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ON THE INTEGRALS OF RIEMANN-LEBESGUE TYPE
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Abstract. In this paper, a theorem on the integrals of Riemann-Lebesgue type is
established. It not only generalizes Theorem Π.7.1 in Widder's book, but also gives a
unified version of Young's test, Dirichlet-Jordan test, de la Vallee-Poussin test, and
Dini's test.

1. Introduction. Let / : [0, δ'] ι-> C and g: [0, oo)ι->C be measurable. The

integral in the question is of the form:

I(f,g;λ)=\f(t)g(λt)dt
o

The famous Riemann-Lebesgue theorem says that if /eL^O, <5) and g(t) = sint, then

/(/, g\ Λ)->0 as λ-> oo. In this paper, we try to find conditions on / and g such that

the limit of /(/, g\ λ) exists as λ-> oo. As indicated below, such kind of results are closely

connected to the pointwise convergence problem of Fourier series. The purpose of this

paper is to establish the following theorem.

THEOREM 1.1. Set f(t) = f1(t) + f2(t). Assume that the following conditions are

satisfied for some p>0 and some δ > 0:

( i ) tfx{t)^aas ί-»0+,

(ii) tp+1fί(t) is of bounded variation on [0, δ~\ and

{ f M , ) () as

(iii)

lim \ f2(t)g(λt)dt = O,

(iv) t~1g(t) is locally integrable on [0, oo) and the improper integral ^ t ' 1 g(t)dt

converges,

(v)

r>0
sup g(τ)dτ <oo
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Then

lim Γ f(t)g(λt)dt = a( Γ Ά dt)

Here V(θ; a, b) denotes the variation of θ on la, b]. Obviously, the function g(t) = sin t

satisfies (iv) and (v). The Riemann-Lebesgue theorem implies (iii) in the case f2 e L1^, δ)

and g(t) = sint. Theorem 1.1 generalizes [W, Theorem II.7.1]. The latter corresponds

to the case/? = 0, / 1(ί) = /"1α(ί), f2(t) = 0, and g(t) = sin t.

Let sn(φ;x) denote the «th partial sum of the Fourier series of φeLx(T), where

Γ = [ —π, π]. As indicated in [B, §37 of Chapter I] , we have sn(φ; x)^>φ(x) (as «-• oo)

if and only if for some δ e (0, π),

sinntdt = o(l) (as «->oo),ί
Jowhere

, / x φ{x + t) + φ(x — t) — 2φ(x)
Φx(t) = .

Set fι(t) = t~1φx(t), f2(t) = O, and g(t) = sin t in Theorem 1.1. Then we get:

THEOREM 1.2 (generalized Young's test). Let φεLι{T). Assume that the following

are satisfied for some p>0:

(i) φx(t)-+0ast-+0+,

(ii) V(tpφx(t); 0, h) = O(hp) ash-+0+.

Then sn(φ; x) -> φ(x) as n -> oo.

The case p = 1 of Theorem 1.2 is the classical Young test (see [B, §4 of Chapter

III]). As for/? = 0, choose φ(x) = {φ(x+) + φ{x~)}β. Then Theorem 1.2 gives the following

Dirichlet-Jordan test.

COROLLARY 1.3 (Dirichlet-Jordan test). Let φ be of bounded variation in some

neighborhood of x. Then sn(φ; x)-+{φ(x+) + φ(x~)}/2 as «-• oo.

Set f1(t) = Γ2Φ(t), f2(t) = (tf1(t))/, and g(t) = sint, where

Φ(ί)ΞE

Jo

Then Γ1φx(t)=fί(t) + f2(t) for almost all /. With the help of [WZ, Corollary 7.23], we

get the following consequence of Theorem 1.1.

COROLLARY 1.4 (de la Vallee-Poussin test). Let φeL\T). Assume that the

following are satisfied:

(i)
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(ii) V(ΓιΦ{t)\ 0, h) =

Then sn(φ\ x) -• φ(x) as n -• oo.

Consider the case/? = 0, f1(t) = O, f2(t) = Γ1φx(t), and g(t) = sint. Then Dini's test

follows directly from Theorem 1.1.

COROLLARY 1.5 (Dini's test). If φeL\T) and Γ1φJt)eL1(09 δ) for some <5>0,

then sn(φ; x) -> φ(x) as n -• oo.

2. Proof of Theorem 1.1. To prove Theorem 1.1, we need the following form of

integration by parts. The case f(x) = 1 reduces to the classical one.

THEOREM (generalized integration by parts). Assume that f is continuous on [α, ft]

and α, β are of bounded variation on [a, ft]. If at least one of oc and β is continuous on

[α, b], then

Γ/MΦW0M)= {" f(χHx)dβ(x)+ {
J a J a v α

x)dβ(x)+ { f(x)β(x)dφ).

PROOF. Without loss of generality, we may assume that both α and β are positive

and increasing on [α, fc]. Therefore, aβ is positive and increasing on [α, ft]. Let

P: a = xo<x1 < - - - <xn = b be any partition of [α, ft]. By integration by parts, we find

d(0L(x)β(x))
J Xj - i

β(x)dθi(x).

Applying the intermediate value theorem, we find cj9 cf, cf * e [ x J _ 1, x,.] such that

= f(cj) P
J Xj _ i

Γ J f{xM
J Xj - 1

Xj-ί

«(x)dβ(x),
X; - 1

which

(2.1)

JXJ-

imply

I,'

f(x)β(x)da(x)
1

f(Cj)-f(φ

= f(cf*) {*' β(x)d<x(x),
J Xj - 1

Xj-ί -£•
Γ1 «(x)dβ(x)+ f(cj)-f(cf*)\ [*' β(x)da(x)

J Xj-1 \ J Xj-ι
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<Mj(P)\ίXl 0L(x)dβ(x)+[X' β(x)doc(x)

d(φ)β(x)),

where

Mj(P)= max \f(x)-f(y)\.
x,ye[xj-ι,xβ

Summing up both sides of (2.1) with respect to j yields

Γ f(x)d(x(x)β(x))- ί" f(xMx)dβ(x)- [b f{x)β{x)da{x)
J a J a J a

aχMj(P)) Γ
J J Ja

d(<x(x)β(x))<(maχM d(a(x)β(x)).

Taking infimum with respect to P gives

Γ' f(x)d(a(x)β{x))- {" f(xHx)dβ(x)- ί' f(x)β{x)da{x)
J a J a J a

< \ inf (max Mj(P) ) \ d(<φc)β(x)) = 0 .
I P \ J )))a

The last equality is based on the fact that / is uniformly continuous on [α, b]. The

proof is completed.

PROOF OF THEOREM 1.1. It suffices to prove this theorem in the case f2(t) = 0. In

this case, f(t) = f1(t). Without loss of generality, we assume that / is real-valued. We

first consider the case α = 0 and p>0. Set φ(t) = tp+ίf(t). Then (ii) says that φ is of

bounded variation on [0, <5] and V(φ; 0, h) = O(hp) as h -• 0 + . By (i), | φ(t) \ < \tf(t) | -+ 0

as t-^0+, and | φ ( ί ) - φ ( 0 ) | < V(φ; 0, t) = O(tp) as t-+0 + . Hence, φ(0) = 0 and there ex-

ists M > 0 such that \φ(t)\<Mtp for all te[0, δ]. Write φ = φ 1 - φ 2 , where φ1(t) =

K(φ;0,ί) Then φ i (0) = φ2(0) = 0 and | Φ / 0 I = I φ / 0 — Φj(0) I ̂  K ^ ; 0, t) = O{tp) as

ί->0 + . Hence, we can rearrange M so that

(2.2) max(\φ(t)\,\φi(t)l\φ2(t)\)<Mtp for all

Let kπλ~ * <δ. The precise values of k and 2 will be determined later. We have

(2.3)
Γkπ/λ

Jo •
f(t)g(λt)dt <[ sup \ίf(t)\

0<t<,kit/λ /\Jo

kπ/λ g(λt)
dt
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= sup \tf(t)\

On the other hand, set

0<ί<fcπ/λ

)= Γfl(τ
Jo

XΓ 9(t)
dt).

G(t)=\ g{τ)dτ.
Jo

Then G is bounded on [0, oo) and absolutely continuous on every interval [0, t~\ with
/>0. Integration by parts gives

(2.4) f(t)g(λt)dt
kπ/λ

Γ Rt)d(
J kπ/λ \

G(λt)\

λ )

f(δ)G(λδ) f(kπ/λ)G(kπ) Γ
Jkπ/λ

G(λt)
df(t)

= IX+I2, say.

We have f(t) = t~"~1φ(t). Applying the generalized integration by parts, we obtain

(2.5) λI2< Γ
Jkπ/λ

G(λή
dφ{t) •Γ

Jkπ/λ

(p+\)\G(λt)φ(t)\
dt

= hι+l22> say.

Since φι and φ2 are positive and increasing on [0, δ], by (2.2),

( sup\ G(t)\)( ψl{δ)J+

φ

ι

2iδ) + Γ -
\t>o J\ δp+ι Jkπ/λ f + 2

dt

kπ/λ

< ( sup I G(t)I
\ ί>0

Similarly, (2.2) implies

(2-7) /„

2M(p+l)A

kπ

sup I G(t) I Γ2dt
\'>0 /Jfcπ/Λ

kπ
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By (2.5H2.7), we get

(2.8) ,
kπ

Combining (2.3H2.4) with (2.8) yields

f(δ)G(λδ) f(kπ/λ)G(kπ)
I [f{t)g{λt)dt <( sup |//(t)|Y Γ ~ dt)
I Jo \0<t<kπ/λ /\J0 t ) λ

3M(p+l)\
, J^IUIM 7^rr-< +
\ ί>0

Choose large k first and then let λ-> oo. By (i), (iv), and (v), we infer that

f-
Jo

(2.9) f{t)g{λt)dt = o(\) as
Jo

Next, we consider the case a=p = 0. By (ii), we can still find M>0 so that (2.2)
holds. From the argument given in (2.3)-(2 8), we see that (2.9) still holds in this case.
This finishes the proof in the case a = 0.

For general a, set f*(t) = f(t)-aΓί. Then tf*(t) = tf(t)-a = o(l) as /-^0 + ,
tp+ίf*(t) is of bounded variation on [0, <$], and

v(tp+γ*(0; o, h) < v(t*+y(0; o, h)+\a \ v(tp; o,

= O(hp) as Λ-^0+.

Hence, the preceding result in the case a = 0 leads us to

lim fδf(t)g(λt)dt=lim f* (f^ + aΓ'Mλήdt

This completes the proof.
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