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BOUNDARY VALUE PROBLEMS OF NONSINGULAR TYPE
ON THE SEMI-INFINITE INTERVAL

RAVI P. AGARWAL AND DONAL O’REGAN
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Abstract. Existence of a positive solution is established for second order boundary
value problems on the semi-infinite interval.

1. Introduction. In this paper we discuss boundary value problems on the semi-
infinite interval. In particular we examine

(1 1) y//+¢(t)f(t’ysy/):0g 0<t<OO
. y(0) =0, y bounded on [0, c0),

Y + o) ft,y,y)=0, 0<t<oo
(12 y(0) =0, tl_i)rgoy(t) exists,
and

YV +o@) f(t,y,y)=0, 0<t<oo

in Section 2; here f : [0, c0) x [0, 00) x [0, 0c0) — [0, 00). By putting physically reasonable
assumptions on f, we will show (1.1), (1.2) and (1.3) have solutions y € C'[0, 00)NCZ(0, o0)
with y > 0 on (0, 00) even if y = 0 is also a solution. Problems of the above type have been
discussed by many authors in the literature; we refer the reader to [2—11] and their references.
The technique we use to establish existence is based on (i) establishing new results (see [1]
also) on the finite interval [0, n] for each n € N* = {1,2,...} and (ii) a diagonalization
argument. Consequently, the results of this paper are new and they extend and complement
previously known results. We remark that the diagonalization argument applied in this paper
has been used by many authors; see [2, 4, 6, 7].

To conclude this section we recall the following well-known existence principle [10] for

Y +o@F @, y,y)=0, 0<t<n
(1.4) y0)=a=>0
y(n) =b>0; here ne{1,2,...} isfixed.

THEOREM 1.1. Suppose

(1.5) ¢ € CO,n) with¢ >0on (0,n) and ¢ € L'[0, n]
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and
(1.6) F : [0, n] x R? - R is continuous
are satisfied. In addition, suppose there is a constant M > a + bn, independent of A, with
lylr = max{|ylo, [y'lo} # M
for any solution y € C!0,n1 N C%(0, n) 10
{ y' +rp(t)F(t,y,y)=0, 0<t<n
y©0) =a, y(n)=b

for each A € (0, 1); here |ulo = supyg , [u(t)|. Then (1.4) has a solution y € cl{o,n]1 N
C%(0, n) with |y|1 < M.

(1.7

2. Semi-infinite problem. In this section we discuss (1.1), (1.2) and (1.3). Through-
out this section we will assume the following conditions hold:

2.1 ¢ € C(0,00) with ¢ > 0 on (0, c0),
2.2) { f 10, 00) x [0, 00) x [0, 00) — [0, 00) is continuous with
) f @, u, p) >0 for (¢, u, p) € [0,00) x (0, 00) x (0, 00),
(2.3) Ooo =f o (s)ds < 00,
0
2.4) Ry = f s¢(s)ds < oo,
0
2.5) { f(t, u, p) < w(max{u, p}) on [0,00) x (0, 00) x (0, 00) with
) w > 0 continuous and nondecreasing on [0, 00),
(2.6) su ¢ > 1
' ce(0a0) W(E) Max{Qoo, Roo)
and

for a constant H > O there exists a function ¥y continuous
2.7 on [0, o) and positive on (0, co), and a constant y,0 <y < 1
with f(t,u, p) > yu(t)p? on [0, 00) x [0, H]*.

THEOREM 2.1. Suppose (2.1)—(2.7) hold. Then (1.1), (1.2) and (1.3) have solutions
y € C'0, 00) N C2%(0, 00) with y > 0 on (0, c0).
PROOF. First fixn € NT = {l1,2, ...} and consider the family of problems

(2.8) { Y+ f(t,y,y)=0 0<t<n

y(0) =y'(n) =0.
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Choose M > 0 with
M
(2.9) >
w(M) max{Qeo, Roo}
Next choose ¢ > O withe < M/(n + 1) and
M
> 1
w(M) max{Qoo, Reo} + 2¢

Let ng € NT be chosen so that n/ng < ¢ and let Ng = {ng,ng+ 1, ...}.
We first show that

1.

(2.10)

@.11)y" l3’+¢®fUJdﬁ=0,0<t<n

yO0) =y'(n)=1/m
has a solution for each m € Ny; here
f(t»uvp)’ u 2 l/m’ p Z l/m
fG@u,l/m), u>1/m, p<1/m
f@,1/m,p), u<l/m, p>1/m
f@,1/m,1/m), u<l/m, p<1l/m.
To show that (2.11)™ has a solution, we consider the family of problems
Y +xp@®)f*t,y,yY)=0, O0<t<n
y(0) =y (n)=1/m, me No
for0 < A < 1. Lety € C![0,n] N C%(0, n) be any solution of (2.12)". Then y’ > 1/m and
y > 1/m on [0, n]. Also from (2.5) we have
=y"(t) < p@®w(|yly) fort € (0,n);

here |y|1 = max{|y|o, |y lo} and |u|op = Supyg ] lu(?)|. Integrate from ¢ to n to obtain

f*(tv"h P) =

Q.12)"

n
1
(2.13) y() < w(lyll)/ ¢ (x)dx + - fort € [0, n].
t
In particular

(2.14) Y'(0) < w(lyl1)Qoo + .
Also, by using (2.13) and the equality [i s¢(s)ds = [i [} ¢ (x)dxdt,

1 n
ﬂMsi+—+wmm/smmm
m m 0

and so

(2.15) y(n) <2+ w(yl1)Roo -
Combine (2.14) and (2.15) to obtain

Iyl
. 1.
(216) w(|yl) max{Qeo, Roo} + 26 =

Now (2.10) together with (2.16) implies |y|; # M.
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Thus Theorem 1.1 implies that (2.11)™ has a solution y,, , With |y, /1 < M. In fact

1
2.17) - < Ymn(@) <M and < Ypn(®) <M for t €[0,n]

1
m
and yp, , satisfies

{ Y +o@)f(t,y,y)=0, 0<t<n

y0)=ym) =1/m.

Now (2.7) guarantees the existence of a function v (¢) continuous on [0, c0) and positive
on (0, 00), and a constant y, 0 < y < 1, with f(2, Ym.n (), yy, ,(©)) = Ym (), , ()] for
(t, Ymn (1), Vi o (1)) € [0, n] x [0, MT?. Of course, we have immediately that

n 1/(1=y)
(2.18) Ymon(t) = ((1 - y)/ t/fM(s)¢(s)ds) for 1 € [0,n]
t

and so

t n 1/(1-y)
219 yual) > / ((l—y) f wms)as(s)ds) dx for t € [0.n].
0 x

It is also immediate that

(2.20) { { y,(,{.‘)n}mE N, is a bounded, equicontinuous

family on [0, n] foreach j =0, 1.
The Arzela-Ascoli Theorem guarantees the existence of a subsequence N of Ny and a

function y, € C'[0, n] with y,(nj),, converging uniformly on [0, n] to y,(,j ) asm — oo through

N;here j =0, 1. Also y,(0) = 0 = y/ (n) and

t n 1/(1—)/)
221) yn() = f ((1—y> / wM(s>¢(s>ds) dx for t € [0,n],
0 X

in particular, y, > 0 on (0, n]. Now yn, »,, m € N, satisfies

1 1 t
Ymnlt) = — + 1+ / SB() £ 2 Ymn(5). Yo n($))ds
(2.22) m m Jo

+ t/ D () (S, Ymn(8), Yy n($))ds .
t

Fix t € [0, n] and let m — oo through N in (2.22) to obtain
t n
yn(t) = /O sP(8) f (s, yn(s), yp(s))ds + tf P (5) (s, yn(s), y(s))ds .
t

Consequently, y € C2(0, n] with yn+ @@ f (&, yn, y,) =0for0 <t < n. Also from (2.17)
we have
(2.23) 0<y,(t) <M and 0<y,(t) <M fortel0,n],

and the differential equation yields

(2.24) 0<—-y,(t) <¢p(t)Hy for 1 € (0,n];
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here Hy, = sup{f (¢, u, p); (t,u, p) € [0, 00) x [0, M]z}. In addition we have

(2.25) yn (1) < Hoo /nd)(x)dx < Hu /Ooqb(x)dx for t € [0, n].
t t

To show that (1.1), (1.2) and (1.3) have a solution, we will apply a diagonalization argument.
Let

u (t)_ )’n(t)» te[ovn]
T ), teln,00).
Notice that u, € C'[0, co) with
(2.26) O0<upn(t) <M and O0=<u,(r)<M fortel0,00),
and for ¢, s € [0, 0o) it is easy to see that
t
.27) i}y (1) — 1y(5)] < Hoo / ¢ (x)dx| .
In addition
o0
(2.28) u;,(t) < Hoo/ ¢(x)dx for t € [0, 00),
t
and
t n 1I/(1=y)
(2.29) u, () 3/ ((1 - y)/ 1//M(s)¢(s)ds) dx for t €[0,n].
0 X

Also notice forn € N that

t 1 1/(1=y)
(2.30) up(t) > / ((1 - y)/ 1//M(s)¢)(s)ds) dx =a|(t) fortel0,1].
0 X

The Arzela-Ascoli Theorem guarantees the existence of a subsequence Ny of N * and a func-
tion z; € C'[0, 1] with u,(f) converging uniformly on [0, 1] to zij) as n — oo through Ny;
here j =0, 1. Also from (2.30), z1(¢) > a;(¢) for ¢t € [0, 1] (in particular, z; > 0 on (0, 1]).

Let N = Nj \ {1}. Notice from (2.29) that

t 2 1/(1-y)
(2.31) uy(t) > / ((1 - y)/ 1//M(s)¢(s)ds) dx =ay(t) for t €0,2].
0 x

The Arzela-Ascoli Theorem guarantees the existence of a subsequence N, of N |+ and a func-
tion z € C1[0, 2] with u,(,j ) converging uniformly on [0, 2] to zéj )asn — oo through Nj;
here j = 0, 1. Also from (2.31), z2(¢) > aa(¢) for ¢ € [0, 2] (in particular, zo > 0 on (0, 2]).
Note that zz = z; on [0, 1], since Ny C N]+. Let N2+ = Ny \ {2}. Proceed inductively to
obtain for k = 1,2, ... a subsequence Nj of N,j_l and a function zx € C'[0, k] with uf,j)
converging uniformly on [0, k] to z,((j ) as n — oo through Ng; here j = 0, 1. Also

1/(-y)

t k
i (t) > ar(t) =/ ((1 - )/)/ ¢M(S)¢(S)ds) dx for t €[0,k],
0 x
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(so in particular, zx > 0 on (0, k]). Note that zx = zx—j on [0, k — 1]. Let NkJr = Ni \ {k}.
Define a function y as follows. Fix t € (0,00) and let k € N * with ¢t < k. Define
y(tr) = zx(t). Note that y is well-defined and y(t) = zx(¢) > 0. We can do this for each
t € (0,00) and so y € Cl[O, oo) with y > 0 on (0, 00). In addition, 0 < y(t) < M,
0<y(t)<M,and y'(t) < Hoo [ ¢(x)dx for t € [0, 00).
Fix x € [0, 0o) and choose k > x, k € N*t. Then, forn € N, we have

X k
Yn(x) =y,’,(k)x+/0 s () f (s, yn(s), yp(s))ds +x/ () f(s, yn(s), yp(s))ds .

Let n — oo through Nk+ to obtain

X k
i (x) = 7. (k)x + /0 s (s) f (s, zx(s), 2 (s))ds + x / d(s) £ (s, 2k (s), z;.(5))ds .

Thus
X k
y(x) =y/(k)X+/0 s (s) f(s, y(s), y'(s))ds +xf B(s)f(s, y(s), ¥ (s))ds .

Consequently, y € C%(0, 00) with y" + ¢(t)f(t,y,y") = 0for0 < t < oco. Thus y is a

solution of (1.1) with y > 0 on (0, oo). In addition, y is a solution of (1.2), since y’ > 0 on

[0,00) and 0 < y < M on [0, 00). Finally, since y'(¢) < Hoo ftooqb(x)dx fort € [0, 00), we

have that y is a solution of (1.3). O
EXAMPLE 2.1. The boundary value problem

{ y' +()Pet =0, 0<t <00

(2.32) y(0) =0, limy'()=0,
1—>00

with 0 < B < 1, has a solution y € C'[0, co) N C2(0, 00) with y > 0 on (0, c0).
REMARK 2.1. Notice that y = 0 is also a solution of (2.32) if 8 # 0. Of course, one
could construct explicitly a solution to (2.32).

We will apply Theorem 2.1 with ¢(¢) = e~ and w(x) = xB. Clearly (2.1)~(2.5) and
(2.7) (with vy = 1 and y = B) hold. Also
c

sup = sup — =
c€(0,00) w(c) max{Qco, Roo} c€(0,00) ch

o0,

0 (2.6) is satisfied. Theorem 2.1 now guarantees that (2.32) has a solution y € C 110, 00) N
C2(0, 0o) with y > 0on (0, 00).

EXAMPLE 2.2. Consider the boundary value problem
Y+ uO+ 1)+ et =0, 0<t<oo
y(0) =0, limy'(t)=0,
=00
withae >0,0<8<1,7>0,n >0,and u > 0. If

c
(2.34) u < sup )
c€(0,00) (c* + nO)(Cﬂ +m)

(2.33)
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then (2.33) has a solution y € C'[0, 00) N C%(0, 0o) with y > 0 on (0, 0c).
REMARK 2.2. Notice that y = 0 is also a solution of (2.33), if n; = 0 and 8 # 0.
REMARK 2.3. Ifa + B < 1, then (2.34) is satisfied for all u > O.

We will apply Theorem 2.1 with ¢ (¢) = pe™ and w(x) = (x* + no)(x’g +1n1). Clearly,
(2.1)—(2.5) and (2.7) (with ¥y = no and y = B) hold. Also
c 1 c
cel0m) W) Max(Qoos Rool el @ + 10)(CP +711)
s0 (2.34) guarantees that (2.6) is true. Theorem 2.1 now establishes the result.
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