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Introduction. Let G be a nondiscrete locally compact abelian group
with the dual Γ, and let M(G) be the convolution measure algebra of
G (cf. [4]). The algebra M(G) is a commutative Banach algebra with the
total variation norm || ||, and contains L\G) as a closed ideal. As is
well-known, the maximal ideal space Δ of M{G) contains Γ, and the
restriction to Γ of the Gelfand transform μ of μ e M(G) is the Fourier-
Stieltjes transform of μ ([6]). A closed subalgebra N (resp. closed ideal)
of M(G) is called an L-subalgebra (resp. L-ideal) if a measure v belongs
to N whenever v is absolutely continuous with respect to a measure
belonging to N.

Given a (7-compact set E in G, let I(E) be the set of those measure
μ in M(G) which satisfy \μ\(Gp(E) + x) = 0 for all xeG, where Gp{E)
is the group generated algebraically by E. Let R{E) be the set of
those measures in M{G) which are singular with respect to all members
of I(E). Thus I(E) and R(E) are an L-ideal and an L-subalgebra of
M(G), respectively, and M(G) can be decomposed into the direct sum of
I(E) and R(E). Moreover, each measure in R{E) is carried by a coun-
table union of translates of Gp(E). Let PE denote the natural projec-
tion from M(G) onto R(E). Then PE is multiplicative and the linear
functional μ —> (PEl*Td) = (PEPXG) *S a nontrivial complex homomor-
phism of M(G), which we will denote by hEeΛ.

Let Gτ be the topological group G with a locally compact group
topology τ which is stronger than the original topology of G. Then
there exists a σ-compact subset E of G with zero Haar measure such
that E is an open subset of Gτ. Dunkl and Ramirez [3] proved that hE

is in the closure Γ of Γ in Δ. Also Mela [5] and Sato [7] proved that
hE(Φl) is in Γ for some perfect independent subset E. But there do
not seem to be many sufficient conditions on a Borel subset E for hE to
be in Γ.

In this paper, we shall investigate hE for some Borel sets E by-
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developing the ideas in [7]. Then we obtain information on Δ\Γ.
The author thanks the referees for kind advice.

1. Preliminaries. For μ e M(G), we identify L\μ) with the subspace
of absolute continuous measures with respect to μ. An element X —
{Xμ: μeN} of the product space

Π L-{μ)
μeN

is called a generalized character of an L-subalgebra N of M(G) if
(a) Xμ = XV (ya.e.) if veL\μ),
(b) XpAx + y) = Xμ(x)XXv) (μxv a . e . (x, y))9 a n d
(c) 0<svp{\\Xμ\\oo:μeN}£ 1.

Every generalized character X of N gives rise to a complex homomor-
phism of N by the formula

for every μeN. In this way the maximal ideal space A(N) of N
can be realized as the set of all generalized characters of N with the
topology induced from the σ(L°°(μ), L\μ))-toipo\ogγ on each factor in
the product space (cf. [4]). For X = {Xμ} and ζ = {ξμ} in A(N), we define
Xζ, χ a n d | Z I b y (Xζ)μ = Xμζμ, (χ)μ = χμjmά \X\μ = \Xμ\ f o r a l l μeN,
respectively. For μ e M(G), we denote || μ||oo = sup {\μ(Ύ) |: 7 e Γ}. Given
a subset K of G and an integer n, we define nK = K + + K (n
times) if n > 0, nK = 0 if n = 0, and nK = ( — n)(-K) if n < 0, where
-K= {-x:xeK}. Let K be a subset of (?. We say that K is in-
dependent (resp. strongly independent) if (a) 0£ K, and if (b) whenever
xl9 •••,&« are finitely many distinct elements of K, (plf — -, pn)eZn, and
PJXJ, + + pnxn = 0, then pyίCy = 0 (resp. ps = 0) for all j = 1, , w.

The following characterization for Γ is useful in this paper.

PROPOSITION 1 ([3]). Let f be an element in A. Then f is contained

in Γ if and only if \μ{f)\ ^ ||μ||oo for all μeM(G).

2. A sufficient condition for hκ to be in Γ. For a compact subset
EaG and μeM(Γ), we define \\β\\E as the supremum norm of \μ\ on E.

We can prove the following result by modefying the proof of
Theorem 1 in [7].

THEOREM 1. Let G be a nondίscrete locally compact abelian group,
and K a Borel subset such that K = (JΓ=i Kn, where {Kn}n=i is an in-
creasing sequence of compact subsets of G. Suppose that for any Knf

ε > 0 and a compact subset E with EΓ\Gp(K)= 0 , there exists a
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probability measure μeM(Γ) such that \\β — l\\Kn<ε and \\μ\\E<ε.
Then we have hκeΓ.

3 Helson set and hκ. In this section, we discuss the relation
between a Helson set K and the associated functional hκ.

DEFINITION 1. A compact set K is called an iϊα-set (0 < α <; 1) if
a = inf{||β\U: \\μ\\ = 1, μeM(K)}. Also we simply call K a Helson set,
if K is an iϊα-set for some α.

THEOREM 2 ([7]). Let G be a nondiscrete locally compact abelian
group, and K an H^set. Then we have hκ e Γ.

DEFINITION 2. For a compact set K, we put S(K) = {ue C(K):
\u\ = 1 on K).

Let Z b e a strongly independent compact subset of G. For u e S(K),
we define a function JP^ on Gp(K) by

^•(a?) = Π
i = l

for as = Σ?=i ^Λ (^i6 ^ a ^ distinct »< e K).

LEMMA. Let N be a natural number, and u e S(K). Then Fu is
continuous on N(K\J( — K)).

PROOF. Let z = ε,zL + + εNzN be in N(K U (-K)), where ^ e K
and e te{±l}. Also let {za} be a net in N(K\J(—K)) such that ^α =
Σf=i s^iα («<« e ίΓ, εia 6 {±1}) and za -> z as α -> oo. Since ϋΓ is a compact
set, there exists a subset {£«(/}>} of {za} such that each net {zmβ)} coverges
to some yte Kand each net {εia{β)} to some τjte{±1}. Then we have za{β) —>
Σf=i ^ i (/3 -> oo), and ΣJLiViVt = Σf=i eA Also Fm(«β(̂ ,) = Π w(2i«(P)) «β(^ ->
Π u(yi)Vί and if is strongly independent. Hence we see that Π u(Vi)Vί =
Π w(«ι)f< and Fu(za) -> Ftt(2;)( = Π u(z^){a -> oo). q.e.d.

For i6 e S(UL), we defined a function î w on Gp(K) by the above rule.
By Lemma, Fu is a Borel function on Gp(K)f and | F J = 1 on Gp(K).
Then there exists greJ such that gμ — Fu a.e.μ for all μeM{Gp(K))
(cf. [4]). We define d(S(K)) to be the set of all homomorphisms ge Δ
associated with some ueS(K) by the above rule.

DEFINITION 3. Let K be a compact subset. K is called a Kronecker
set if for ε > 0 and ukzS{K), there exists 7 e Γ such that \\u — Ί\\κ < ε.

It is well-known that a Kronecker set in an iϊi-set.

THEOREM 3. Let K be a strongly independent compact subset of a
lly compact abelian group G Iflocally compact abelian group G. If
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(*) {geJ(S(K)):\g\=:hκ}(zΓ ,

then K is an Hx-set. Conversely, if K is a totally disconnected Kronecker
set, then (*) holds.

PROOF. The first half is obvious by the definition of an iϊi-set.
To prove the second half, suppose K is a totally disconnected

Kronecker set, and let Γd denote the character group of Gd with discrete
topology in G. Furthermore, assume X e Γd, X = 1 on K, {xs}ΐ c G, and
ε > 0. Then we claim that there exists 7eΓ such that \X — 7| < ε on
K\J{xlf ,xn}.

Indeed, put JEL = Πm=i Em, where

(1) Em = {(y(xι)9 •• ,7(a n )) |7eΓ and | | 7 - l | U < l / m }

(m = 1, 2, •). It is easily seen that Em+1 c ί f f i c Γ for all m ^ 1 and
En forms a compact subgroup of Tn. If (X(Xι)9 , X(xn))$E^f it follows
that there exists (pd) e Zn such that

(2) p(z) = 1 for all zeE* and X(y) Φ 1 ,

where p(z) = pϊ1 - - zp

n

n for z = {zά) e Tn and y = Σ?=i Vfii e G. By the
definition of ϋL and (2), we can find a natural number m such that
IpOO — l | < e for all zeEm. This together with (2) shows that ΎβΓ
and ||7 — 1||* < 1/m imply

Π 7(^)'i - < ε

Since ε > 0 is arbitrary, y defines a continuous character of {7,̂ : 7 e Γ} c
S(K). Since j£" is a totally disconnected Kronecker set, we infer from
Varopoulos' theorem [8] that yeGp(K). This contradicts the second
condition in (2). Thus (Xfa), , X(%n)) € E^ and our claim has been
confirmed.

Now let feJ(S(K)) be such that \f\ — hκ and let μ be a positive
measure in R(K). To complete the proof, we may assume that μ is
concentrated on n[K U (—if)] + {#i, , xn) for some finite subset {xά} of
G. Set f(x) = f(δx) for all xeG, where δ,. is the unit point-measure at
x. Since K is a Kronecker set and feΔ(S(K)), there exists a sequence
{7m} in Γ such that || 7m — / | | x M> 0 as W K O O . Let Z 6 Γd be any cluster
point of {Ύm} c /Y Then χ/ defines an element of Γd and χf = 1 on ίΓ.
It follows from the above paragraph that there exists ΎeΓ such that
17 - χf\ < ηl{n + 1) on K\J{xu , a?n}, where rj > 0 is arbitrary. The
definition of X therefore yields an m such that 17m7 — f\ <η on

(-K)] + {fl?y}Γ. But j« is concentrated on the last set, so
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Since \f\=hκeΓ9 this completes the proof. q.e.d.

The next result is an improvement of [5; Proposition 12].

PROPOSITION 2. Let K be an independent compact set. Suppose that
hEeΓ for any compact subset E of K with nonempty relative interior.
Then K is an Ha-set for some a(a ^ 1/8).

PROOF. It is sufficient to show that \\μ\\<ί 8||//||oo for all μeM(K).
First we prove that for a compact subset EdK with nonempty relative

interior, we have t dμ <; 2||/e||oo for all μeM(K).
JE

Let μ be in M(K). Since K is independent, we may put PEμ —
μι + μ*, where μ1 e M(E) and μ2 is a discrete measure with finite support.
For ε > 0, there exists ue A(G)( = L\Γy) such that u = 1 on suppμ2,
u = 0 on E and || u \\A < 1 + e. Then we have \ Ύdμ2 <; \ Ύud(PEu) + ε

for all 7 e Γ , and H/^Hoo^ ||(iV*Γ||oo. By the assumption that hEeΓ,
we have | | ( P ^ Π U ^ ||μ\\«» and \\ik\U ^ II^IU. Therefore we obtain

f a n d \\βιx\U ^ 2\\μ\U .

Now for μ e M(K), we may assume that μ = Σϊ=i m̂> where μm =
μUm and {Im}m=ι are finitely many disjoint compact subsets of K each
with nonempty relative interior. Also there exists a finite set Da
{1, , n) such that

Since by the first half we haveWe put A =

we have

It follows then that \\μ\\£ 8J|/e||oo.

4. A maximal ideal depending on a Borel set.

dti ^ 2||/i||oo,

q.e.d.

DEFINITION 4. Let E be a compact set of G. E is called a Dirichlet
set if l i m ^ infr6Γ | |7 — 1 |U = 0.

THEOREM 4. Let G be a nondiscrete locally compact abelian group,
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and KQ a Dirichlet set in G. Then there exists a o'-compact nonopen
subgroup K of G such that KoczK and hκeΓ.

PROOF. First we notice that if K is as above, then hκ$Γ since K
has Haar measure zero.

Now we choose and fix a σ-compact open subgroup Go of G which
contains Ko. Since Ko is a Dirichlet set, there exists a sequence {Ύk} in
Γ such that Ύk —> °° as Λ; —> oo and such that \\1 — Ύk\\κ0 < e~k for all
k > 1. We define

( 1 ) 2e~k/n} = 1,2,

Then each Kn is tf-compact and has Haar measure zero (notice Ίk —> 1
uniformly on Kn). Furthermore, we have —Kn = KnaKn+1 and Kn +
Kn c ίΓ27l for all n. It follows that K = |JΓ=I î n is a tf-compact nonopen
subgroup of G containing KQ. We shall prove K fulfills the hypotheses
of Theorem 1.

Let E be a compact subset of G which is disjoint from K = Gp(K),
and let n ^ 2 be given. Since E f] Go Π iζ>n = 0> we can find a natural
number iSΓ > (2n)2 such that

( 2 ) E n Go c U 2{x e Go: 11 -

For each integer k ^ n2, choose an integer mk so that n ^ mke~k/n < n + 1.
We set

( 3 )
7t(a!) (» e G) .

Then we claim that ψn satisfies

(4) O ^ f ^ l on G, ||^IU(*> = 1>

where B(G) is the set of all Fourier-Stieltjes transforms of M(JΓ)9

( 5 ) f n ^ e~n on E Π Go , and

( 6 ) ψ n ^ exp(-6n(n + l)e~n) on Xn .

Part (4) is obvious. To check (5), we pick up any x e E Π GQ. Then
|1 - ^Wl > 2e~Λ/(27l) for some ke[n\ N] by (2). Hence

< (1 - e-*/»)~* < exp (-m^-Λ / n) < e~n

by (3) and our choice of mk. This establishes (5). If x e then
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11 - 7»(«) I ̂  2e-k/n for all k ̂  »2 by (1); hence

*.(*) = Π l - 1 " J * W ^ Π (i - β-»' )-»

^ exp f- Σ (2m4e-2*/n)) ^ exp f - 2 Σ (Λ + l)ek/ne-ik'Λ
\ k=n2 / \ k=n2 /

which establishes (6).
Now let f denote the characteristic function of Go. Since GQ is an

open subgroup of G, we have ξeB(G) and ||£||B<G> = 1. We define φn =
ψnζeB(G); then O ^ ^ ^ l o n G , \\ΦU\\BW = 1 by (4); ̂ n ̂  e~n on £; by
(5); and φn = ψn ̂  exp (-6n(n + l)e~n) on ifn by (6). Since ^eiV is
arbitrary and Kn c JSΓn+1 for all n, we conclude that K satisfies the
hypotheses of Theorem 1, as desired. q.e.d.

REMARK. Let K be a non i^-set and perfect strongly independent
set. Then there exists feA such that | / | = hκ, f$Γ and μ*(f) = ~fi(f)
for all μeM(G), where

Indeed, since if is a non ίZΊ-set, there exists μ e M(K) such that
IIi"II > Hi"Hoc. Then there exists u e S(K) such that I ( udμ >\\μ\\oo. By
Lemma, there exists fe J(S(K))(\f\ = hκ) such that fμ(x) = n{x) a.e. μ
for all μeM(K). So we have \μ(f)\ > \\μ\\»L

Therefore by Proposition 1, we obtain /gf . Also / satisfies μ*(f) =
μ(f) for all μ e M(G). In fact, for μ e R(K) we may assume μ =
Σi^ii*^2i> where {μH} are continuous measures on Gp(K) and {μ2i} are
discrete measures on G. Then by the construction of / we have

= Σ \ fdμΐ< \ fdμi

= (j fdμf ,
where —denotes the complex conjugation. q.e.d.
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