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1. Introduction. An n-dimensional space of constant curvature (k #
0) is characterized as a harmonic Riemannian space with characteristic
function

£ =1+ 0 — 1V2%T cotV2k2

where 2 = s?/2 and s means the geodesic distance. A. Lichnérowicz has
obtained the following

THEOREM A. ([3], [10]) In any harmonic Riemannian space H"
with positive definite metric, its characteristic function f(2) satisfies
the inequality

(1.1) F40) + %(n —1Df0)<0.

The equality sign 1s valid if and only if H™ is of comstant curvature.

Recently, S. Tachibana [7] has showed that a 2m-dimensional space
of constant holomorphic curvature (k # 0) is characterized as a harmonic
Kahlerian space with characteristic function given by

1.2) f(Q) =14 (2m — 1)(Is) cot (Is) — (Is) tan (Is) ,
or
.2y f(Q) =1+ (2m — 1)(Is) coth (Is) + (Is) tanh (Is)

according to I = V'%/2, or I =1V —Fk/2. He also has obtained

THEOREM B. In any n(=2m)-dimensional harmonic Kahlerian space
H", its characteristic function f(2) satisfies the inequality

2 5(m + 1)z
(1.3) S40) + 'm—+—,7—-f(0) =0.

The equality sign is valid if and only if H™ is of constant holomorphic
curvature.

In §2, we give some preliminaries. In §3, f (0) is calculated in terms
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of curvatures of a harmonic Riemannian space (Proposition 3.3). In §4,
we give an equation in a harmonic K&hlerian space (Proposition 4.1), which
plays an important role in this paper. By this we obtain the following

THEOREM 4.7. Let H® be a 6-(real)dimensional compact harmonic
Kdhlerian space. We denote the Euler characteristic of H® by y(HP).
Then we have

27
647°

Y(H) = — 2 f(0){f*(0) + 5£(0)} Vol (H*)

where Vol (H® is the volume of H°.

In §5, we prove the following main theorem and some related theorems
as applications of Propositions 8.3 and 4.1.

THEOREM 5.2. In any n(=2m)-dimensional harmonic Kdhlerian
space H", its characteristic function f(2) satisfies the inequality

27%(0) + (183m + 28)£(0)£(0) + T(m + 1)(m + 2)f(0) <0 .
The equality sign 1is valid if and only if H™ is locally symmetric.

This theorem is related to Theorem B and a well known conjecture
that any harmonic Riemannian space (with positive definite metric) is
locally symmetric (cf. [5], [9]).

The last section will be devoted to examples of Theorems 4.7 and 5.2.

I wish to express my sincere thanks to Prof. S. Tachibana, who
kindly has sent me his lecture note and gave me many valuable suggestions
and guidances, and also thanks to Mr. M. Yasuda and Miss. N. Takeuchi,
who have made sure a portion of my tedious calculations.

2. Preliminaries. We shall give some formulas which are used in
the subsequent sections. Let (M*, g) be a Riemannian space with Levi-
Civita connection /. By R = (R%;;;)* we denote the Riemannian curvature
tensor of /. Then R, = (R%;,) = (R;;) and S = (¢*R,;) are Ricci tensor
and scalar curvature respectively. Let (;) denote the covariant differen-
tiation, and put /R = (R‘jk,;h). For a tensor field T = (T;;.), for example,
we denote |T* = T,;, T%*. We put

a = |R|2 ’
B = RabcdRawacduv ’
T = RabcdRaucvaudv .
Then they satisfy the following fundamental formulas.

*) We follow the definition of the curvature tensor in [12].
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(2.1) (Bianchi’s identities)

(@) Rijin + Rins + R = 0,

(b) Rijkh;l + Rijhl;k + Riilk;h = O .
Now (2.2) and (2.3) are all easily derived from (2.1) (cf. [6]).
2.2)

(a) R“*Rog = VR,
(b) B¥**Ripuss = SIPEP,
© R4 Bupuss = SIPRI,
) BBy = IV EJ,
© B"*Russ = SIPEP,
(f) RV HUR e = —;—I VR .
(2.3)
(a) BBy Rousy = BB Buses = 2,
(b) BB, Ry = <
(©) B4R R = — 2,
(d) BB, Ruswy = =8
(e) BB Busey = BB Bossy = 18
) BB, Rss = BB Rossy =7 = 26 -

(2.4) (Lichnérowicz’s formula ([4], [11]))
%Aa = [PR[* — AR¥™R,,.,.; + 2R;R™ R, + B + 47

where 4 is the Laplace-Bertrami operator acting on differentiable functions
on M™*.

(2.5) a——2 _|R}=0
n—1
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where the equality sign is valid if and only if M™ is constant curvature
(ctf. [8]).

Let M* be an n-dimensional analytic Riemannian space and z, a point
of M*. We denote by s the geodesic distance from z, to the point in a
neighbourhood of #,. If the Laplacian 4s is a function of s only, then
M is called to be harmonic at x,, When M" is harmonic at any point,
it is called harmonic and denoted by H". For a harmonic space H*, if
we put Q = (1/2)s?, then it is well known that 42 = f(Q) is a function of
2 only and does not depend on the reference point x,. f(2) is called the
characteristic function of M.

It is known (cf. [3], [5]) that any harmonic space satisfies the following
curvature conditions.

(2.6) fO0)=mn,

@.7) By = - 3f00s, S=-240),

where (-) means the operator taking the derivative with respect to 2.
(2.8) PB? 5, R'ws) = — 2 FOP@sgn)

where P denotes the sum of terms obtained by permuting the given free
indices, i.e.,

(2'8), Rpifq(qulp + qukp) + Rﬂikq(-qujP + qutp) + Rpilq(qukP + qujp)
= - %S"f(o)(gijgkl + gadii + 9ubie) »
___:))ﬁ ) 5(n + 2) =
(2.9) a=—2lpo + 22t Dol

(2.10)  P(OR?,;0:iR%moin — 32R? 5, R" 1, R ps) = 315 (0)P(0:;0110 mn) -

Then taking account of (2.7) and (2.9), (2.4) and (2.5) take the following
forms respectively.

2.11) \PRP + %Sa t e+ =0,
and

2
2.12 2 g>9.
(2.12) a e

3. Calculation of £(0).
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LEMMA 3.1%¥., For a tensor field T = (Tijtins), we have
99" 9™ P(Tijkimn)
= 48( Tiijikk + Tijkik + Tiijkka' + Tiju‘kk + T“t"jk
+ T4k 4+ T8 4+ T95% 4+ T95 + T
+ T% + T9% 4 T9% + T9%; + T9%;) .
ProoOF. Each term of the left hand side is a scalar with three dummy

indices such as T*}; . We can rewrite these indices as follows; replace
the first index by ¢, the next and the rest by j and k respectively, for
example, T*};f by T¢/..* or T%;*,. Then they necessarily coincide with
one of the fifteen terms arranged in alphabetical order in the right hand
side. It is easily seen that each of the fifteen terms appears forty eight
times in the left hand side.
Now we put

Aiiklmn = -Rpifq;qulmP;n ’

Bijklmn = Rptquqkerrmnp ’

Cistimn = 91i9umn »

Then we have the following

LEMMA 3.2. In any harmonic Riemannian space, we have

(a) 9% 9" 9™ P(Ajiimn) = 48-3|FV R,
(b) gijg“g"mP(Biiklmn)
1 9 7
=48 —S* + —Sa — — ,
( n? + 2n « 2 B 7)
(© 9% 9" 9™ P(Cjhimn) = 48(n° + 6n* + 8n) .

Proor. Each straightforward calculation using Lemma 3.1, (2.1), (2.2),
(2.3) and (2.7) yields (a), (b) and (c). We write calculations of (a) and (b):
I. Calculation of (a).

Adik = %'VRP , Afik = %[VRIZ ’
A¥t = |VRIP, A%, = %IVRP '
Aty = LipRe, 4, = LirRe,

all the other = 0.

* This lemma is essentially due to M. Yasuda.
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II. Calculation of (b).

. 1 . 1 . 1
= —2—S3 , By =—8x, B, =—=8a,
n 2n "

B = oS, Bity=— g, Bit= -6,
Bt = =Sa, BYfu=——8, Bifu=—8
Bo—r—La, B - La, B, Lg,
Bt = — —;—B , Bt = E%Scr , Bk = —;’—Sa .

Transvecting (2.10) with g¢*/g*'¢g™, by Lemma 3.2 we obtain the fol-
lowing

ProOPOSITION 3.3.% In any harmonic Riemannian space, we have
3.1) 27|F R — 32(Lss + 350 Tp4 7>
nt 2n 2

= 315n(n + 2)(n + 4)£(0) .

4. Harmonic Kahlerian spaces. Let us consider an n(=2m) real
dimensional Kahlerian space M" with real coordinate {x’}. Then the
(positive definite) Kahlerian metric g = (g,;) and the almost complex struc-
ture F' = (F;') satisfy the following equations (cf. [11]).

(4.1) gkhFiijhzgij9 F!}Fy = —0i, F;=—F;,
Fih;i =0, Rijkh = Rija,kathb ’
F ;R = F*"R";y,, FWR,ju=—F" Ry,
Finijkh = —2ijth ’ ijRijkh = Fz‘jth .
By (4.1), we have
(4.2) F4F* R = —2S, F*F*R,, =S.
Henceforward let M" be an n(=2m)-dimensional harmonic Kahlerian

space and denoted by H".
Transvecting (2.8) with F 'F,?R**® we have from (4.2)

(4.3) {Rpijq(quzp + qukp) + Rpikq(Rq”p + -qulp)
+ Rpilq(qukp + quﬂ,)}Fa"FbJ‘Rkabz
= —45S£(0) .

* We received an information from S. Tachibana such that S. Yamaguchi has obtained
independently this equation.
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Now using (4.1) we calculate the left hand side of (4.3). By (2.3), we have

F B Ry R B
= —F/Ryy, B (— F,*R™")
= FqupibsthRtrlpri“
= —RpibsRa'rlpRﬂ“
= B4R, Ry,

1
= v — _4_8 .
By (2.1) and (2.3), we have
FiFJR,,; R, R
= FiFyJR,,;,R",*(— R*'* — R¥<)
= R, R*,,’R** — R,,; R",,*R*

ST VR VS
Similary, we have
PR R RPR™ = — 18,
FFJR?,'R,;,R*" = —71—[:? )
FiF/R*,"R,;, Rt = v — %ﬁ’ ,

FJiFJR? R, ;»R* = v — %B .

Substituting these into (4.3), we obtain

PROPOSITION 4.1. In any harmonic Kahlerian space, we have

(4.4) 4y — 28 = —45S£(0) .
Substituting (4.4) into (2.11), we have
(4.5) PR + %Sa 438 — 458£(0) = 0.
By (2.9), we have
. _ 4 i 2) <
(4.6) O = -y (a + oS ) <o,

from which (4.4) and (4.5) take the following forms respectively.
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6S 2

4.7 2y — Qg =—2° £ 8,
.7 T8 n(n+2)<a+3ns)
and

. 2(n + 8) 8 s __
4.8 VR 3 =0
(4.8) [FR* + B+n(n+2)sa+n2(n+2)s
By (4.7) and (4.8), we get

. 2(n — 1) 4 s _

4.9 — =0.
4.9) [FR]> + 67 + n(n+2)Sa n*(n+2)s 0

Thus we obtain

THEOREM 4.2. Any n-(real)dimensional harmonic Kdahlerian space
H"™ satisfies the following two inequalities.

—28 4 g
(10 G o R AL b
—~m—-1DS( 2 .
(10 S St h O ey

Each equality sign is valid if and only if H" is locally symmetric.
Since |[FR[*=0 and a =0, (2.12), (4.7), (4.10) and (4.11) give the
following

THEOREM 4.3. Let H" be a harmonic Kdahlerian space.

(1) If S=0,then 0=2v=p4.

(2) If S<O0, then 2y < B.

Here we shall consider about the Euler characteristic of a 6-dimensional
compact harmonic Kahlerian space.

To prove Theorem 4.5, we need the following

LEMMA 4.4.% ([2], [6]) Let M be a 6-dimensional compact orientable
Riemannian space. Then the Euler characteristic (M) is given as follows:

_1
384

— 24R*R*“R, ;s — 24R"R,"°R,,;. + 87 — 48}dV

where AV 1is the volume element of M.
If M is Einsteinian, (4.12) takes the following form;

1 1
ll = —— — 3 —_— — .
(4.13) 200 = 2| {25 — Sa + 8y - 4gav

* Qur curvature tensor is different from Sakai’s in sign.

(4.12) (M) = S {(S* — 12S|R,|* + 3Sa + 16R“R,R,,
M
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Let H® be a 6-(real)dimensional compact harmonic Kahlerian space.
Since H® is Einsteinian, we get from (4.4) and (4.13)

(4.14) Y(H?) = "3527‘:‘? Sms{%sz — a - 90/ (O)}dV.

Since S and « are constant (cf. [3], [5]), (4.6) and (4.14) give the following

THEOREM 4.5. Let H°® be a 6-(real)dimensional compact harmonic
Kahlerian space. We denote the Euler characteristic of H® by y(H®).
Then we have

S

(4.15) XH) = —2 {%s - a} Vol (HY)

where Vol (H® is the volume of H°.

COROLLARY 4.6. Let H® be a 6-(real)dimensional compact harmonic
Kahlerian space. We denote the Euler characteristic of H® by y(H®).

(1) If S>0and S*/3 = a (S*/3=<«a, resp.) then Y(H®*)=0 (x(H*) <0,
resp.).

(2) If S=0, then y(H®) = 0.

(8) If S<O0and S*3 < a(S*3 = a, resp.) then x(H®) = 0 (x(H®) <0,
resp.).

Representing the right hand side of (4.15) in terms of f(0) and f 0),
we get from (2.7) and (2.9),

THEOREM 4.7. Let H®be a 6-dimensional compact harmonic Kahlerian
space. We denote the Euler characteristic of H® by y(H®). Then we have

(4.16) WH) = — 2700 + 570} Vol (1)

where Vol (H®) is the volume of H°.

5. Main results. In this section, we shall give some results by
combining Proposition 3.3 and Proposition 4.1.
Now substituting (4.4) into (3.1), we get

6.1) 27|P R — %Sa — Lq‘:lSa + 968 + 360S7(0)

= 315n(n + 2)(n + 4)£(0).
By (4.5) and (5.1), we get

(5.2) 5I7R + 3250 + 2B
n

= 18008/ (0) — 315n(n + 2)(n + 4)£(0) .
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Since [FR[?>= 0 and a = 0, we get from (4.6) and (5.2)

THEOREM 5.1. An n-(real)dimensional harmonic Kdahlerian space
with positive scalar curvature satisfies f(0) < 0.

Taking account of (2.7) and (2.9), (5.2) takes the following form.
(5.3) |FRJ* + 9n{8/%0) + 2(13n + 56)F(0)F(0) + T(n + 2)(n + 4)f(0)} = 0.
Thus we have

THEOREM 5.2. In any n(=2m)-dimensional harmonic Kahlerian space
H*, its characteristic function f(2) satisfies the inequality

(5.4) 87%(0) + 2(13n + 56)£(0)£(0) + T(n + 2)(n + 4)f(0) <0,

or

(G.4Y  2f%0) + (13m + 28)7(0)£(0) + T(m + 1)(m + 2)f(0) £ 0.
The equality sign s valid if and only if H™ is locally symmetric.

On the other hand, we know ([3], [5]) that a, £(0), f(0) and f(0) are
independent of the reference point. Therefore (5.3), (4.8) and (4.9) give
the following

THEOREM 5.3. In any n(=2m)-dimensional harmonic Kahlerian space
H", |FR|*, B and 7 are all constant.

We transform (5.4)" as follows;
65)  2m + Dif0) + A2 o) o)

+ (m + 2){8(m + 31)£(0)£(0) + T(m + 1)(m + 7)f(0)} < 0.
If S >0, then f(0) < 0. Hence by (1.3) we have

t 5(m + 1)2 . .
(5.6) {0 + XL fo o 2 0.

Thus we have

THEOREM 5.4. An n(=2m)-dimensional harmonic Kdahlerian space
H™ with positive scalar curvature satisfies the imequality

6.7 3(m + 31)£(0)£(0) + T(m + 1)(m + T)f(0) < 0.
The equality sign is valid if and only if H"™ is of constant holomorphic
curvature.

6. Examples. Let H" be an n(=2m)-dimensional space of constant
holomorphic curvature (k¢ > 0) characterized as a harmonic Kahlerian space
with the characteristic function given by (1.2). It is known that
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_ o 2™B, o
6.1) xeotx =1 — ;:1 o) x
1 1 2
I I P 6 __
30 T BT T sl

where B, is the Bernoulli number. Therefore we have

6.2) xtanx = x cot x — 2x cot 2x

1 126
= 4+ —x* + S oeee
3 T o5

If we develop f(2) in the power series of 2 and s respectively, then
taking account of (6.2) it holds that

(@) = 2m + fO2 + 2FOF + —FO@ + -

= 2m

_2(m + 1)(ls)2— 2(m + ) () — 4(m + 31) () — -+ .
3 45 945
Thus we have
gy . Am 4+ 1), F) — _ 16(m + 7).,
(6.3) f(0) = —— I, £(0) — i,

F(0) = _W” ,

It is easily seen that (6.3) satisfies (5.4) and (5.7), i.e.,
(6.4) 21(0) + (13m + 28)£(0)£(0) + T(m + L)(m + 2)f(0) =0,
(6.5) 3(m + 31)£(0)£(0) + T(m + 1)(m + T)F(0) = 0.

On the other hand, it is well known (cf. [11]) that a K&hlerian space
of constant holomorphic curvature is locally symmetric.

REMARK. Similarly, it can be seen that (6.4) is valid for the f(Q)
of (1.2) in the case of I =1V —k/2.

Now let S?™*' be the unit sphere in C™* and S' the multiplicative
group of complex numbers of absolute value 1. Then S*"*' is a principal
fibre bundle over the complex projective space CP™ with group S!, called
Hopf fibering. It is well known that CP™ carries the canonical Kdhlerian
metric of constant holomorphic curvature 4. We know (cf. [1]).

my _ ™
(6.6) Vol (CP") = T

Especially for CP?, we have from (6.3) and (6.6)
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(6.7)

Y. WATANABE

0) = — 18 fop=-32 .
f0) = = 32, 1) = ~ 2, Vol CP) = 2.

Substituting (6.7) into (4.16), we get the well known result; y(CP?) = 4.
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