
Tόhoku Math. Journ.
32(1980), 279-282.

ON A CLASS OF ASYMPTOTICALLY STABLE LINEAR
DIFFERENTIAL EQUATIONS

Dedicated to Professor Taro Yoshizawa on his sixtieth birthday

ROBERTO CONTI

(Received July 10, 1979, revised October 12, 1979)

1. We consider a linear ordinary differential equation

(A) x - A(t)x = 0

where A: t H+ A(t) is a continuous, complex nxn matrix valued function
of t 6 J = ]α, + oo [ f — oo <g a.

We denote by E: (t, s) h-> E(t, s) the evolution operator generated by
A, defined for (ί, s) e J 2 by

E(t, s) = lim[j + jΆtfOdίi + + j* J'^Afo) - A(ί4)dί* dtλ ,

where / is the n x n identity matrix.
Given p ^ 1, we say that A belongs to the class LPS if for each

θeJ there exist kp(β) > 0 such that

(1.1) a < θ S t =>

The class L°°S, defined by

(1.2) a<θ£t=> sup{|#(t, s)|: ί ^ s ^ «} ^ kjβ)

for some fcooίβ) > 0, coincides with the class of A such that

for some 7(0) > 0, and will be denoted by US. It corresponds, in fact,
to equations (A) whose solutions are uniformly stable for t —> + oo.

The family LPS, depending on the parameter p, 1 ^ p ^ + oo, has
been considered (Coppel [1], [2]; Conti [3]) in connection with boundedness
properties of the solutions of

* - A(t)x = b(t) .

Later on other properties of LPS were established (Conti [4], [5]). We
want to add here a few remarks and put one question.



280 R. CONTI

2. We shall first prove by an example the validity of

(2.1) L p S \ L p + ε S Φ 0 , p ^ l , ε > 0 .

Let n = 1, A(t) = /(«)//(«), f(t) = e"*[l + ίK*)]"1 where 0 is defined as
follows. Let {tk}, {δk}, {yk} be three sequences such that ί i f e T+ 0 0 > ^* >
0, 7fc > 0, tk + δk < tk+1 — δfc+1, so that no two intervals Jk = [ίfc — δfc,
ί4 + δk], (k = 1, 2, • •), overlap. Then let flr(ί) = 0 for t eR\\JJk, let
flr(ίt) = yk and let the graph of g on Jfc be the union of the two segments
with endpoints (tk - δk9 0), (tk, Ύk) and (tkf yk), (tk + δk, 0). Since JS7(ί, β) =
/(*)//(»)> using the inequality (α + /S)2' ^ 2p"1(α2) + βp) for p ^ 1, we
have

W )|pdβ = e~pt[l + g(t)]~* (V s [ l + g(s)]pds ^ e-
o

On the other hand, since g(s) = λs + μ on [ίA — δfc, ί J , βrp is a convex
function increasing from 0 to yk and the integral of gp over [tk — δk9 tk]
is less than the area δkyl/2 of the triangle with vertices at (tk — δk, 0),
(tk, 7ϊ), (tk, 0). Similarly, the integral of gp over [ifc, ίft + δk] is less than

Therefore we have

(2.2)

We also have by Hi51der's inequality

| ^ ( ί , + δ»,β)|'Λr)1" = β-t*-'*(j e"[l + g(8)]'ds)

S
tk + δk Ctk + δk

es[l + g(s)]ds ^ β-'*^'-1 ^(s)rfs

and finally

I E(tk + δk> s) \*ds) ^ 2-Ie-'*δi"7»

Since δ4, 7fc can be chosen so that δk —> 0, Σ*U ̂ *7^ < + °°, whereas
<5i (ί>+ε)7i - ^ + 0 0 (for instance, δ4 = a", j k = 2", 2"(!>+£! < a < 2'*) we see
from (2.2) and (2.3) that there are A e LvS\Lp+eS.

The relation (2.1) suggests the following

QUESTION. Does

(2.4) L ' + ' S < z L f S , l £ p , e > 0
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3. We say that A belongs to the class AS if

l i m E ( t , τ) = 0 , τ e J ,
t-H-°o

which amounts to asymptotic stability of the solutions of (A) as ί-^

It can be shown (Coppel [2], Conti [5]) that

LPS c AS , 1 ^ p

and that the inclusion is strict.
We say that A belongs to the class ES if for each θ e J there exist

7(0) > 0, μ(θ) > 0, such that

(3.1) a < θ ^ s ^ t => \E(t, 8)| ^ 7(θ)e-μ{θ){t-s) .

It is readily seen that if A e ES then

(3.2) a <θ ^ ί => (j J #(t, s) l^s)^ ^ Y(θ) , 1 ^

for some y'(θ) > 0. But (3.2) implies, in turn, both (1.1) and (1.2), i.e.,
A e LPS Π US and since (Conti [5])

(3.3) ES - LPS n US , 1 ^ p ,

we see that (3.1) and (3.2) are equivalent.
The class ES corresponds to equations (A) whose solutions are ex-

ponentially (or uniformly asymptotically) stable for t —> + °o.
From (3.3) it follows

(3.4) ES c Γl LPS .

We want to show that the inclusion is strict. In fact, taking δk =
2~k\ yk = 2k in the preceding example we have Σ*U ̂  = Σ*U (2P~*)fc <
+ oo for every p ^ 1. Then, by virtue of (2.2), the corresponding A
belongs to LPS for every p ^ 1, i.e., A e f l i ^ ^ S .

On the other hand from (2.3) we have

I E(tk + δk, s)p \dsj ^ 2 - 1 e- 1 / 2

hence, as p —> +<χ>,

+ δΛ, s)\: tk £ s ^ tk + δfc} ^ 2"1e~1/22fc

Therefore (1.2) cannot hold, i.e., A$ US, and from (3.3) it follows that
(3.4) is a strict inclusion.
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