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1. Introduction. This paper is concerned with the generation of
semi-groups of classes (0, A) and (1, A).

Let X be a Banach space and let B(X) be the set of all bounded linear
operators from X into itself. A one-parameter family {T(¢); ¢t = 0} is called
a semi-group (of operators), if it satisfies the following conditions:

1.1) T(t)e B(X) for t = 0.
1.2) T(0) = I (the identity), T(t + s) = T(¢t)T(s) for t,s=0.
(1.3) lgm Tt + h)x = T(t)x for t >0 and z€ X .

Let {T(t); t = 0} be a semi-group. By the infinitesimal gemerator A, of
{T(t); t = 0} we mean

(1.4) Aw = lim (T(W)w — =)/h

whenever the limit exists. If A, is closable, then A = A, (the closure of
A,) is called the complete infinitesimal gemerator of {T(t); t = 0}.

The following basic classes of semi-groups are well known (see [2]).
If a semi-group {7T(t); t = 0} satisfies the condition (C)) lim,,,,. T(t)x = =
for x€ X, then {T(¢); t = 0} is said to be of class (C)). In this case 4, is
closed and hence the complete infinitesimal generator coincides with the
infinitesimal generator. If a semi-group {T(¢); t = 0} satisfies the condition
A, 4) S‘n T(t)dt < == and lim xre—“T(t)x dt = x for ve X,
then {T(t); t = 0} is said to be of class (1, A). If, instead of the condition
(1, A), T(t) satisfies the weaker condition

0, A) Sln T(t)e||dt < o and lim xS“e—“T(t)x dt = z for ze X,
0 A—eo 0

then a semi-group {T(t);t= 0} is said to be of class (0, A). Clearly
(Chc (1, A)c (0, A) in the set theoretical sense. It is known that in gen-
eral the infinitesimal generator of a semi-group of class (1, A) need not
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be closed, and that every semi-group of class (0, A) has the complete
infinitesimal generator (see [2, 5]).
Our main results are as follows.

THEOREM 1. Amn operator A is the complete infinitesimal gemerator
of a semi-group {T(t); t = 0} of class (0, A) if and only if

(i) A is densely defined, closed linear operator with domain and
range in X,

(ii) there is a real w such that {N; A > w}C p(A) (the resolvent set
of A),

(iii) |[R(; A)|] = O(A/N) as N— oo, where R(\; A) is the resolvent
of A,
and R(\; A) satisfies either of the following conditions (iv)), (iv.);

(iv) for each x€ X there exists a mon-negative measurable function
S, x) on (0, ) satisfying

(@) for each x€ X, f(t, x) is bounded on every compact subset of the
open interval (0, ),

(b) Sme‘“"f(t, x)dt < oo for xe X,

(e) IIOR(N; Azl < 1/(n — 1)!re““t”‘lf(t, x)dt for veX, N> o and
n =1, ’

(ivy) (a’) for every € > 0 there exist M, > 0 and N\, = \(€) such that
AR A < M, for x>\, and n with n/ne [e, 1/¢],

(b') there exists an M >0 such that ||R(\; A)"x|| £ M(M — @)™ x|,
for xe D(A),n > @ and n = 1, where ||z]||, = ||z]|| + ||Az]|,

(¢) S:e“"‘ lim inf || T(¢; n)x||dt < = for x€ X, where

(L.5) T(t; m) = <I - %A)ﬂ’ - [%R(%; A)]" for t >0 and n > ot

=Ifort=0and n=1.

THEOREM 2. Amn operator A is the complete infinitesimal generator
of a semi-group {T(t);t = 0} of class (1, A) if and only if (1)—(ii) n
Theorem 1 are satisfied, and R(\; A) satisfies either of the following con-
ditions (v)), (vo);

(v,) there exists a non-negative measurable function f(t) on (0, ) with
the properties

@ |ewpit<e,
b RN A £ 1/(n — l)IS e~ () dt for > @ and n =1,

(v)) (@') for every ¢ > 0 there eozm'st M, >0 and N\, = \(¢) such that
MR\ A)* || < M, for M > X\, and n with n/\€E [e, 1/¢],
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(V') there ewists an M > 0 such that ||R(\; A)"x|| < M(x — o)™ 2],
for xe D(A),» >w and n =1,

) S“e—wt lim inf || T(¢; n)||dt < oo.

Theorem 1 is new. To generate semi-groups of class (0, A) the author
assumed in [3] that, instead of (iv,)-(a), for each ze X, f(t, x) is con-
tinuous in ¢ > 0. The condition (v) in Theorem 2 was first given by
Phillips [2, 5], and the conditions (iv,) and (v,) in the above theorems are
quite new.

Our proof of Theorem 1 is based on the generation theorem for semi-
groups of class (C,) due to Oharu [4], and Theorem 2 is proved by using
Theorem 1. In §2 we shall deal with semi-groups of class (C,). Proofs
of Theorems 1 and 2 are given in §3.

2. Semi-groups of class (Cy,). In this section we present the classes
Cu), k=0,1,2, ---, of semi-groups introduced by Oharu [4].

Let {T(t); t = 0} be a semi-group. It is well known that o, = lim,_,,
t™log || T(¢)|| is finite or — . And ®, is called the type of {T(t); t = 0}.
According to Feller [1] we define the continuity set >, of {T(t);t = 0} by

Y= {xeX; %Lror}r Tt)x = x} .

We see that X, = U, T(®)[X] < 2 and if X > @, then the Laplace integral
S e " T(t)xdt exists for each xe 3.
0

LemMMmA 2.1. If X, is dense in X and if there exists an w > w, such
that for each N > w there is an operator R(\)€ B(X) with the properties

(a) RNz = S e M T(t)xdt for v X, and (b) R(\) is invertible, then A = A,
0
exists and R(\) = R(\; A) for A > .

Proor. It is easy to see that R(\)x = Sme‘“ T(t)xdt for x€ 5. Hence
ARV = lim,_,, A, R\)x = lim,_,. R(\)Ax = AMRB(\)x — o for x€ X, where
A, = (T(h) — I)/h. Since D(A,) C 2, we have R(\)Ax = ME(\)x — x for
xe D(A,). To show the closability of A4, let x,€ D(4,), ,—0 and Agx,—y
as n— . Since R(\)Ax, = \RM\)x, — z,, we obtain BE(\)y = 0 and hence
¥y =0 by (b). Therefore A = A, exists and R(\)Ax = \R(\)x — x, i.e.,
R(\)(M — A)x = x for xe D(A). Let e X. Since X, is dense in X, there
is a sequence {x,} in X, such that z, —x as n—c. Hence R(\)x, — R(\)x
and A,R(\)z, = \R(\)x, — ¢, = AR(\)x — © as n— c. This means that
R(\)xe D(A) and ARz = ARz — z, i.e.,, W — A)RNx =z for z€ X.
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Thus (M A > 0} < p(4) and R(\) = R(\; A) for A > o. Q.E.D.

DEFINITION 2.1. A semi-group {7T(t); t = 0} is said to be of class (C,),
where k is a nonnegative integer, if it satisfies the following conditions:

(a) X, is dense in X.

(a;) There exists an @ > w, such that for each \ > w there is an
operator R(\) € B(X) with the properties

@) RNz = re‘“ T(tywdt for e X,
() R(\) is invertible.

(a;) D(A*)c 3, where A is the complete infinitesimal generator of
{T(t); t = 0} and A° = I. _

It follows from the definition that (C) < (Cy+y) and (C,) is nothing
else but the class (C,). If {T(t);¢t = 0} is a semi-group of class (0, 4),
then (a,)) and (a,) are satisfied, and moreover lim,.,,. T(f)z = x for x € D(A),
namely, D(A) C ¥ (see [2]). This means (0, 4A) < (C,,). And an example
in [2] shows that (0, A) # (C,,) (see [2; p. 371, example 1]).

We now mention the generation theorem for semi-groups of class (C,)
due to Oharu [4].

THEOREM A. An operator A is the complete infinitesimal generator
of a semi-group {T(t); t = 0} of class (C,) if and only if

(o)) A s densely defined, closed linear operator with domain and
range in X,

(az) there is a real @ such that {\; N > w} C p(4),

(o) there exists an M > 0 such that

| RO Az || < MO — 0)~|| %], for ve DA, A > o and n =1,

where [|z]l, = [|2]| + [[Az|| + -+ + [|A*x]],
(a,) for every € > 0 and x€ D(A*) there are M, > 0 and N, = N(¢, @)
such that ||[N"R(\; Ay"z|| < M.||z|] for X > N\, and n with n/\€E [e, 1/e].
Then the semi-group {T(t);t = 0} generated by A has the following
property; for each x € D(AF)

T(t)e = lim T(¢; n)e = lim (I - iA)"”x
n—oo n—00 n

uniformly on every compact interval of [0, o).
3. Proofs of Theorems 1 and 2. We start from the following

LEMMA 3.1. Let A be a closed linear operator with domain and range
n X.

Suppose that

(i) there is a real @ such that {\; » > @} C p(4),
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(ii) for each we X there exists a non-negative measurable fuction f(t, x)
on (0, o) satisfying the following properties
(ii,) re“"‘f(t, 2t < oo for z€ X,
i) 1RO Aol < 1n — 1)!re‘“t“"‘f(t, B)dt for ze X, N> @
and n = 1. '
Then we have

(i’) there ewists a constant M > 0 such that

IR(\; A)z]] = MO, — @)~"|[z|l, for xe D(A), N> ® and n =1,

(ii") re—wt lim inf | T(t; n)e||dt < o for e X, where T(tn) are
operators o;eﬁnedng; (1.5).
Proor. (i’) Let A > and xe D(A). Since R(\; A)¥A — w)x =
O — w)R(\; A)kx — R(\; A)* 'z, we obtain from (ii,) that
II(v — @) R(N; A)fw — (v — @)*'R(N; A)* ']

= 10v— @) ROy 4F(A - o)oll = LB "o, (4 — ot

for = 1. Hence

n . n [ —at < (7\’ - a))k'_ltk—l
10— @ RO Ay — sl| < | o7 3 B0 f( (A = o))t

< g:e"‘”” F(t, (A — @)t for n = 1.

Since R(\; A)", » > w, n = 1, are bounded linear operators from the Banach
space D(A) with the norm [|z||, = ||®]| + || A%]|| into X, the above inequality
implies that there is an M > 0 such that

[(v — @)"R(N; A" || < M| =],

for x€ D(A), » > @ and n = 1 (the uniform boundedness principle).
(i) Let T > 0 be arbitrary but fixed, and let z€ X. Then for each
integer n with n > T|w|, T(¢; n) is well defined on [0, T] and by (ii,)

| T(E; n)z|| < —M—re_““s”“l F(s, w)ds for 0 <t < T.
(m— 1)1 Jo

For each integer n = 1 let us define a function E, by
(1 — wt/n)" for 0 < t < n/| |

0 for n/|jw| <t

and E,(t) =1 if o =0. Then

En(t):{ if w0,
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[ B0 85wy e = o 240

D] 3 e~mltgn f (s, x)ds]dt

- g "1 f (s, x)[(—l)’§ (B)(nt)e “’“’“dt]ds
where n > T|w|. Now,
- (_IT)TS B, (t)(n/t) e dt
B 1 nllw| _ ms/t _ ne-s o T st .
(- 1)150 (nft — @ye=dt = (n — 1)!S|w[—w(t + ) ats

and a simple calculus shows that J < (n/(n — 1))e st if w =0, and
J =4 (n/(n — 1)e s if w < 0. Therefore

S:E,,(t)n T(t; mpaldt < 4—" S"e—ws f(s, 2)ds for n> T|®] .

Passing to the limit as n — oo, we see from the Fatou lemma that
T o
S ¢~ lim inf || T(t; n)w|dt < 4§ o £ (s, w)ds .
0 Nn—00 0
Since T is arbitrary, we obtain the desired conclusion. Q.E.D.

LEMMA 3.2. Let A be a closed linear operator with domain and range
wn X. If we assume (i), (ii) *n Lemma 3.1 and (ii;) for each x € X, f(t, x)
1s bounded on every compact subset of (0, «), then for each & > 0 there
exist M, > 0 and N, = \(€) such that

3.1) [IN"R(N; A)*|| < M, for M > N\, and n with n/\€ [e, 1/€] .
ProoF. Let € X and N > 2|w]|. Clearly

IR A)e|| < emimtgnigat f(t p)dt = T .

(n 1)'S
Note that the function e~ *(n = 1) is increasing on [0, @] and decre-
asing on [a, =), where @ = (n — 1)/(\ — w). Let 6 and 7 be arbitrary
numbers with 0 < 6 < 1< 7, and divide the integral domain as follows:
. A da na oo] —
R ] 1)!“0 + g + SW =L +L+1.
Then

AT (A—w)da n—1 ~('n n—13n—1
Il_me (ba)"'K(x) = —(Tl)—'-x(Mz) 0" 'K(x) ,
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-(n

O

Since ax = (n — 1)(1 + o/(M — ®)) < 2(n — 1) , we have

AOva)* ' K(x), where K(x) = re‘“"f(t, x)dt .

(n ) ! —(n—1)3 n—1
I < WM (20)"'K(x) .

By virtue of the Stirling formula, we obtain

2 I < 20e!7%)nt
(3.2) _1/27”/%( e ’)" " K(x) .
Similarly as in the above, we have

. I < -2 » (2pe—)"K(v) .
3-3) V7 1/n( 7 (®)

Let 0 < e <1 and let n/xe]e, 1/e]. Since N\ < n/e, it follows from
(3.2) and (3.3) that

I < =]/ o 1/71,(23e1 S K(x), I. 3_1/_ V' (2ne ) K() .

Choose 6€(0,1) and 7€ (1, ) such that 2de'? < 1 and 27¢~7 < 1. Since

1V 1 (26¢")"* and V' n (27¢ )" are bounded with respect to m, there is
a K, > 0 such that

7\” da o
3.4 A+ I, = ____[S S < KK(@) .
(3.4) I + I oD ST W]_KK(w)
Finally we estimate
L= G ot

It is easy to see that de/4 < oa < na < 2p/e for n = 2. Set N, = N(e) =
max (2/¢, 2|w|). Then for A >\, and » with n/x € [e, 1/¢],

I, < _LS 1At w)dt < K(e, @) "oy
del4

T (=1 (n —1)'S
= K(e, x), where K(e, x) = sup {f(¢, ®); 0¢/4 <t < 2n/e} .
Combining this with (38.4), for every x€ X we have

IVROG A)'s]| < Kggwe‘”tf(t, 2)dt + K, ©)

for » > )\, and n with n/x € [¢, 1/¢]. By the uniform boundedness principle,
there exists an M, > 0 such that |[|[\R(\; 4)"|| £ M. for » >\, and n with
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n/n € [g, 1/¢e]. Q.E.D.
We now prove Theorem 1.

PrOOF OF THEOREM 1. Suppose first that {T(¢); ¢ = 0} is of class (0, A).
Then the complete infinitesimal generator A satisfies the condition (i).
Since R(\; A)x = re““T(t)xdt for xe X and N > o, (= the type of {T(¢);

0
t = 0}), (iii) follows from the condition (0, A) together with the uniform
boundedness theorem. Choose an w > w, and set f(t,x) = || T(¢)x|| for
xe X and ¢ > 0. Then (ii) and (iv,) are valid. (Note that R(\; A)"x =

1n — 1)zS°°e—“t"—lT(t)xdt for ze X and A > w.)
0

Suppose next that (i)-(iii) and (iv,) are satisfied. It follows from
Lemmas 3.1 and 3.2 that the condition (iv,) holds true. Hence, by virtue
of Theorem A, A is the complete infinitesimal generator of a semi-group
{T();t = 0} of class (C,) and

(3.5) T(t)x = lim T(t; n)x for x€ D(A) and ¢t = 0.

n-—o0

Let 0 < e < 1. It follows from (iv,)—(a’) that if » > A\/e, then
(3.6) I T(t; m) || = H[-—%R(% A>]“ < M, for tele, 1/e] .
Since D(A) is dense in X, (3.5) and (3.6) imply that
T(t)x = i]g} T(t; n)x for xte X and ¢ > 0.
Hence we see from (iv,)-(c¢’) that
3.7) S:e‘"“lf T(t)e|ldt < o for ze X .
We next want to show
(3.8) lim xg:e‘“T(t)xdt — o for e X .
Since {T(t); t = 0} is of class (Cy,), R(»; A)[X](=D(A)) 2 and R(\; A)x =

gwe‘“T(t)mdt for ve X, = U, T(?)[X] and sufficiently large A (see- Lemma

0

2.1). Therefore
T(h)R(; A = re““T(t + h)adt = e“‘re"“T(t)xdt
0 h
for h >0 and ve€ X. Letting A~ — 0+, it follows from R(\; A)[X]cC X
that
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RO\ Ay = re*“T(t)xdt

for e X and sufficiently large . Further, by (iii), |[MNR(\; A)x — z|| =
[|R(n; A)Az|| < O(L/N) || Az || — 0 for € D(A) and hence || ZR(\; A)x — z||—0
for xe X as A — . Thus we obtain (3.8), and hence {T(t);t = 0} is of
class (0, 4). Q.E.D.

To prove Theorem 2 we prepare the following

LEmMMA 3.3. Let A be a closed linear operator with domain and range
in X.

Suppose that

(i) there is a real w such that {\; A > @} C p(4),

(ii) [[R(x A)|l = O(L/x) as X — oo,

(iii) there exists a mom-negative measurable function f(t) on (0, )
satisfying the following properties

(iif,) Sme“”tf(t)dt < oo, i
i) ROV A < 1/(n — 1)!8 e f($)dt for A > @ and m = 1.

If we define T,(t) by T:(t) = (VRN A} for v > max (0, w) and ¢ = 0,
where [\t] denotes the integral part of \t, then
(i") there is a N, > 0 such that
S“e—mn T, |ldt < 1 + S“’e-wtf(t)dt for x>,
0 0

(ii") there exist M > 0 and \, > 0 such that
I T38) < M(1 + S“ew**f(s)ds)zew/ﬁ for t>0 and x> A, ,
where pt = |w| + 1.

ProoF. Let A > max (0, w). Since

I TN S gy, o s s = 2 e p(syds

for EnNZt<(k+ D/NE=1,2, .-+, we obtain

(k41
k|

S:e““ll T(0)||dt = S:“e‘/“dt + kig gt T(t) 1t

<+ 50T e o (e p(s)ds |at
=1 +kz:‘1§kll ¢ [(k—l)!goe I S]

<1/ + Ige""" "@-%Sje*“s"‘l f(s)ds
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e_!‘/l

<1\ + S:’exp[——)usl_T

Choose a N, = max (1, w) such that (1 — e %) /(e/x) > |w|/pt for A > \,.
Then we have

]f(s)ds .

¢

fe—wu T,(8)|dt < 1 + g

oo o
0

ol f(s)ds < 1 + S et £(t)dt

for » > \,.
We next prove (ii’). By the assumption (ii) there exist M =1 and
A, > max (0, ®) such that [|AR(\; A)|| < M for N = \,. Since [Nt + s)] —
(Ivt] + [xs]) = 0 or 1 for every ¢,s = 0 and » > 0, we obtain
1T + o) = [[{MRO A1
= M{I{NEOG ARPIR( AN < M T ] Tas) |l

for » =\, and ¢, s = 0.
Let » > X\, = max (A, \,) and set g(t) = e7*|| T3(¢)||. Then (3.9) implies
that 2¢(t) < 2Mg(t — s)g(s) < M([g(t — s)]* + [9(s)]*) and hence

29(t)"* < M'"*{g(t — s) + g(s)} for 0<s<t.

3.9)

Now
o = 2 g(tyds = M "ig(t — ) + g(e))ds
— M”ZS:g(s)ds = (1 + S:e“” f(s)ds)
by (i’). Therefore we have the conclusion. Q.E.D.

PrROOF OF THEOREM 2. If A is the complete infinitesimal generator
of a semi-group {T(¢); ¢ = 0} of class (1, A), then (i)-(iii) and (v,) are valid
with f(t) = || T(t)|| and © > w,.

Suppose next that (i)-(iii) and (v,) are satisfied. Then (v,) holds true.
In fact, similarly as in the proof of Lemma 3.1, (v,)-(b’), (¢’) follow from
(i), (ii) and (v,). By virtue of Lemma 3.3,

IR A))E9) < Kert/£ for ¢ >0 and A > A, ,

where K = M(l + re"“" f (s)ds)2 and M, \,, ¢t are constants in Lemma 3.3
(if'). If we set M, = Ke*'*/e* for ¢ > 0, then
(AR A} < M, for e <t < 1/e and A > A,

and hence (v,)-(a’) is obtained. Consequently it follows from Theorem 1
that A is the complete infinitesimal generator of a semi-group {T(¢); t = 0}
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of class (0, 4). Since T(t)xz = lim,... T(¢; n)z for x€ X and ¢ > 0 (see the

proof of Theorem 1), (v,)-(c¢’) implies that S e || T(?)||dt < oo. Thus {T(t);
0

t = 0} is of class (1, 4). Q.E.D.

REMARK. The class (A) of semi-groups was introduced by Phillips,
and he showed that if {T(¢);t = 0} is of class (A) then lim,, . T(t)x = x
for x e D(A?, where A is the complete infinitesimal generator of {T(t);
t = 0} (see [2, 6]). This implies that (A) © (C). And a generation theorem
for semi-groups of class (A4) is also obtained from Theorem A (see [4]).
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