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1. Introduction. Let (M, ¢,¢&, 71, g) be a Sasakian manifold which ad-
mits an infinitesimal automorphism g Under further conditions of x we
will show that we can construct a deformation of a Sasakian structure with
respect to g. When pt = «-& for some real number « such that 1 + a > 0,
then the deformation with respect to x is called D-deformation where D
is a distribution defined by 7 = 0. Denote by (M, ¢, &, 7, §) the Sasakian
manifold deformed with respect to ¢, we will find that D is also defined by
# = 0. From this fact our deformation is a generalization of D-deforma-
tion. But we can find many deformations which are not D-deformations.
In those cases the trajectories of & may be different from those of & and
in many cases there exist trajectories with infinite length.

Recently a contact structure on a Brieskorn manifold is studied by
K. Abe, C. J. Hsu and S. Sasaki [1], [4]. And in [1] K. Abe proved
that there exist Sasakian structures on Brieskorn manifolds. For the
application of the deformation of Sasakian manifolds we will give another
proof to his result. For this, we apply these deformations on the
standard Sasakian spheres and show that Brieskorn manifolds have almost
contact metric structures so that Brieskorn manifolds are invariant sub-
manifolds of these deformed spheres. Because it is known that an
invariant submanifold of a Sasakian manifold is also a Sasakian manifold
[2], we conclude that every Brieskorn manifold has a Sasakian structure.

2. The deformations of Sasakian manifolds. (M, ¢, &, 7, g) is called
a Sasakian manifold when the following relations hold for the structure
tensor fields. 7 is a 1-form, & is a vector field, ¢ is a (1, 1)-tensor field
and ¢ is a Riemannian metric on M such that

(1) né) =1
(2) X)) = —X + 9(X)¢
(3) dn(X, Y) = g(4(X), Y)

(4) 96,9 =1
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(5) NX,Y)=0
where X and Y are arbitrary vector fields over M and N(X, Y) is a
vector field defined by
(6) NX, Y)=[X, Y] + ¢lsX, Y] + ¢lX, 6Y] — [$X, ¢Y]

— (X9(Y) — Y-9(X)) .
This tensor field N is called the torsion tensor field of the almost
contact structure (¢, &, 7).

THEOREM A. Let (M, ¢, &, 7, g) be a Sasakian manifold and p be a
vector field over M which satisfies the next three conditions

(7) L) =0
(8) [, €l =0
(9) 14+ n(p)>0

where £, is the Lie differentiation with respect to .
New structure tensor fields denoted by (&, &, 7, §) are defined by the

next equations
$(X) = (X - HX)E), FT=A+ne)"n, E=E&+pu
and
0X, Y) =@+ np) ™ 9X — (X%, Y — H(Y)E) + H(X)-7(Y)
where X and Y are vector fields over M.
Then (M, 4, &, 7, §) is also a Sasakian manifold.

Proor. Let D be the distribution defined by » = 0. By the defini-
tion of 7/ we see D is also defined by 77 = 0. We prove that the struc-
ture tensor fields (¢, &, 7, §) satisfy the relations similar to (1), (2), (3),
(4) and (5). The relations (1) and (4) hold obviously by the definitions
of 7 and §. For the vector field X which belongs to D we have
HX)=0, 7-X) = 0 and ¢(X) = —X, hence

$(X) = ¢(¢(X — H(X)E))
= $(4(X))
= §($(X) — (X))
= ¢(X)
=-X.
Because #(£) = 0 and the above equation holds for any vector field which
belongs to D, we can conclude
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$H(X) = —X + (X)E

for any vector field X on M. Next we will prove that the torsion
tensor field N with respect to the almost contact structure (&, &, 7)
vanishes on M. As (¢, &, 7) are structure tensor fields of a Sasakian
manifold, the tensor field N with respect to the almost contact structure
(8, & 1) vanishes and from this it is easily seen that the next three tensor
fields vanish.

(10) N(X) = 1§ ¢X] — ¢[§ X] =0
A1) N(X, Y) = =7(6X, Y]) = 9([X, 6Y]) + (X)-7(Y) — (Y )(X) = 0
(12) Ny(X) = &-9(X) — 9([§ X]) =0

for any vector fields X and Y on M. For the vector fields X and Y
which belong to D, we get from (11)
N(X, Y) = —n(¢X, Y]) — 9(IX, ¢Y]) = 0.

Because ¢(X) = ¢(X) and 7(X) = 0 for the vector field X which belongs
to D, using the above equation we conclude
13)  NX, Y)=[X, Y]+ 8(sX, Y] + ¢([X, sY]) — [$X, ¢Y]

= N(X, Y) — ¢(([sX, Y])§ + 7(X, Y ])E)

= N(X, Y) + 1 + ()" N(X, Y)$(8) = 0
where X and Y belong to D.

Because of (10) and (12), we get ¢ =0 and <9 = 0 and from
these facts and (7), (8) and (3), we get ;¢ = 0 and < = 0. Hence
we get

L =A+ )L =0
and
(78 X) = Z:(3(X — H(X)E)) — 814, X].
= ¢l§, X — NX)E] — o([§, X] — 7([&, X])E) = 0
From these two equations we find for a vector field X on M, we have
(14) NE X) =[5 X1+ 41§, ¢X]=0.
The equations (13) and (14) show that the torsion tensor field N with
respect to (4, £, ) vanishes on M.
Next we will prove that the relation (3) with respect to (4, 7, §)

holds. Since (g, & 7, g) is structure tensor fields of a Sasakian manifold,
the next equation holds for any vector fields X and Y.

29(6X, V) = 2d0(X, ¥) = X-7(Y) — Y-n(X) — 7([X, Y]).
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Hence for the vector fields X and Y belonging to D, we have
(15) 2d7(X, Y) = X-)(Y) — Y-%(X) — X, Y]

= =X, Y]

= =@+ ()X, Y]

= 2(1 + () "'9(¢ X, Y)

= 2(1 + ()98 X, Y)

= 2§(¢X, Y)

because of the definitions of 7 and §, ¢(X) = ¢(X) and (X) = H(X) = 0.
Furthermore since =% = 0, the equation

(16) 247, X) = —7(§, X)) = 0

hold for any vector field X belonging to D. By (15) and (16), it was
proved that the relation (3) holds. Thus we have proved that the rela-
tions (1), (2), (8), (4) and (5) for (M, &, &, 7, §) hold good. So we can
introduce the new Sasakian structure (4, &, 7, §) on M. (M, 4, &, ¢, §) is
called a Sasakian manifold deformed with respect to f.

EXAMPLE. Let (S***, ¢, & 7, g) be the unit sphere with the standard
Sasakian structure and be imbedded in the Euclidean space E**** with
coordinates (', ¥', ---, "%, y"*'). At the point P on S™*' we put

n+t1

&= 3 @3y — yor’) and 7, =3 (@dy’ — yida)

where oz’ and dy’ are vector fields over E***? usually denoted by 0/dx’ and
0/0y’ respectively and (z, ¥, ---, 2%, y™*') is the coordinates of the point
P. When we introduce a complex structure J on E**™* as 2/ = x/ + 1y’
for 7=1,2,---,n + 1, then ¢ is defined as the restriction of J on D
which is the orthogonal complement of R-£ in the tangent space at
each point on S** and 0 on R-£. The Riemannian metric g on S*™*' is

induced by that of E*"*2,

When we put
n+1
p =3, rixdy’ — yox’)
=1
where (7, 7, +++, 7,4,) is @ (n + 1)-tuple of real numbers such that

L+ 2 7@ + @) > 0

on S§**, then g satisfies the conditions of Theorem A. And the new
trajectory of £ with the initial condition P is given by
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2i(t) = afcos (1 + 7))t — ysin (1 + =;)t
9i(t) = 2/ sin (1 + 7;)t + ¥y’ cos (1 -+ »))t
for j=1,2,---,n + L.

3. Sasakian structures for the Brieskorn manifolds. Let C*™' be
the complex vector space of (n + 1)-tuples of complex numbers Z =
(21 23y =+ 5 Zuyy) a0d (@4, @y, <+, @,,,) be a (v + 1)-tuple of positive integers.
Then the Brieskorn manifold B**Ya,, @, *+-, @,,,) is defined as a sub-
manifold of C*** by the following two equations.

k) (Z)" 4 oo+ (Rpp)tt =0
(18) 2%+ o F 2% =0
We define a mapping F of C**! onto C by
F(zy 23+« 2, 2a10) = @)+ v o0 4 (250"

Then an analytic subvariety in C**' defined by F' = 0 may have singularity
only at the origin 0 of C***, If we consider S**' as the unit sphere in C"*!
defined by (18), B* (@, +++, @) = SN FY0) and B* Ya, -+, @,,,) i8S a
(2n — 1) dimensional submanifold in S***'. Denoting by @, ¥, ***, Tui1s Ynss
the real coordinates of C"*' such that 2, =x; +iy;,(7 =1, ---,n + 1), we
defin> a real vector field £ on C*** by

E = ]gl Aj(x;0y; — yY;0%;)

where A4; = (a;)"*'A for a positive constant A, (j =1, ---,n + 1). This
vector field is tangent to S***'. From the example of §2, we know that
£ satisfies the conditions of the theorem A and furthermore p =& — ¢
also satisfies the same conditions because of 1 + 7(x) = &) > 0. We
define ¢ = & — & and apply the theorem A to (S***}, g, & 7, g) with respect
to g and denote by (S**, &, & 7, §) the deformed Sasakian sphere with

respect to p. The explicit formulas of 7 and & are given by
~ n4+1
n= EI. (K) Hx;dy; — yida;)

and
n+1

&= ,;‘ A(w;0y; — Yi0%;)

where K(xu Y "y Tugry yn+1) = 7:11 Aj((xj)z + (yj)z)-

Next we construct an contact metric structure on B* '(a, ++-, a,.,). We
will show that the above vector field £ is tangent to B** Ya, *+*, @,..).
Let P and @ be real valued functions on C"*! defined by
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P(z,, 4y *+*y Tniss Yni) = the real part of F(z, ---, 2,.)
and
Q(xn Yy *° 9 Tuyyy y'n+1) = the imaginary part of F(zu cty zn+1) ’

then it is easy to see that P = —AQ and £Q = AP. These prove that
the restriction of the vector field & to B* Ya,, +--, a,,,) is tangent to
B! where B**Ya,, ++-, @,,) is denoted simply by B**~'. We denote by
¢ the inclusion mapping from B?* ' and by ¢* the induced mapping from
the differential forms over S***! to those of B**"!. We define four tensor
fields (¢, &, 7, §) on B> by the next equations

(19) =8, E=&pm, H=07 and g=o7.

We will prove that these four tensor fields define a contact metric struc-
ture on |B**!. Because of the definitions (19), it is sufficient to show
that the restriction @ z.— is well defined. Since the restrictions of ¢,
¢ and J to D are the same mapping and F~(0) — {0} is a complex sub-
manifold of C**!, for any tangent vector X of B**~' which belongs to D
on S we get

(20) FX)F) = (JX)(F) = - X(F) = 0

because of the Cauchy-Riemann equations for the complex analytic func-
tion F. Since T B '= (D, + R-&,) N TpB* ' = (D, N TpB*™ ") + R-£&,
is an orthogonal decomposition with respect to §, where T,B*"™' is the
tangent space at the point P of B ' and since ¢(&) = ¢(€) = 0, we find
from (20) that ¢ is a mapping from the tangent space T,B**' to itself.
Hence we find that (3, £, 9, §) define a contact metric structure on B>,
Generally let (M**, 4, &, 7, g) be a contact metric manifold and M*** be
a submanifold in M®**, If it is satisfied that ¢(T.M*')C T.M*** for
any point P on M?®*', the submanifold M?" ! is called an invariant sub-
manifold. In 'this case a contact metric structure on M*** is induced
from (M*, ¢, & 7, g) by the equations similar to (19). M. Okumura
proved that if (M***, ¢, & 7, ¢) is a Sasakian manifold, then the induced
contact metric structure on M**! is also a Sasakian structure [2]. Since
B*! is an invariant submanifold of (S***, &, &, 7, §), we have

THEOREM B. FEvery Brieskorn manifold admits many Sasakian
structures.
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