x.

t * 0 +tn-*0 +

(ii) Clearly [xz~D(A); \\T(t)x-x\\=O{t) as ί-+O + } D L > ( A ) D D ( A ° ) by

(2.5). Let xzΊJ(A) and let \\T(t)x-x\\ = O(t) as ί->0 + . It follows from the
reflexivity of X that every sequence {tn}, tn—*0+ has a subsequence {ίni}such that
{tnιΉT(tnt)x—x)} is weakly convergent. Therefore, by ( i ) , xz D(A°) and
lίm tn~

ι\T[tni)x—x\= HIArHI. And the uniqueness of the limit shows
tni->0 +

Q.E.D.

Let us now consider the Cauchy problem

(2.12) (ά/άt)u{t) € Au(t) a. e. ί € [0, oo), u(0) = x

where A is a given dissipative operator. A single valued mapping u(t) : [0, oo)^X
is called a solution of (2.12) if w(ί) is Lipschitz continuous in t g: 0, w(ί) is
strongly differentiable at a. e. t^O, u{t)^D[A) for a. e. tz[0, oo) and w(ί)
satisfies (2.12). It follows from the dissipativity of A that (2.12) has at most
one solution (for example, see the proof of Theorem 3 in [8]).

In view of Theorem 1 we have the following

THEOREM 2. Let A be closed dissipative satisfying (cj, and let

{T(t) t^O} be the contraction semi-group on D(A) given by Theorem A.

(a) If T(t)x with xzD(A) is strongly differentiable at a.e. tz [0, oo)
then it is a unique solution of (2.12).

(b) If X is reflexive then for each xz D(A) T(t)x is a unique solution
of (2.12).

PROOF. By (1.7), T[t)x is Lipschitz continuous in t^0 if xz D(A).
Therefore (a) follows from Theorem 1. If X is reflexive, then every Lipschitz
continuous X-valued function in ίgrO is strongly differentiable at a.e. t€ [0, oo)
(see [7, Appendix]). Hence (b) is obtained. Q. E. D.

REMARK. Let A be dissipative satisfying the condition (cj, and let xz D(A).
It has been proved by Brezis and Pazy [1] that if u(t) is a solution of (2. 12)
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then u(t) = l\m(I—XA)~ίt/λ]x uniformly on every bounded interval of [0, ex?) and
λ->0+

(d/dt)u(t) € A°u(t) for a. e. t <= [0, oo),

Theorem 2 (b) shows that if X is reflexive and if A is closed dissipative
satisfying (ci), then [T(t) t^O} diίined by

(2.13) T(t)x = lim(I-χA)-[t/λ]x for xz D(A) and * ^
λ->0 +

is a unique contraction semi-group on D(A) such that for each xz D(A),

\\T(t)x-T(s)x\\^\\\Ax\\\\t-s\ for t,s^O

and

(d/dt)T{t)x € AΓ(ί)Λ a. e. ί € [0, oo)

(and hence (d/dt)T(t)xz A°T(t)x a.e. ί€ [0, oo)).
Our next problem is to find the infinitesimal generator of this semi-group.

THEOREM 3. Let A be maximal dissipative in D(A) satisfying (cj, and

let {T{ή; t^0] be the contraction semi-group on D[A) defined by (2.13).
Assume that A0 is single valued. Then we have

(ϊ) if X is reflexive, then D(A°) = D(A), A° is the weak infinitesimal

generator of {T(t) t^0} on D{A) and

(2.14) (w-D+)T(t)x = A°T(t)x for xzD(A) and f ^ 0 ,

(ii) if X is uniformly convex, then D(A°) = D(A), A0 is the infinitesimal

generator of [T(t) t^0} on D[A) and

(2.15) D+T(t)x=A°T(t)x for xzD{A) and t^0.

PROOF. ( i ) We proved already

{xz D(A) \\T[h)x-x\\= O(h) as h-*0 + }= D{A) = D{A°)

(Corollary 1 (ii)). From this and \\T{h)T(t)x-T(t)x\\^\\T(h)x-x\\,T(t)xs D(A°)

for xs. D(A°) and ί^0. Thus it suffices to show that

(2.16) w-lim t~ι{T{t)x - x) = A°x for x € D(A°).
ί 0 +
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Let xzD(A0) and let {tn} be a sequence such that £n—>0 + as n->oo. Since
X is reflexive, there are an x € X and a subsequence {ίni} of {tn} such that

By Corollary l(i),

A°x = x = w-limtn-*(T(tn ι)x- x).

F r o m t h e uniqueness of t h e limit (2.16) follows.
(ii') Since X is also reflexive, t h e conclusions in (ϊ) hold true. I t is sufficient

t o show

limrι(T(t)x -x) = A°x for xz D(A°).
ί->0 +

But this is obtained from the uniform convexity of X, (2.16) and \vaxt~ι\T(t)x—x
t-*o+

= \\A°x\\ for x€D(A°) (Corollary 1 (ii)). Q. E. D.

COROLLARY 2. Let X and X* be uniformly convex, and let A be
closed dissipatίve satisfying (cj. Then

(a) Λ° is single valued with D(A") = D(A),

(b) A" is the infinitesimal generator of a unique contraction semi-group

on D(Aj.

PROOF. Let A be a maximal dissipative operator in D(A) such that AΌA.

Note that A is single valued with D(A )—D(A) (see [6, Lemma 3.10]). Since

D{A)<zD(A)c~D{A) and R(I-xA)oL^A) for λ > 0 , we have

R{I-XA)ΌD(A)( = D(A)) for λ > 0 .

Put

T(t)x = lim ( / - XA)-U^x( = lim ( / - XA)~U/Xix)
λ->0+ λ-»0+

for xz D(A) and ί^O. By Theorem 3 (ii), [T(t) t^O} is a unique contraction
semi-group on D(A) with the infinitesimal generator A .

On the other hand it is shown that D(A) = D(A) = D(A°) and Ά°=A°
(see [10, Proposition 4. 2]). This completes the proof.
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3. Throughout this section it is assumed that Xo is a closed convex subset
of X. We start from the following

LEMMA 2. Suppose that C is a contraction from Xo into itself
(i.e.,\\Cx-Cy\\^\\x-y\\ for x,yzX0), and put Ch=h~ι{C-I) for h>0.

(i) There exists a unique contraction semi-group \T(t C— I) t^O] on
Xo such that {d/dt)T(t; C-I)x=(C-I)T(t; C-I)xfor xeX0, t^O and

(3.1) \\T(m; C-I)x-Cmx\\ ^ *JnT\\{C-I)x\\

for x € Xo, m = 1, 2, .

(ii) For each h > 0 there exists a unique contraction semi-group [T{t Ch)
ί^O} on Xo such that (d/dt)T(t\ Cfι)x=CfιT{t; Ch)x for xzX0, ί ^ O and

(3. 2) \\T(t σ)x-C[t/h]x\\ ^ Wth +λ)||CΛr:||

for xe Xo, t^O.

PROOF. For the proof of (i), refer to [1, Lemma 2.4] or [8, Appendix].
(ii) is easily obtained from (i). In fact, T(t Ch) = T{t/h; C-I). By (3.1)

\\T([t/h]h; Ch)x-C[t/h]x\\ ^ ^

for £ΞgO, xzX0. Moreover

\\T(t; Ch)x-T([t/h]h; Ch)x\\^ f \\ChT(s; Ch)x\\ ds

^h\\Chx\\ for t^0,xzX0.

From these inequalities (3. 2) follows. Q. E. D.

Let [T(t) t ^ 0} be a contraction semi-group on Xo, and set

-I) for A > 0 .

Using Lemma 2 (ii) with C=T(h) and CΛ=ΛΛ, we see that there is a unique
contraction semi-group [T(t AΛ) t ^ 0} onX 0 such that

(3. 3) {d/dt)T(t ΛΛ)x = AΛT(* Ah)x for α: € Xo» ί ^ 0
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and

(3.4) \\T(t A*)x - T([t/h]h)x\\ ̂  (^ΠΓ+ h) \\A*x\\

for XGXO

Next for any fixed f e [0,1] and &>0 we define C(£, A) by

Obviously C[ξ, h) is a contraction from Xo into itself. Put

In view of Lemma 2 (ii) (with C=C{ξ,h) and CΛ = AΛ(£)), there is a unique
contraction semi-group [T(t; Ah{ξ)) ί^O} on Xo such that (d/dt)T(t\ Ah{ξ))x
=Ah{ξ)T(t; Ah{ξ))x for xzX0, ί^O and

(3. 5) \\T(t

for α:€ Xo, ί §:0. Since AΛ(|) = ^AΛ,

T(t; Ah{ξ)) = T{tξ AΛ)

Combining this with (3. 5)

\\T(tξ; Ah)x-C{ξΛYt/h'x\\^Wt

for ^:^ Xo, t^O. Setting t = 1 in the inequality above, we have

(3.6) ~

for rsXo* l^[0,1] and h>0.
Since \\T[t)x-T([t/h]h)x\\^\\T(t-[t/h]h)x-x\\->0 uniformly in ί^O, as

, for any xeX09 (3.4) and (3.6) show the following

COROLLARY 3. Set E={xeX0; | | A Λ Λ : | | = O ( 1 ) as Λ-->O-h}.

( a ) For e a c h x ^ E

= lknT(t; Ah)x
Λ0 +

uniformly on every bounded interval of [0, oo).
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(b) For each x <= E

T(t)x = lim {(l-t)I+tT{h)}[1^x
h-*0+

uniformly in t <= [0,1].

REMARK. Let Ao be the infinitesimal generator of [T(t) ί^O}. Chambers

[2] showed that the above (b) holds true for each x<£ Do, where 7)0 is a subset

of D(A0) such that if xz Do then T(t)xz D(A0) for a. e. t^O.

It is easily shown that for each h>0, Ah is dissipative and

(3.7) R(I-χAh)DXo = D[Ah) for λ>0.

We now consider the behavior of (I-χAh)~[t/λ]x as (λ, h) ->(0,0). An estimation
by Crandall and Liggett [3, (1. 9)] shows that

(3.8) | | ( 7 - xAh)~[t/λ]x- {I-

for xe X0,t^0 and λ > μ>0.

Note that T(t Ah)x = lim(/-λAΛ)-[ί/λ]α: for xz Xo and t§0. (For example,
λ->0+

this follows from the remark after Theorem 2 because by (3. 3) T(t Ah)x with
x£ Xo is a solution of the Cauchy problem (d/dt)u(t) =Ahu{t),u(0) = x.) Letting
μ-*0 in (3.8), we have

| | ( 7 - χAh)-[t/λ'x- T(t Ah)x\\ ^ 2(λ2 + λί)1/2IIA^||

for X€XO, t^O and λ > 0 . Combining this with (3.4),

(3.9) \\T([t/h]h)x-(I-xAh)-[t/λ]x\\

^ Wth + h + 2(λ2 + λί)1/2} IIAhx\\

for xzXo, t^O, λ>0 and h>0.
Thus we obtain the following

THEOREM 4. Let [T(t) £ §: 0} fe α contraction semi-group on a closed
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convex subset Xo of X, and put E={xzX0; ||Ahx\\ = O(l) as Λ->0+},

ΛΛ = hrι(T(h)-I). Then for each xzE

(3.10) T(f)* = lim (I-\Ah)-[t/λ]x
<λ,ft)-(0.0)

uniformly on every bounded interval of [0, oo).

Added in Proof. Under the assumptions that X* is uniformly convex and
A is ra-dissipative, the conclusion of Corollary 1 (ii) has been obtained by Brezis
(On a problem of T. Kato, to appear).
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