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Introduction. Let G be a nondiscrete locally compact abelian group
with the dual I', and let M(G) be the convolution measure algebra of
G (cf. [4]). The algebra M(G) is a commutative Banach algebra with the
total variation norm || ||, and contains L'(G) as a closed ideal. As is
well-known, the maximal ideal space 4 of M(G) contains I', and the
restriction to I' of the Gelfand transform g of gte M(G) is the Fourier-
Stieltjes transform of ¢ ([6]). A closed subalgebra N (resp. closed ideal)
of M(G) is called an L-subalgebra (resp. L-ideal) if a measure v belongs
to N whenever vy is absolutely continuous with respect to a measure
belonging to N.

Given a g-compact set E in G, let I(E) be the set of those measure
¢ in M(G) which satisfy |p¢|(Gp(E) + x) = 0 for all xe G, where Gp(E)
is the group generated algebraically by E. Let R(E) be the set of
those measures in M(G) which are singular with respect to all members
of I(E). Thus I(E) and R(E) are an L-ideal and an L-subalgebra of
M(G), respectively, and M(G) can be decomposed into the direct sum of
I(E) and R(E). Moreover, each measure in R(E) is carried by a coun-
table union of translates of Gp(E). Let P, denote the natural projec-
tion from M(G) onto R(E). Then P, is multiplicative and the linear
functional g — (Pgpt)"(1) = (Pg)(G) is a nontrivial complex homomor-
phism of M(G), which we will denote by &€ 4.

Let G, be the topological group G with a locally compact group
topology 7 which is stronger than the original topology of G. Then
there exists a o-compact subset F of G with zero Haar measure such
that E is an open subset of G.. Dunkl and Ramirez [3] proved that Ay
is in the closure I' of I" in 4. Also Méla [5] and Sato [7] proved that
hg(#1) is in I’ for some perfect independent subset E. But there do
not seem to be many sufficient conditions on a Borel subset E for h; to
be in I.

In this paper, we shall investigate h; for some Borel sets E by-
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developing the ideas in [7]. Then we obtain information on A\I'.
The author thanks the referees for kind advice.

1. Preliminaries. For z e M(G), we identify L'(¢) with the subspace
of absolute continuous measures with respect to g. An element X =
{X,: te N} of the product space

#gv L>(p)

is called a generalized character of an L-subalgebra N of M(G) if

(a) X, =X, (va.e.) if ve L),

(b) Zw(x + ¥) = Lu(@)X,(y) (¢ X va.e.(x,¥)), and

(¢) 0<sup{|[Xu.:peN} <1
Every generalized character X of N gives rise to a complex homomor-
phism of N by the formula

p— | L=y

for every p#eN. In this way the maximal ideal space 4(N) of N
can be realized as the set of all generalized characters of N with the
topology induced from the o(L>(y), L'(¢))-topology on each factor in
the product space (cf. [4]). For X = {X,.} and ¢ = {¢&,} in 4(N), we define
Xg, X and [X] by (X&), = XuEpy (Ou = XA» and [X|. = |Xu| for all peN,
respectively. For ge M(G), we denote || Z]l. = sup {|Z(™)|:veI'}). Given
a subset K of G and an integer n, we define nK =K+ --- + K (n
times) if » >0, nK =0 if # =0, and 2K = (—»)(—K) if n < 0, where
—K={—x:2cK}. Let K be a subset of G. We say that K is in-
dependent (resp. strongly independent) if (a) 0¢ K, and if (b) whenever
x, -+, %, are finitely many distinct elements of K, (», -+, »,)€Z", and
P&, + -+ + p,x, =0, then px; =0 (resp.p; =0) for all =1, .-+, n.
The following characterization for I” is useful in this paper.

PRrOPOSITION 1 ([3]). Let fbe an element in 4. Then f is contained
in I if and only if |@(f)| £ || gl for all pe M(G).

2. A sufficient condition for %; to be in I'. For a compact subset
EcCG and pe M(I'), we define ||fi]|; as the supremum norm of || on E.

We can prove the following result by modefying the proof of
Theorem 1 in [T7].

THEOREM 1. Let G be a nondiscrete locally compact abelian group,
and K a Borel subset such that K = -, K,, where {K,}7-, is an in-
creasing sequence of compact subsets of G. Suppose that for any K,,
e>0 and a compact subset E with ENGp(K)= @, there exists a
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probability measure peMI') such that ||ff—1|g, <& and ||f|;<e.
Then we have hx el .

3. Helson set and h;. In this section, we discuss the relation
between a Helson set K and the associated functional hg.

DEFINITION 1. A compact set K is called an H,set(0 < a <1) if

a =inf {||fZ|l.: |¢#]| =1, pe M(K)}. Also we simply call K a Helson set,
if K is an H,-set for some a.

THEOREM 2 ([7]). Let G be a mondiscrete locally compact abelian
group, and K an H,-set. Then we have hyel.

DEFINITION 2. For a compact set K, we put S(K) = {uecCK):
] =1 on K}.

Let K be a strongly independent compact subset of G. For u ¢ S(K),
we define a function F, on Gp(K) by

F(@) = I uw)"

for x = >\, nax, (n;e Z, all distinet ;e K).

LEMMA. Let N be a natural number, and weS(K). Then F, is
continuous on N(K U (—K)).

PROOF. Let z =¢32, + -+ + ey2y be in N(KU (—K)), where z,e K
and ¢, e{%1}. Also let {z,} be a net in N(KU(—K)) such that z, =
S €k (i€ K, €,e{x1}) and 2, > 2 as @ — . Since K is a compact
set, there exists a subset {z,4} of {2,} such that each net {z,,,} coverges
to some y, € K and each net {¢,,5)} to some 7, € {x1}. Then we have z,,; —

vl n:Y; (B — 00), and E?’:Jhyi = Ziv=1 €2;. Also Fu(zu(ﬁ)) =11 u(%a(ﬁ))e"“(p) -
I w(y,)” and K is strongly independent. Hence we see that [ u(y.)” =
IT u(z)* and F,(z.) — F.(2)(=II u(2.)) (@ — ). q.e.d.

For u € S(K), we defined a function F, on Gp(K) by the above rule.
By Lemma, F, is a Borel function on Gp(K), and |F,| =1 on Gp(K).
Then there exists ge4 such that g, = F, a.e.pt for all pe M(Gp(K))
(cf. [4]). We define 4(S(K)) to be the set of all homomorphisms g ¢ 4
associated with some u € S(K) by the above rule.

DEFINITION 8. Let K be a compact subset. K is called a Kronecker
set if for ¢ > 0 and u < S(K), there exists 7 eI such that |[u — 7| < &.

It is well-known that a Kronecker set in an H,-set.

THEOREM 3. Let K be a strongly independent compact subset of a
locally compact abelian group G. If
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(*) {9ed8(K)): |g| = he} T,

then K is an H,-set. Conversely, if K is a totally disconmected Kronecker
set, then (x) holds.

ProOOF. The first half is obvious by the definition of an H,-set.

To prove the second half, suppose K is a totally disconnected
Kronecker set, and let I'; denote the character group of G, with discrete
topology in G. Furthermore, assume Xe/l'y, X =1 on K, {z;};CG, and
€ > 0. Then we claim that there exists ve I such that |[X — 7| < e on

KU{x, -, z.}.
Indeed, put E. = N2., E,, where
(1) B, ={((), -+, Y@)|vel' and |7 —1|x<1/m}

(m=12,---). It is easily seen that E,,,Cc E,CT" for all m =1 and
E. forms a compact subgroup of 7". If (X(x,), ---, X(x,)) ¢ E., it follows
that there exists (p;) € Z™ such that

(2) p()=1 for all zeK, and X(y)=#1,

where p(z) = pit - .- 28 for 2 =(2;)eT" and y = D%, p;x;€G. By the
definition of E, and (2), we can find a natural number m such that
|p(z) — 1| < e for all ze E,. This together with (2) shows that verlI’
and [|7 — 1||x < 1/m imply

Y@) — 1l = |7y — 1) <e.

Since ¢ > 0 is arbitrary, ¥ defines a continuous character of {v x:vel'}C
S(K). Since K is a totally disconnected Kronecker set, we infer from
Varopoulos’ theorem [8] that yeGp(K). This contradicts the second
condition in (2). Thus (X(x), ---, X(x,)) € E. and our claim has been
confirmed.

Now let fe 4(S(K)) be such that |f| = hx and let g be a positive
measure in R(K). To complete the proof, we may assume that g is
concentrated on n[K U (—K)] + {«,, - -+, x,} for some finite subset {x;} of
G. Set flx) = f(0,) for all xe @G, where 9§, is the unit point-measure at
2. Since K is a Kronecker set and fe 4(S(K)), there exists a sequence
{7n} in I’ such that ||7, — fllzg+—0 as m+—> . Let XeI, be any cluster
point of {v,} cI';. Then ¥f defines an element of I'; and ¥f =1 on K.
It follows from the above paragraph that there exists ¥ eI such that
Y —Xfl<7p/(m+1) on KUf{x,, -, x,}, where » > 0 is arbitrary. The
definition of X therefore yields an m such that |7,y —f| <% on
n[K U (—K)] + {z;}?. But g is concentrated on the last set, so
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S |7aY — fldpe < 7l £2]] -
Since |f| = hge ', this completes the proof. q.e.d.

The next result is an improvement of [5; Proposition 12].

PROPOSITION 2. Let K be an independent compact set. Suppose that
hzel for any compact subset E of K with monempty relative interior.
Then K is an H,-set for some ala = 1/8).

PrROOF. It is sufficient to show that | x| < 8|/ Z]|. for all xe M(K).
First we prove that for a compact subset E c K with nonempty relative

interior, we have H d#l < 2||ft]|. for all pe M(K).
E

Let ¢ be in M(K). Since K is independent, we may put Pyu =
M+ tt,, where g, € M(E) and g, is a discrete measure with finite support.
For ¢ > 0, there exists uwe A(G)(=L'(I")") such that w =1 on supp .,

w=00nEand |ul,<1+e Then we have ’S vdp2| < H Yud(Pyw)| + ¢
for all verI', and ||l < ||(Pg)” ||« By the assumption that hyeT,
we have ||(Pett)" |lw < || Zlws and || ]l < || ]|« Therefore we obtain

o] 5 ] 5 ]+ [
S éle + 12]le, and [|Ziell. < 2] 2] .

Now for pe M(K), we may assume that g = >_ ., where g, =
tt, and {I,)n_, are finitely many disjoint compact subsets of K each
with nonempty relative interior. Also there exists a finite set DcC
{1, ---, n} such that

S 12D < 413, AuD)] -

m=1

We put A = UnepL,. Since by the first half we have [S du) < 2]l
A
we have

S 1201415 20 4| de| =84l

m=1

It follows then that ||| < 8| Z||-. q.e.d.

4. A maximal ideal depending on a Borel set.

DEFINITION 4. Let E be a compact set of G. FE is called a Dirichlet
set if lim, . inf;.- |7 — 1]z = 0.

THEOREM 4. Let G be a nondiscrete locally compact abelian group,
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and K, a Dirichlet set in G. Then there exists a o-compact nonopen
subgroup K of G such that K,C K and hgel.

Proor. First we notice that if K is as above, then hp¢ " since K
has Haar measure zero.

Now we choose and fix a o-compact open subgroup G, of G which
contains K,. Since K, is a Dirichlet set, there exists a sequence {v,} in
I' such that 7, — o as k— o and such that |1 — 7,[|g, < e™* for all
k=1. We define

(1) K=,keGll-n@ =2} @=12-).

Then each K, is o-compact and has Haar measure zero (notice v, —1
uniformly on K,). Furthermore, we have —K,=K,CK,,, and K, +
K,c K,, for all n. It follows that K = U, K, is a o-compact nonopen
subgroup of G containing K,. We shall prove K fulfills the hypotheses
of Theorem 1.

Let E be a compact subset of G which is disjoint from K = Gp(K),
and let n = 2 be given. Since ENG,N K,, = @, we can find a natural
number N > (2n)* such that

(2) EDGOCkCJ 2{x e Gy |1 — v(x)| > 2e—k/(2m} .

For each integer &k = n’, choose an integer m, so that n < m,e " < n + 1.
We set

(3) vi@) = I [FEE ™ ge.

Then we claim that 4, satisfies

(4) 0=<y.=1 on G, |YPulse =1,

where B(G) is the set of all Fourier-Stieltjes transforms of M(I"),
(5) y,<e" on ENG,, and

(6) Vv, = exp(—6n(n + 1)e™) on K,.

Part (4) is obvious. To check (5), we pick up any x€ EN G,. Then
|1 — v, (®)| > 2¢7* for some ke[n?, N] by (2). Hence

2my _ |:1 _ | 1 — 71:(%) 2:|mk
2

< (1 — e )™ < exp (—me ™) < e™
by (8) and our choice of m,. This establishes (5). If xz¢ K,, then

@) < }”T“’k(”)
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11 — 7(x)] £ 2¢7% for all k = »n® by (1); hence

vi@) = I [1- |20

n2

N

Flme —2k/n\m
"z f1,a = ewmym

k=n

= exp (— iz (2m,,e-2"/")) = exp (—2 f‘,2 (n + l)e"/"e‘z"/")
k=n k=n
= exp(—2(n + L™/ — ),

which establishes (6).

Now let ¢ denote the characteristic function of G,. Since G, is an
open subgroup of G, we have € B(G) and || &|ze = 1. We define ¢, =
V. € B(G); then 0 < ¢, <1 on G, |[g.|lse;y =1 by (4); ¢. <e™ on E by

(5); and ¢, = 4, = exp(—6n(n + 1)e™™) on K, by (6). Since meN is

arbitrary and K,c K,,, for all n, we conclude that K satisfies the
hypotheses of Theorem 1, as desired. q.e.d.

REMARK. Let K be a non H,-set and perfect strongly independent
set. Then there exists fe 4 such that |f| = hg, fe¢ I and g2*(f) = @(f)
for all g e M(G), where p*(E) = p(—FE).

Indeed, since K is a non H,-set, there exists pge M(K) such that
2]l > || All.. Then there exists u € S(K) such that 'Sudp.' > |ill.. By

Lemma, there exists fe 4(S(K))(|f| = hg) such that fu(x) = w(x) a.e. g
for all pe M(K). So we have |Z(f)| > || ]|«

Therefore by Proposition 1, we obtain f¢ I'. Also f satisfies 2*(f) =
A(f) for all peM(G). In fact, for e R(K) we may assume g =
D% Mo * My, Where {g,;} are continuous measures on Gp(K) and {y,;} are
discrete measures on G. Then by the construction of f we have

| s = 52§ sacpen
=3 | sapen | sape
- () ()
- (fa)
where —denotes the complex conjugation. q.e.d.
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