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In a recent study, we introduced a criterion for the existence of
quasiharmonic L” functions on the Poincaré N-ball BY (Chung-Sario-Wang
[8]). By definition, a function % is quasiharmonic or biharmonic on a
Riemannian manifold if du =1 or 4u = 4(du) = 0, respectively, with
4 = dé + éd the Laplace-Beltrami operator. By the Poincaré N-ball BY
we mean the unit ball of N-space, N = 2, endowed with the Poincaré-
type metric ds, = (1 — 7%*ds,, where a € R and ds, is the Euclidean metric.
In the present study, we will apply our criterion to explore relations
between the BY not carrying quasiharmonic L? functions and the BY not
carrying bounded or Dirichlet finite nonharmonic biharmonic functions.
The Poincaré N-ball, on which there is rather extensive literature (see
Bibliography) is particularly suitable for studying such questions of
dependence of the voidness of certain function classes on the metrie.

First we give, in Propositions 1-4, the earlier results we shall make
use of. We then consider bounded nonharmonic biharmonic functions and
subsequently Dirichlet finite nonharmonic biharmonic functions. The new
results are given in Lemmas 1-9 and Theorems 1-3.

1. Background. For any function class F, let O; b‘i the class of
Riemannian manifolds R such that F(R)c R. Denote by O, the comple-
ment of O,. By @, H? L?, B, D we designate the classes of functions
which are quasiharmonic, nonharmonic biharmonic, of finite L* norm,
bounded, or of finite Dirichlet norm S]grad-[zd V. For any two function
classes X, Y, set XY = XNY. Thus, e.g., Oy;» is the class of Riemann-
ian manifolds which carry no quasiharmonic L? functions.

The existence of bounded nonharmonic biharmonic functions on B2
is completely characterized by the following result:

PropoSITION 1 (Hada-Sario-Wang [5]). BY €Oy if and only if a >
—1 for N=2,38,4, and ac(—1, 3/(N — 4)) for N> 4.

The existence problem of Dirichlet finite nonharmonic biharmonic
functions on BY has also been completely solved:
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PROPOSITION 2 (Hada-Sario-Wang [4]). BY €Oz, if and only if a >
—3/(N + 2) for N=<6, and ae(—3/(N + 2), 5/(N — 6)) for N > 6.

In our criteria for the existence of quasiharmonic L? functions on
BY, we separate the cases N > 2 and N = 2:

ProroSITION 3 (Chung-Sario-Wang [3]). Suppose N > 2.

(a) A mecessary and sufficient condition for BY € Oy.» is one of the
following: (i) a>1/(N—2) and a[(N—2)p — N]=»+1; or (il) ae
(=1, —1/N) and 2p(a + 1) + Na + 1 < 0; or (iii) a < —1.

(b) For ae[—1/N,1/(N — 2)], BYeO,,,.

ProPOSITION 4 (Chung-Sario-Wang [3]). Suppose N = 2.

(8) Then BY €Oy if and only if (i) a e (—1, —1/2) and 2p(a + 1) +
20 +1<0; or (i) a = —1.

() For a = —1/2, BY € Ogy».

2. QL*? and bounded biharmonic functions. We will study the
nonemptiness of the classes Og.» N Oz, Ogrr N OHZB, GQL;» N Ox2z, and GQL,, N
O2p.

LEMMA 1. A necessary and sufficient condition for BY € Ogrr N Oyzp i

(a) for N=4, that a = —1;

(b) for N >4, that either (i) a < —1, or (ii) 3/(N —4) = a and
p+1=Za(N—2)p— N

ProoF. For the necessity of (b), suppose BY € Oy.» N Ox2z. By Prop-
osition 1, either « < —1 or 3/(N — 4) < a. Since for a < —1, we have
(i), we may assume 3/(N —4) <a. By Proposition 3 (i), p +1=
af[(N — 2)p — N]. For the sufficiency of (b), we reverse the argument.
The proof of (a) is contained in the proof of (b).

LEMMA 2. A necessary and sufficient condition for BY € Og» N 0 425 18

(a) for N=2, that —1<a< —1/2 and 2p(a + 1) + 20 + 1 = 0;

(b) for N =38, 4, that either (i) —1 < a < —1/N and 2p(a + 1) +
Na+1<0; or (ii) 1/(IN—-2) < a and a[(N —2)p — N]=p + 1;

(¢) for N > 4, that either (i) holds; or (ii) together with 1/(N — 2) <
a < 8/(N — 4) holds.

Proor. To show the necessity of (b), suppose BY € Oy.» N O,25. By
Proposition 1, we have —1 < a. By Proposition 3, either 1/(N — 2) < a
and o[(N—2)p — N]=p+1,or —1<a< —1/Nand 2p(a + 1) + Na +
1<0. These are the conditions of (b). The sufficiency is proved by
reversing the argument. The proofs of (a) and (¢) are basically the same.

LEMMA 3. (a) A mecessary and sufficient condition for BY e(jQLp N
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Oy2p is that N >4, a = 3/(N — 4), and af(N — 2)p — N] < » + 1.
(b) Fo7‘~N > 4, a necessary and sufficient condition for the existence
of @ BY in Ogpo N Opep s that p < 2.

PrROOF. To show the necessity of (a), suppose BY e@m N Ogep. If
N < 4, Proposition 1 gives a < —1. This conclusion and Proposition 3
imply BY € Og.s, in violation of the assumption. Thus, N > 4.

By Proposition 3, &« > —1. If a < 3/(N — 4), then by Proposition 1,
BY € 0,25, contrary to the assumption. Thus a > 3/(N — 4). If a[(N —
2)p — N] = p + 1, then, by Proposition 3 (i), BY €0,.». This is again
a contradiction. Thus a[(N — 2)p — N]<p + 1. We leave the proof of
the sufficiency to the reader.

We proceed to part (b) of the lemma. Let N >4 and BY eOQLp N
Og2p. We will show that p < 2. By (a), @ > 3/(N — 4) and a[(N — 2)p —
Nl]<p+1. Since p+1>0 and a >0, if a[(N—2)p — N]<»+1
holds for any a > 8/(N — 4), it also holds for a@ = 8/(N — 4). Thus, we
have successively the inequalities

a[(N—2p — N]<»p+1,

3[Np —2p — N] < (p + )(N — 4),

20(N—1) —4N-1)<DO0,
so that » < 2, We have proved the necessity of (b). To show the suffi-
ciency, let p < 2 be given. Then the above inequalities show that for

o = 3/(N — 4), the other condition is~ also satisfied. Since we assume
N > 4, (a) applies and we have BY € Oy.p N Opop.

Our next lemma would give a necessary and sufficient condition for
BY €0go N Opzz. However, in view of the above pattern, we may and
do omit the lengthy statement of the necessity. The sufficiency follows
from Propositions 1 and 3.

LEMMA 4. If —1/N < a < 1/(N — 2), then BY € Ogzo N O 5.

We are ready to draw the conclusion from the above lemmas:

THEOREM 1. (a) For N=<4; or N> 4 and p = 2, the family & of
the Poincaré N-balls decomposes into the following three disjoint nonempty
sets:

g@ = OQLP m OHZB @ OQLP ﬂ 61.123 @ GQLP ﬂ 61{23 .
For N> 4 and p < 2, the decomposition 1is
.@ = OQLP n O}ﬂg@ OQLp ﬂ 6].123 @ GQLp ﬂ OHQB @ GQLP ﬂ 61123 .

(b) For p<2,the class F of all Riemannian manifolds of dimension
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N > 4 decomposes into the following four disjoint monempty sets:
% - OQLP n OH2B@ OQLP ﬂ GHZB @ ’OQLP ﬂ OHZB @ GQLT’ n 6}[23 .

Proor. (b) follows from (a), so that it suffices to prove (a). Since
all classes involved in the decomposition are already disjoint, it suffices
to show that they are nonempty and that their union is <& But these
properties are consequences of Lemmas 1-4.

3. QL® and Dirichlet finite biharmonic functions. We turn to
relations of quasiharmonic L? functions to Dirichlet finite biharmonic
functions. This time, instead of giving necessary and sufficient conditions
for BY to belong to the four possible sets, we will only give sufficient
conditions for the two less interesting sets.

LeEMMA 5. (a) If a < —1, then Bf,"eOQLPNr] OHzlZ
(b) If —1/N = a <1/(N — 2), then BY € Ogro N Oyep.

The proof is by Propositions 3 and 2.

LEMMA 6. (a) For N = 2, there exist no BY in Oy N OHQD.

(b) For N > 2, a necessary and sufficient condition for BY € Oy N
Opuep is (i) for N<6, that > 1/(N —2) and a[(N —2p — N1 =» + 1;
(ii) for N > 6, that 1/(N — 2) < a < 5/(N — 6) and a[(N — 2)p — N] =
» + 1.

Proor. (a) If N=2 and BY €Oy.» N O,z2p, then, by Propositions 2
and 3, —3/(N + 2) < a < —1/N and 2p(a + 1) + Na + 1 < 0. The latter
inequality implies a < —(1 + 2p)/(N + 2p). But —(1 + 2p)/(N + 2p) <
—3/(N +2) for p=1 and N >0. Thus no a in (—3/(N + 2), —1/N)
would satisfy 2p(a + 1) + Na + 1 < 0, and we conclude that there exists
no BY in Oy» N 6H2D.

(b) We will show the necessity of (i). Assume B €Ogy» N 0 4.
Again by Proposition 2, « > —8/(N + 2). By Proposition 3, either both
1/(N—-—2)<a and af(N—2)p — N]=p+1 or both —3(N +2)<a<
—1/N and 2p(a + 1) + Na +1 < 0. The latter case was proved to be
impossible in (a), where the assumption N = 2 was not invoked in proving
the contradiction. Thus, we only have one possibility which is exactly
our condition. The sufficiency of (b) follows by Propositions 3 and 2.

(ii) has the same proof as (i), except that the extra condition a <
5/(N — 6) was imposed.

Examination of the gonditions in Lemma 6 shows that for p = 1,
there is no BY in Og» N Opzp. The exact range for p is given below.

LEMMA 7. For each N > 2, a necessary and sufficient condition for
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the existence of a BY in Oy N Oup s
(a) for N< 6, that p > N/(N — 2),
(b) for N > 6, that p > 3/2.

PrOOF. (a) Suppose that there exists a BY in Oy N Ou2p. By
Lemma 6, a[(N — 2)p — N] = p + 1 for some a > 1/(N — 2). This implies
that (N — 2)p — N > 0. Thus the condition is necessary.

To show that the condition is sufficient, assume (N — 2)p — N > 0.
Then we simply choose @ > 1/(N — 2) so large that a[(N — 2)p — N] =
p + 1. Again by Lemma 6, By € Oy.» N Oyep.

(b) Suppose that there exists a BY in Oy, N Oup. By Lemma 6,
1/(N—-2)<a<5/(N—6) and a[(N—2p — N]=»p+ 1. The latter
inequality implies (N —2)p — N >0 and a = » + 1/[(N — 2)p — N]. By
the former inequality, » + 1/[(N — 2)p — N] < 5/(N — 6), which yields
p > 8/2. The sufficiency follows by Lemma 6.

LEMMA 8. A mnecessary and sufficient condition for BY eGQLp N Oy2p
18:

(@) for N6, that —1<a= —3/(N + 2) and 2p(a + 1) + Na +
1>0;

(b) for N > 6, that either (i) —1 < a = —3/(N + 2) and 2p(a + 1) +
Na +1>0, or (il) 5/(N —6) £ a and af(N — 2)p — N] < p + 1.

This follows immediately from Propositions 2 and 3.

LEMMA 9. (a) For ly < 6, a mecessary and sufficient condition for
the existence of a BY in Ogpp N Onzp is that p > 1. ~
(b) If N> 6, then for each p = 1, there exists a BY in Oypo N Oyep.

Proor. (a) To show the necessity, take » =1 and suppose there
exists a BY in the above class. By Lemma 8, 2p(a + 1) + Na + 1 > 0.
Thus 2:-1-(a¢ +1) + No + 1= (N + 2)a + 3 > 0. As a consequence, we
have a > —3/(N + 2), which, by Proposition 2, gives BY € (7,,21), in violation
of our assumption BY € Oysp.

To prove the sufficiency, take a p > 1 and choose a = —3/(N + 2).
Then

2p(a + 1)+ Nao + 1 =2p(—3(N + 2)" + 1) + N-(—3(N + 2)™") + 1
=(N+2(N—-1[2p—2]>0.
Thus for such a and p, BY e@w N Oy2p.

(b) Assume N > 6. If p > 1, the same argument as in (a) gives
BY €0guo N Opzp. If p = 1, we have for a = 5/(N — 6), a[(N — 2)p — N]=
af(N—2)-1—-N]<1+1=p+1 Thus, by Lemma 8, BY € Og;s N Opep.
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We are ready to draw the conclusion:

THEOREM 2. The family <& of the Poincaré N-balls decomposes into
the following disjoint monempty sets:

(@) for N=2,p=1, & =O0yn N OHzDEBOQLp N O yep;
fO’l" N = 2 n > 1 B = OQLP n OH2D @ OQLP N OH2D @ OQLP N QH2D,

(b) for N=3,4,5,6, and p =1, Z = Oy» N OHQD@OQL,,O Oop;
for N=3,4,56, and 1<p = N/(N — 2),

B = Ogrr N Op2p D GQLP N Ouzp B GQLP N Opsp 5
for N=3,4,5,6, and p > N/(N — 2),
F = OQLP N Ouzp &) OQLP N 6H2D ) 61120 N Ouzp &%) GQLP N 6;121) ’

(¢) for N>6,p=<3/2,.5Z = Ogzo N Onzpy @ Ogrr N Opyzp B Ogrv N Oz
for N> 6, p > 8/2,

7 OQLP n OH2D @ OQLP N 6}121) @ GQLP n 0H2D 69 6QL1’ n 61121) .

The proof is by examination of Lemmas 5-9.
As an immediate consequence of Theorem 2, we have the following
result in the general classification theory for biharmonic funections.

THEOREM 3. The class <& of Riemannian N-manifolds decomposes
into the following disjoint nonmempty sets:
for N=3,4,5,6, and » > N/(N — 2),

RB = OQLP N 0H2D ® OQLP N 6}1217 69 GQLP N OH2D @ GQLP n 611213 ’
for N>6, »p>3/2,
R = OQLP N OH2D @ OQLP N 611211 @ GQLP N 0}12D @ 6QLP n 61121:) .
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