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Let M be a von Neumann algebra on a Hubert space H with a cyclic
and separating vector. If, for some cyclic and separating vector ζ0 in H
for M,

Mξ0 = M'ί0 , (*)

then we shall call that M has the property (J).
Note that M satisfying the equality (*) for ξ0 does not always imply

for the other cyclic and separating vector.
In [Theorem 1] we show that M has the property (J) if and only if

M is a finite von Neumann algebra. In terms of the Hubert algebra,
we can consider Mξ0 as an achieved left Hubert algebra 3ί with the
product: (xζo)(yξo) = xyξ0, and the involution: S(xζ0) = cc*f0, x,yeM, and
M'fo as the right Hubert algebra SI' of SI. (see [2], [3]) The analysis in
this paper may be the special case of the characterization of the type
of the left von Neumann algebra 8(91) associated to the achieved left
Hubert algebra 91 under the condition 91 = 9Γ as a set. Without dif-
ficulty, we can prove that an achieved left Hubert algebra 91 is equal
to 91' as a set if and only if 91 is a Tomita algebra.

In [Theorem 2] we shall give a characterization of a finite von Neumann
algebra via the Radon-Nikodym theorem for the state. We mainly refer
[1] and [2].

Now, we state here that if M is finite, then M has the property (J).
In fact, let ξQ be a cyclic and separating trace vector in H for M.

Then we have

\\S(xξQ)\\2 - l l ^ ί o l l 2 = (χχ*ξo\ξo) = (χ*χξo\So) = l l s f o I I 2 ,

for all x in M. Therefore Mζ0 is a uni-modular Hubert algebra. From
[2] Cor. 10.1, we have Mξ0 = M'ζQ.

Now we need the following lemma to prove [Theorem 1].

LEMMA (cf. [1] Chap. I §1 ex. 5). Suppose that M is a von Neumann
algebra on a Hilbert space H such that Mζ0 = M'ξQ for a cyclic and
separating vector ξQ in H, that is, for any element x in M, there exists
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a unique element xf in Mf such that xζ0 = x'ζ0. Then the mapping Φ:x\-^x'
is a norm bi-continuous anti-isomorphism of M onto M'.

PROOF. It is clear that Φ is anti-isomorphic. Let {xn} be a sequence
in M such that xn —• x and Φ(xn) —>y', xe M, y' e AT. Then xnξ0 —> xζ0 and
Φ(3»)fo—* V'fo Thus we have &f0 = l/'fo, i.e., Φ(x) = y'. Therefore Φ is
norm continuous by the closed graph theorem. We see the continuity of
Φ~ι from the symmetrical argument. q.e.d.

THEOREM 1. Let M be a von Neumann algebra on a Hilbert space
H with a cyclic and separating vector. Then M is finite if and only
if M has the property (J).

PROOF. We must prove that if M is not finite, then M does not
have the property (J). As any von Neumann algebra is uniquely de-
composed into direct sum of a finite and a properly infinite algebra, we
may assume that M is properly infinite. Then M is spatially isomorphic
to AT® &(K) where &(K) is the algebra of all bounded operators on
an infinite dimensional separable Hilbert space K. If M has a cyclic
and separating vector, then M®&{K) has also a cyclic and separating
vector. We see that M has not the property (J) if and only if M®έ%(K)
has not the property (J).

In fact, we assume that Mζ Φ M'ξ for any cyclic and separating
vector ζ in H for M. For any cyclic and separating vector *η in if (x) K
for Af® &(K), there exists a cyclic and separating vector ξ in H for
M such that η — Uξ where U is an isometry of H onto H(g) K with
UMU'1 = M (x) &?{K). Then,

= (UMU-ι)Uξ = UMξ Φ UM'ζ

= UM'U-'Uξ = (UMU-'YUξ =

Now, we will prove that M ® &{K) has not the property (J).
Suppose that

for some cyclic and separating vector rj in H (x) K. Let rj be a form
ΣS=i ft Θ εi where ft e iϊ, and {εJ is a completely orthonormal system in
K. Let vif i = 1, 2, , be partial isometries in &(K) such that
vjε1 = εy, Vj s* = 0 (i = 2, 3, •)• Then there exists an element yά in Mf

for each j such that

V5)7] =

because of (AT® ^(JSΓ))' = M'®/^. We have, for each
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(1 ® Vj)rj = (1 ® Vj)(Σ ft ® Si) = fi ® δy >

and,

| Λ I /Λ/\ 1 |TO — 101 (\?\ 1 il 'S* £ ^ ^ JΓ I — \ ' fίl £ ^N^ C

Hence we have

and,

for each j — 1, 2, . Then we have ?! = 0, because the sequence {ξj} is
convergent to 0 and {ys ® 1} is bounded from the lemma.

Applying this argument to the other elements ξi9 i = 2, 3, , we
obtain f< = 0 for each i. Thus we have η = 0. Therefore,

for any cyclic and separating vector η in H®K. This completes the
proof. q.e.d.

Next, we state the following theorem.

THEOREM 2. Let M be a von Neumann algebra on a Hilbert space
H with a cyclic and separating vector. Then the following statements
are equivalent]

i) M is finite.
ii) We can find a cyclic and separating vector ξQ in H satisfying

the following condition:
For any element a in M, there exists a positive number 7 such that

aωζoa* < JωζQ ,

where ωξo is a vector state on M for ξ0.

PROOF. We immediately see that i) implies ii). In fact, if M is
finite, then there exists a cyclic and separating vector ξ0 such that
Mξo=M'ξo from [Theorem 1]. Then, if aζQ=a'ξ0, aeM,a'e M', then we have

(a*x*xaζo\ξo) = \\xaζo\\2 = \\xa'ξo\\% =

for all x in M.
Conversely, suppose that we choose the element ξ0 satisfying the

condition in ii). Then, for each element a in M, there exists a positive
element h' in M' such that
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Then we have ||αΛ'£0|| = ll^^ίoll for all x in M. Put uo(xh'ξo) = xaξ09

xeM, then u0 can be extended to a partial isometry u' in M\ Therefore,
aζ0 = urtiξQ, that is, an element aζ0 falls in Λf'£0> i e., MξocM'ξo. Then
we have

where J is a modular conjugation operator of an achieved left Hubert
algebra Mζ0. (see [2] Cor. 10.1) Hence we have Mξ0 = M'ζ0, and then M
is finite from [Theorem 1]. q.e.d.

Finally, the author would like to express his gratitude to Prof. M.
Fukamiya and Prof. J. Tomiyama for their useful suggestions.
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