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Abstract. In this paper, a theorem on the integrals of Riemann-Lebesgue type is
established. It not only generalizes Theorem II.7.1 in Widder’s book, but also gives a
unified version of Young’s test, Dirichlet-Jordan test, de la Vallée-Poussin test, and
Dini’s test.

1. Introduction. Let f:[0,0]— C and g: [0, o) — C be measurable. The
integral in the question is of the form:

é
1(f, 9; l)EJ f©)g(Ae)dt  (2>0).
0

The famous Riemann-Lebesgue theorem says that if fe L!(0, §) and g(t)=sin¢, then
I(f,g; 2)—0 as A— 0. In this paper, we try to find conditions on f and g such that
the limit of I(f, g; ) exists as 4 — c0. As indicated below, such kind of results are closely
connected to the pointwise convergence problem of Fourier series. The purpose of this
paper is to establish the following theorem.

THEOREM 1.1. Set f(t)=fi(t)+ f5(t). Assume that the following conditions are
satisfied for some p >0 and some 6>0:

(i) tfit)»aast—-0",
(ii) tP*1f,(t) is of bounded variation on [0, §] and

V(P £ 0, )=0(h") as h—-0%,
(iii)
s
lim J fo(t)g(At)dt =0,
im0 Jo .

(iv) t7'g(t) is locally integrable on [0, c0) and the improper integral {3t~ g(t)dt

converges,
t
f g(v)de
0

(v)
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Then
]

Pm f (t)g(lt)dt=a< j ) @dt).

“©Jo 0
Here V(6; a, b) denotes the variation of 6 on [a, b]. Obviously, the function g(t) =sin ¢
satisfies (iv) and (v). The Riemann-Lebesgue theorem implies (iii) in the case f, e L'(0, 6)
and g(t)=sint. Theorem 1.1 generalizes [W, Theorem II.7.1]. The latter corresponds
to the case p=0, f,(t)=1t"'a(t), f5(t)=0, and g(t)=sint.
Let s,(¢; x) denote the nth partial sum of the Fourier series of ¢ LY(T), where
T'=[—m=, n]. As indicated in [B, §37 of Chapter I], we have s,(¢; x) > H(x) (as n > o)
if and only if for some § €(0, n),

J“s@sinntdt=o(l) (as n—0),
0

where

P(x +1t)+ P(x —t)— 2(x)
: .

¢.(t)=

Set f1(t)=t"1¢(t), f5(t)=0, and g(t)=sin? in Theorem 1.1. Then we get:

THEOREM 1.2 (generalized Young’s test). Let ¢ € LY(T). Assume that the following
are satisfied for some p>0:

(i) ¢t)—0ast—0",

(i) V(PP (t); 0, h)=0(h*) as h—0".
Then s,(¢; x) — d;(x) as n— .

The case p=1 of Theorem 1.2 is the classical Young test (see [B, §4 of Chapter
II1]). As for p=0, choose @(x) = {@(x*)+ ¢(x~)}/2. Then Theorem 1.2 gives the following
Dirichlet-Jordan test.

CorOLLARY 1.3 (Dirichlet-Jordan test). Let ¢ be of bounded variation in some
neighborhood of x. Then s,(¢; x) > {¢(x*)+ P(x7)}/2 as n— 0.

Set f,(t)=1"2®(t), f5(t)=(tf1(t)), and g(t)=sin ¢, where
t
(D(t)zj ¢ (u)du .
0
Then ¢t~ ¢, (t) = f1(t) + f»(¢) for almost all ¢. With the help of [WZ, Corollary 7.23], we

get the following consequence of Theorem 1.1.

COROLLARY 1.4 (de la Vallée-Poussin test). Let ¢eL*(T). Assume that the

Sfollowing are satisfied:
(i) t7'o(t)>0ast—>0",
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@) V@~ 1<{>(t); 0,h)=0(1)as h—0".
Then s,(¢; x) = d(x) as n— 0.

Consider the case p=0, f,(t)=0, f5(t)=t"'¢.(t), and g(t)=sin¢. Then Dini’s test
follows directly from Theorem 1.1.

COROLLARY 1.5 (Dini’s test). If ¢ LY(T) and t™ ¢ (t)e L(0, 8) for some 6> 0,
then s,(¢; x) = P(x) as n— oo.
2. Proof of Theorem 1.1. To prove Theorem 1.1, we need the following form of

integration by parts. The case f(x)=1 reduces to the classical one.

THEOREM (generalized integration by parts). Assume that f is continuous on [a, b]
and «, B are of bounded variation on [a, b]. If at least one of o and B is continuous on
[a, b], then

b b b
j S x)dedx)B(x)) = J S (x)ax)dp(x) + j S (x)B(x)dox(x).

Proor. Without loss of generality, we may assume that both « and f are positive
and increasing on [a, b]. Therefore, aff is positive and increasing on [a,b]. Let
P:a=x,<x,<---<x,=b be any partition of [a, b]. By integration by parts, we find

I d(a(X)B(X))=J a(x)dp(x) + J Blx)de(x) .
Applying the intermediate value theorem, we find c;, c¥, ¢}*€[x;_,, x;] such that

j f(X)d(a(x)ﬁ(x))=f(c,-)r d(a()B(x)

Xj-1

=f(c,-){r a(x)dﬁ(x)+r ﬂ(x)da(x)} :

Xj-

f FdBx) = £(c}) J Y B,

f Y F0BIdax) = £ () f " Bx)da(x)
which imply

@2.1)

j Y P d(x)B) ~ f Y Fax)dpx) — f " FB0da(x)

<

Sej)=f(cf)

f " adB) +

Xj-

Slej)= 1)

j " Bx)da(x)
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SMj(P){ f " ax)dp) + J ﬁ(x)da(x)}

_ (P f Y dape),
where

M;(P)= max ]lf(X)—f(y)l :

x,ye[xj-1,x;

Summing up both sides of (2.1) with respect to j yields

b b b
J f (x)d(a(X)ﬁ(X))—J f (X)a(X)dﬁ(X)—J S (X)B(x)de(x)

n Xxj b
< ;1 M;(P) f d(ax(x)B(x)) < ( max M ,-(P)> j d(a(x)B(x)) -

Taking infimum with respect to P gives

b b b
J f (X)d(a(X)ﬁ(X))—J f (X)a(X)dB(X)—j S ()B(x)da(x)

< { ir;f <m§1x M j(P)>} J ’ d(o(x)B(x))=0.

The last equality is based on the fact that f is uniformly continuous on [a, b]. The
proof is completed.

Proor oF THEOREM 1.1. It suffices to prove this theorem in the case f,(t)=0. In
this case, f(t)=f,(t). Without loss of generality, we assume that f is real-valued. We
first consider the case a=0 and p>0. Set ¢(t)=t?*'f(t). Then (ii) says that ¢ is of
bounded variation on [0, 6] and V(¢; 0, h)=O0(h?) as h—0*. By (i), | o(t)|<|1f(t)| =0
as t—07", and | o(t)— @(0) | < V(¢p; 0,t)=0(t?) as t - 0*. Hence, ¢(0)=0 and there ex-
ists M >0 such that |p(z)|<Mt? for all te[0, §]. Write ¢o=¢,; —@,, where ¢,(t)=
V(g:0,1). Then ¢,(0)=0,0)=0 and |¢,(1)|=]0,(t)—0,(0)|<V(g;; 0, )=0(") as
t—07". Hence, we can rearrange M so that

22 max(| @(t)], | @:()], | @x() )< M1? forall 1€[0,4].

Let knA~! <6. The precise values of k and 4 will be determined later. We have

s( sup W(ﬂl)(fmn 90) dt)
0<t<km/A 0

kn/A

S (©)g(At)t

2.3)

0
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=< sup | tf(t) |>< f’m dt) .
0<t<kn/i o

G(t)= J" g(t)dr .
0

)

On the other hand, set

Then G is bounded on [0, c0) and absolutely continuous on every interval [0, ¢] with

t>0. Integration by parts gives
8 G(At
j f(’)d< ; )>‘
km/A km/A

s
< f(0)G(Ad)  f(kn/A)G(km) + J G(jt) af ()

'1 km/A

4

24 f(@)g(Ar)de|=

=I,+1,, say.
We have f(t)=t"7"'¢(t). Applying the generalized integration by parts, we obtain
Gt s 1)|G(4
f t( ) 4 o)+ J (p+DIGUNR®)]

kn/d 1P+2

@2.5) AL <

kn/A
=121+122, Say.

Since ¢, and ¢, are positive and increasing on [0, 6], by (2.2),

(2.6) I, < (Sup|G(t)| <J’5 d(Px(t) J‘a dt(ii(f)>
km/a kn/A

>(P15)+(02(5) Ja (p+ 1))+ @,(t)) >

sup| G(1)]

p+1 p+2
0 kn/A t

>0 ortt kA t

sup| G(t)|

<sup|G(t] <<p1(5)+¢2(5) r 2M(p+1) dt)
< <¢1(5)+¢z(6) 2M(p+1)/1>
ortt kn ’

Similarly, (2.2) implies

o

2.7) L,<M(p+ 1)(su}g|G(t)|>j 1™ 2dt

km/A

s"“”—““(supm(m).
th t>0
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By (2.5)+2.7), we get

?1(0)+¢,(0) | 3M(p+1)
(2.8) Izs<§t>113|G(t)|>< Tor + p )

Combining (2.3)-(2.4) with (2.8) yields

s | g(t) f©)G(Ad)  f(kn/)G(km)
L f(t)g(At)dt s(o<s11;12”//1|tf(t)|><J~0 - dt>+‘ 1 — 1
?1(0)+2(0) , 3M(p+1)
+<§gg|Ga)|)( redd 2L )

Choose large k first and then let 1 — 0. By (i), (iv), and (v), we infer that
é

2.9 f f(t)g(At)dt=0(1) as A—- .
0

Next, we consider the case a=p=0. By (ii), we can still find M>0 so that (2.2)
holds. From the argument given in (2.3)~(2.8), we see that (2.9) still holds in this case.
This finishes the proof in the case a=0.

For general a, set f*(t)=f(t)—at™!. Then tf*t)=tf(t)—a=o(1) as t—0",
tP*1f*(t) is of bounded variation on [0, 6], and

V(P If*(t); 0, )< V(P11 (¢); 0, h)+ | a|V (27, 0, h)
=O(hP) as h—-0".

Hence, the preceding result in the case a=0 leads us to

lim ’ f(®)g(Ar)dt = lim J 6( FXt)+at Vg(At)dt
A= Jo

sl
=a{ lim rﬁ).dz}w(r g—(t—)—dt).
A= o0 0 t 0 t
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This completes the proof.
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