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1. We consider a linear ordinary differential equation
(A) & — At =0
where A:t+— A(f) is a continuous, complex 7 X7 matrix valued function
of tedJ =]Ja, +oo[, —0 Z a.

We denote by E: (t, s)— E(t, s) the evolution operator generated by
A, defined for (¢, s)eJ* by

E(t, s) = lilgm[I + StA(tl)dtl ot St

8

S:k_lA(tl) e A(t)dt - dt;\ ,

where I is the » X # identity matrix.
Given p = 1, we say that A belongs to the class L?S if for each
0 e J there exist k,(6) > 0 such that

(1.1) a<f<t— (S;]E(t, s)i”ds)w < &, (6) .

The class L*S, defined by
1.2) a<f@=t=sup{|E{X, s):0 <s=<t} < k0)
for some k.(#) > 0, coincides with the class of A such that
a<0=s=t=|E{, s)| <)

for some () >0, and will be denoted by US. It corresponds, in fact,
to equations (A) whose solutions are uniformly stable for ¢ — + oo.

The family L*S, depending on the parameter p, 1< p < + o, has
been considered (Coppel [1], [2]; Conti [3]) in connection with boundedness
properties of the solutions of

T — A(t)xe = b(t) .

Later on other properties of L?S were established (Conti [4], [5]). We
want to add here a few remarks and put one question.
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2. We shall first prove by an example the validity of
2.1) LS\ L*+S + @ , p=1, ¢>0.

Let n =1, A®) = f()/f(¢), f(@&) = e[l + g(t)]" where g is defined as
follows. Let {t,}, {.}, {vs} be three sequences such that ¢, 1 4o, &, >
0, v.>0, t,+ 0, <ty — 04y, so that no two intervals J, = [t, — 0,,
t, +0,, (k=12 ---), overlap. Then let g(t) = 0 for ¢t R\UJ,, let
9(t,) = v, and let the graph of g on J, be the union of the two segments
with endpoints (¢, — 0, 0), (£, v.) and (¢, Vi), (& + 04, 0). Since E(t, s) =
f@®)/f(s), using the inequality (a + g =2 a? + B*) for p =1, we
have

S:lE’(t, 8)|Pds = e™[1 + g(£)] S:e’”[l + g(s)Pds < e_’"S:e“[l + g(s)"ds
< 2rigTrt S:e"’[l + g*(s)]ds < 2”‘1[10‘1 + i:],, SJ g”(s)ds] .

On the other hand, since g(s) = \s + fton [t, — d,, t,], ¢* is a convex
function increasing from 0 to 7% and the integral of ¢® over [t, — 4, tx]
is less than the area 06,v}/2 of the triangle with vertices at (¢, — 0y, 0),
(te, ¥5), (£, 0). Similarly, the integral of ¢* over [t t, + 0,] is less than
0,74/2. Therefore we have

t oo
(2.2 [ B, 9)pds = 2 57 + Suownt] .
We also have by Holder’s inequality

<Stk+"klE(tk + 0y, 8)|?Pds)V? = e_tk"ﬁk<stk+5ke"s[1 + Q(S)Pds)l/p
173 E

k

> ptp—ipSlip—1 betdn 8 > p0pHLIP—1 Pt dn
=>e 0% e'[1 + g(s)]ds = e *rdj, g(s)ds
127

2

and finally
tpt+ok 1/p )
(2.3) (St \Et, + 0, s)|"ds) > 2-lg=ikdyPy, .
k

Since 0, 7, can be chosen so that 6, — 0, 3.2.0,72 < + oo, whereas
0y "*9y, — + oo (for instance, 0, = a*, v, = 2, 277 < g < 27?) we see
from (2.2) and (2.3) that there are A e L?S\ L**+S.

The relation (2.1) suggests the following

QUESTION. Does
(2.4) Lr+Sc L*S, 1<p, ¢>0
hold?
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3. We say that A belongs to the class AS if
limEt z)=0, ted,

t—4-0

which amounts to asymptotic stability of the solutions of (A) as t—
+ oo,
It can be shown (Coppel [2], Conti [5]) that

I*’ScAS, 1<»
and that the inclusion is striet.

We say that A belongs to the class ES if for each 6¢J there exist
v(0) >0, p@) > 0, such that

(3.1) o < 17} é S é t = IE(t, S)I é 7(0)6—/1(0)@—3) .
It is readily seen that if A< ES then

(3.2) a<ost—(|1E¢ rds) s v0), 150,

for some v'(6) > 0. But (38.2) implies, in turn, both (1.1) and (1.2), i.e.,
AeL*SN US and since (Conti [5])

(3.3) ES=1,SNUS, 1<p,

we see that (3.1) and (3.2) are equivalent.

The class ES corresponds to equations (A) whose solutions are ex-
ponentially (or uniformly asymptotically) stable for ¢t — + .

From (3.3) it follows
(3.4) ESc NL*S.

1=p

We want to show that the inclusion is strict. In fact, taking 6, =
27% v, = 2* in the preceding example we have 3.2, 0,72 = 3o, (2279 <
+c for every p =1. Then, by virtue of (2.2), the corresponding A
belongs to LS for every p =1, i.e., A€ <, L*S.

On the other hand from (2.3) we have

tp+o v
(S k¥ klE(tk + 31” s)p[ds) ? > 2—16—1/22—k2/p2k ,

tk

hence, as p — + oo,

sup{|E(t, + 0, 8)|: t, < 8 < t, + 0, = 277 V22%

Therefore (1.2) cannot hold, i.e., A¢ US, and from (3.3) it follows that
(3.4) is a striet inclusion.
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