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1. Introduction.

1.1. We prove that: To every positive integer n there exist positive
integers M(n) and \(n) such that every Lie algebra all of whose Ay(n)-
generator subalgebras are m-step subideals is nilpotent of class < A (n).

This result is the Lie theoretic analogue of that by Roseblade [4].
We leave unanswered the question of whether or not we can replace
A(n) by n. However we give an example which shows that if \,(n) is
replaced by n — 2, then the result is false.

1.2. Notation. All Lie algebras considered in this paper (unless
otherwise specified) will have finite or infinite dimension over a fixed (but
arbitrary) field k.

We employ the notation of [3] and [5].

Let L be a Lie algebra and H a subspace of L. By H< L, H<]L,
H si L, H<|™ L we shall mean (respectively) that H is a subalgebra, an
ideal, subideal (in the sense of Hartley [3] p. 257), and m-step subideal
of L.

Square brackets [,] will denote Lie multiplication and triangular
brackets {,)» will denote the subalgebra generated by their contents. If
A, B are subsets of L, then [A4, B] is the subspace spanned by all [a, b] with
ac A, be B; and inductively, [4, ,B] = A and [4, .B] = [[4, .—.B], Bl(n>0).
We let (A®) be the smallest subalgebra of L containing A and invariant
under Lie multiplication by the elements of B. If A, B are subspaces
we define AoB = ({[A, B]°), where C = (A, B); and inductively Ao,B =
AoB, Ao, ,B = (A0,B)oB; and A + B is the vector space spanned by A
and B.

L™, L* Z,(L) denote respectively the n-th terms of the derived series,
lower central series and upper central series of L. Inductively we define
LO=L, L®=[L*, L], L'=L, L**=[L*, L], Z(L)=0, Z,(L)/Z,—(L) =
Z(L|Z,_,(L))(n > 0) where Z(L) = centre of L = {xe L |[», L] = 0}.

If H < L, then the ideal closure series of H in L,

e ;<] H - <|H =L,
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is defined inductively by H, = L, H;,, = {( H*i). Evidently H "L if
and only if H= H,.

By a class X of Lie algebras (over k) we shall mean a class (in the
usual sense) whose elements are Lie algebras and such that (0) € X, and if
H= K with KeX, then He X. (0) is the 0-dimensional Lie algebra.
A closure operation A assigns to each class X another class AX in such
a way that 4(0) = (0), X < 4AX, A(4X) = AX, and if X< Y then AX <
AY (here (0) is the class consisting only of the 0-dimensional Lie algebra; <
denotes inclusion of classes). If X, Y are classes then XY is the class
of all L with an X-ideal H such that L/He Y. We define the product
of n classes by X, +++ X, = (X, +++ X,_)X,; and if each X; = X we write
X", If X is a class and A a closure operation we say X is A-closed if
X = AX.

We shall need the following classes.

F,F, G, G, A, N, N,

will denote the classes of finite dimensional, finite dimensional of dimen-
sion < m, finitely generated, finitely generated by < r elements, abelian,
nilpotent, nilpotent of class < ¢, Lie algebras respectively. We also let
D = {L | every subalgebra of L is a subideal},
D,={L|H<L=—H<I"L},
D,,={LIHLL and HeG,— H<"L},
X*={LIHLL and HeG,— {H)»* < H},
B={L|xeL—=—=<x)siL}.
Evidently
D.<D,,=D, =B,
(1) D.<D=<8B,
Xr<B.
The closure operations we need are S, I, Q, E, L defined as follows;
L eSX < L is isomorphic to a subalgebra of an X-algebra; LeIX < L is
isomorphic to an ideal of an X-algebra; L eQX— L is isomorphic to a
quotient of an X-algebra; LeEX — Lec X" for some n; LeLX < every
finite subset of L is contained in an X-subalgebra of L. We call LX is
the class of locally X-algebras.
Thus EA is the class of soluble Lie algebras, A¢ is the class of Lie

algebras soluble of derived length < d, and LN is the class of locally
nilpotent Lie algebras.

(2) Clearly every class in (1) is Q-closed and S-closed .
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We call B the class of Baer algebras (this extends the definition of
Hartley [3]); we will show that

B < LN.
2. The class B. The main result of this section is

THEOREM 2.1. B < LN.

COROLLARY 2.11. The classes D, D,, D, , and X, are all contained in
the class LN of locally milpotent Lie algebras.

The inequality in 2.1 is strict as is well known. The special case of
the result in characteristic zero follows from the fact that B is the class
of Baer algebras in the sense of Hartley [3]. We remark also that in
characteristic p > 0, a Lie algebra generated by 1-dimensional subideals
need not be locally nilpotent (see Amayo [2]); but by Hartley [3], in
characteristic zero, it is locally nilpotent.

What makes 2.1 possible is the following result.

THEOREM 2.2. (The Derived Join Theorem) In any Lie algebra, the
join of finitely many soluble subideals is soluble.

PrOOF. See Amayo [1].

We need two more results.

LEMMA 2.3. Suppose that Le A*, xe L and [L? ,x] = 0. Then

{z*> € N,.
ProoF. Let B = L’ so that B*=0 and B <] L. Evidently {z*) <
(&) + B. A simple induction on 7 yields
(=) + B)"** = [B, ,a] .
In particular
(x> + B)"** = [B, 2] = 0.

If in 2.3, [L, ,#] = 0, then it is easy to show that {(z*) € N,, where
m = max {1, n — 1}. Clearly if X = <{2) <{* L, then [L,,x] =0 or else
xe L. Thus we have

COROLLARY 2.31. If Le A% xe L and {x) <|" L, then
@*) e N, .

THEOREM 2.4. (Stewart [5]) Let L be a Lie algebra and H <] L such
that He N, and L/H*e N;. Then

Le Ny »
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where (e, d) = cd + (¢ — 1)(d — 1).

PrOOF OF THEOREM 2.1. Let LeB and X = {x,, +++,2,») < L. Then
by (2), Xe B. Each {(x;>si L and so X is the join of n abelian subideals.
By the Derived Join Theorem (2.2) X e A¢ for some d. So

XeGNA°NB.

We use induction on d to show that Xe N. If d <2, then by 2.31
{w; ¥y e N for each <. Thus X = {&,*) + +++ + (x,*), a sum of finitely
many nilpotent ideals and so (by Hartley [3] p. 261) X is nilpotent.

Let d > 2 and assume inductively that

GNATNBZN.

Since by (2) B is Q-closed, we have X/X“ " eG@NA*“'NB=<GNN, by
induction. Now by Lemma 3.3.5 of Stewart [5], we know that G N N <
FNN. Thus if B= X“?® and A = X“™" then B*= A, A*’=0and X/Ae
GNNZFNN. Hence BIAcF. So we can find ¥, +++, 9, € B such that

B: <y1’ "'7yr>+A’

But each {(y;)si B (for Xe B implies that Be B) and Be A* and so by
2.31, <y;®» e N. Thus

B=<y" + o + "+ 4,

a sum of finitely many nilpotent ideals, so B is nilpotent. But X/A is
nilpotent and B®* = 4 and B <] X and so by 2.4, X is nilpotent.
This completes our induction on d and with it the proof of Theorem 2.1.
From Stewart [5] we have

LEMMA 2.5. Gq- ﬂ Nc é sz(c,'r))
where for r > 1, p(c, r) = (r*t* — 1)/(r — 1) .
And from Hartley [3] and Stewart [5],

LEMMA 2.6. If LeLN and M is a minimal ideal of L then M < Z,(L),
the centre of L. In particular of LeLN and Y is an Fi-ideal of L

then Y £ Z,(L).
3. The main theorem. We will prove

THEOREM 3.1. To every positive integer m there correspond positive

ntegers M(n) and N\, (n), depending only on n, such that
D'n,lz('n) = Nll(n) .

It is not very hard to show that if A, B < L, then
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AeB=\U{H-K|H,KecG and H< A, K< B}.
Inductively it follows that
Ae,B=J{H,K|H,KcG and H<A K< B}.
From this and (1) we deduce that
D.=AD...
So we have i
COROLLARY 3.11. D, £ Nyw-
This corollary has been obtained by Stewart [5].

THEOREM 3.2. For every positive integer n > 0,
i) If Le X} and x€ L, then {z*) € N, and,
ii) X < Ny, where pto(n) = th(n?, n) + n — 1.

PROOF. i) By the definition of X}, <a>" < {x). Since {x*)" <] L, we
must have {(x) <] L or else {&*>* = 0. Hence {x*> € N,,, m = max {1, n — 1}.
(ii). Let Le X?. Then by (i) or 2.11, Le LN. Clearly

L* = [y, +++, @] | for all w, ++-,2,eL).

Let x,, «+-, x, be fixed but arbitrary elements of L and put X={x,, «+-, 2,
and T = {X*). By (i) each {x;*>e N, and since T = > <{x,>, we have
Te N,.. By the definition of X}, T"< XeN,NG,. Thus if Y=
(o), +++, £,]%), then Y < T" and so by 2.5, YeF,, where h = p,(n? n).
But Y<]{L and LeLN and so by 2.6, Y < Z,(L). Since the z,’s were
arbitrarily chosen and L" = [z, -+, ®,]*> |all «’s in LY we have
L*< Z,(L) and so L = Z;,_,(L).

LEMMA 3.3. For any positive integer n > 0,

i) X)<D,, and

ii) D..N A< X%

Proor. (i). Trivial.

(ii) Let LeD,, N A*and H be a G,-subalgebra of L. Let H, = {H")
and A=H NL* Then A*=0,A<]L and H,= H+ A. A simple in-
duction on r gives

(H+ A)" = H + [4, ,-.H]
and in particular H* = (H + A)* = H" + [A, ._.H] £ H, since H <L,
implies that [H,, ,_,H] < H and so [4, ,_.H] < H.

THEOREM 3.4. To every pair n, m of positive integers there cor-

responds an integer p,(n, m) such that
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D,,.N A™ < N, (n, m)
where for m > 1, pr(n, m) = p(t(n, m — 1), tto(n)).

ProoOF oF 8.4. If m < 2, this follows by 8.3(ii) and 3.2(ii). Let m > 1,
and assume that the result is true for m — 1 in place of m. Let
LeD,,NA™ Then as D,,, is @-closed and S-closed,

L’eD,.NA"" =< Nynm
and
L/(L*)* € Dyn N A* < Nuyimy
by 8.2(ii) and 38.3(ii). Therefore by 2.4 the result follows.
We need one more purely technical result before proving Theorem 3.1.

LEMMA 38.5. Let s,t be positive integers with 1 <t <s. Suppose
that LeD,, and H is a G-subalgebra of L. If H; 0 <j < n, denotes
the j-th term of the ideal closure series of H inm L, then for each
5,0<5<m,

Hi/Hj+1 eD(n—j),(a—t) .

Proor. Suppose that 0 < j < n, and Y/H,,, is a G,_,-subalgebra of
H;/H;,,. Then it is sufficient to show that Y <% H,.

Evidently there exists a G_. subalgebra X of H; such that Y =
X+ H;,,. Let K=<(X, H) so that Ke@, and so K <" L. If K, is the
i-th term of the ideal closure series of K in L, then by simple induction
we have

H,=H+ Lo;H< K+ Lo,K=K,;, < H; + Lo;H; .
Thus we have K; = H;, since H; </ L. But
K " K; = H;
and Y = K + H;,,, and so the result follows.

Proor oF THEOREM 3.1. We want to prove that: to every posivive
integer n there correspond positive integers X\, (n) and \,(n) depending
only on 7, such that

D, 5 = Niymy »

We use induction on n. For n =1, take v, =N, =1; for D,, = A= N,.
Let » > 1 and assume that for each r, 1 < r < n — 1, we have determined
M(r) and A(r) such that

(3) Dr,lz(r) g Nkl(r) .
Define
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(4) [15(’”/) =1+ #4(’”’) (n - 1)-):1(')1/ - 1)) ’
and
(5) Ae(1) = No(m — 1) + t4(m) .

We will show that

D, ) = Xiiym) »
so by 8.2(ii) we may take
(6) M(n) = ta(ts(n)) -

Let L€ D, and H be a G -subalgebra of L. From (4) and (5),
1< t(n) < \y(m) and so H<]*L. If H; is the j-th term of the ideal
closure series of H in L, then by 3.5 for each 7,0 < j < =,

H;/H;y, € Din_j,agin—1 = Dnyaginn

(for any positive 7, D, < D,y for all k). Thus by the inductive
hypothesis (3),

H;/H;y, € Nyu—y -
Hence

H}li(""“l)) é H}ll('n—-l) é Hj+1 R

Let £k = (n — 1)\,(n — 1). Then we have from above,
(7) H*» <H,=H.

Now by definition, n < \y(n) and so D, m = D,.. Since also D, is
Q@-closed and S-closed we have

Hl/Hl(k) S Dn,n n Ak é N[lA(n.k) ’
by 8.4. From this and (7) we have
Hf‘(”’k) é Hl(k) é H .
But p(n) =1 + pu(n, k), H, = (H"), and H was an arbitrary G, . -subal-
gebra of L. Thus
Le X} (n),

and the proof is complete.

4. A counterexample. We remarked earlier on that the question of

whether D, ., < Ny, for a suitable A(n) is still unsettled. The next result
seems to point to an answer in the negative.

THEOREM 4.1. (N7=i Dyysn) N A2 Z N.
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Proor. Let k be a field of characteristic 2, and B an abelian Lie
algebra over k with basis {b,, b,, -++}. Define U = U(B) to be the universal
algebra of B; then U has {b; «++b; |0 <m,4, < +-+ < 1,} and is a poly-
nomial ring in the b;’s. Now let V be the subspace of U with basis
{b;, +++ b; |m >1, and for some j, bi; = b}

Now U is a B-module under the usual action and evidently so is V.
Let A = U/V, so that A is a B-module. Consider A as an abelian Lie
algebra and form the split extension,

L=A+B A=0A<]L and ANB=0.

Clearly L® = 0 and L ¢ N.
For any z, y€ B and ac A we have

(8) ary = ayax .

Suppose that x = 3, ;b; (I; € k). Then considering x as an element of U and
since U is ecommutative and % has characteristic 2, we have

= bieV,
and so

(9) ar’* = axe =0 .

Thus if @, ++-,2,eBand X=A4 + {x, +++, %,), then X <] L and it fol-
lows easily by induction that
Xt = S Ax™ oo gmn

Myt tmy=r

If » = n + 1, then in any particular term Ax™ ... x™ some m; > 1, and
so by (8) and (9), each such term is zero. Hence Xe N,,,. Now pick
any a, +++,a,€A and let H=<{a, + 2, +++, a, + #,>. Then H < X and
so H<{""* X <]L. Clearly any G,-subalgebra of L is of the same form
as H and hence is a (n + 2)-step subideal of L. So LeD,,,, for each
n > 0, and the proof is complete.

The example above can be extended to give: in any field of charac-
teristic » > 0, (N3=. Duip—1)+2,») N A* £ N. However it can be proved that
in any field of characteristic zero, D,, N A% < N,,,s) for some (n, d)

depending only on n and d; the result will hold for fields of characteristic
p provided » < p.

Let B = {L|xe L =<{x*) e N,} then by 4.1 Bf £ N. But it can be
proved that D, , < N, provided D, N B* < N for all c.

REMARK: It will be shown in a forthcoming paper that there exists
Mn) for which D,.,,, < Ny, (over any field)
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