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Abstract. Building upon a work of Morelli, we give a coherent presentation of
Morelli’s algorithm for the weak and strong factorization of toric birational maps. We also
discuss its toroidal extension, which plays a crucial role in the recent solutions by Wtodarczyk
and Abramovich-Karu-Matsuki-Wtodarczyk of the weak factorization conjecture of general
birational maps.
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0. Introduction. This paper is a result of series of seminars held by the authors
during the summer of 1997 and continued from then on, toward a thorough understanding
of the following weak and strong factorization theorem of toric birational maps by Morelli
[Morellil] (cf. [Wtodarczyk1]).

THEOREM 0.1 (Factorization Theorem for Toric Birational Maps). Every proper and
equivariant birational map f : X --+ X o (“proper” in the sense of [litaka)) between two
nonsingular toric varieties can be factored into a sequence of blowups and blowdowns with
smooth centers which are the closures of orbits.

If we allow the sequence to consist of blowups and blowdowns in any order, then the
factorization is called weak.
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If we insist on the sequence to consist only of blowups immediately followed by blow-
downs, then the factorization is called strong.

Our purpose is two-fold. The first is to give a coherent presentation of the proof in
[Morellil] both for the weak factorization and the strong factorization, modifying some dis-
crepancies found by King [King2] and by the authors in the due course of the seminars check-
ing the original arguments. Most of these discrepancies are minor, except for a couple of
essential points in the process of w-desingularization and in the process of showing that the
weak factorization implies the strong factorization.* It is a mere attempt to see in a transparent
way the beautiful and brilliant original ideas of [Morellil,2] by sweeping dust off the surface.

The second is the generalization to the toroidal case, whose details are worked out as
a part of the Ph. D. thesis of the third author. Though it may be said that the toroidal
generalization is straightforward and even implicit in the original papers [Morellil,2] (cf.
[Wtodarczyk1]), we would like to emphasize its importance in a more far-reaching problem
formulated as below, with a view toward its application to the factorization problem of general
birational maps.’

In a most naive way the “far-reaching” problem can be stated as follows: Let f : X — Y
be a morphism (one may put the condition “with connected fibers” if one wishes) between
nonsingular complete (or projective) varieties. By replacing X and Y with their modifications
X’ and Y’, how “NICE” can one make the morphism f’ : X’ — Y’?

X «—— X

bl

Y «—— Y

Depending upon how we interpret the word “NICE” mathematically and what restrictions we
put on the modifications, we get the corresponding interesting questions such as semistable
reduction (when the morphism f’ is “NICE” if every fiber is reduced with only simple normal
crossings, dimY = 1 and the modifications for Y are restricted to finite morphisms while
the modifications for X are restricted to smooth blowups after base change), resolution of
hypersurface singularities (when the morphism f” is “NICE” if every fiber has only simple
normal crossings, this time not necessarily reduced, dimY = 1 and no modification for Y
and only smooth blowups are allowed for X). When f is birational and we require f’ to

4 As of Jan. 1998 we learned from Professor Fulton that Morelli himself offers correction in his homepage
[Morelli2] to the discrepancies in the process of w-desingularization found by King. We still need some clarification,
as is presented in this paper, to understand the correction. We thank Professor Morelli for guiding us toward a better
understanding through private communication.

5 Recently two independent proofs have appeared for the weak factorization conjecture of general birational
maps, one by [Wtodarczyk3] another by [Abramovich-Karu-Matsuki-Wtodarczyk]. (Both proofs are based upon the
theory of birational cobordism of [Wlodarczyk2], which is inspired by the combinatorial cobordism of [Morellil}
discussed in Section 2 of this paper.) The former uses the algorithm for 7 -desingularization, while the latter uses the
strong factorization of toroidal birational maps directly in their proofs. Thus the importance of the toroidal extension
has only increased, as well as the need for a clear coherent presentation for the 7-desingularization process. The
toroidalization conjecture and the strong factorization conjecture remain open.
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be an isomorphism in order for it to be “NICE”, restricting the modifications of X and Y to
be smooth blowups, we obtain the long standing (and perhaps notorious) strong factorization
problem for general birational morphisms (cf. [Hironaka]).

Our interpretation is that we put “toroidal” for the word “NICE” and restrict the modifi-
cations of X and Y to be only smooth blowups.

CONIJECTURE 0.2 (Toroidalization Conjecture). Let f : X — Y be a morphism be-
tween nonsingular complete varieties. Then there exist sequences of blowups with smooth
centers for X and Y so that the induced morphism ' : X' — Y/ is toroidal:

smooth blowups

X’
l f l ' toroidal

smooth blowups Y’

The conjecture is closely related to the recent work of [Abramovich-Karu], which in-
troduces the notion of “toroidal” morphisms explicitly for the first time, though implicitly
it can be recognized in [Kempf-Knudsen-Mumford-SaintDonat]. By only requiring “NICE”
morphisms to be toroidal instead of being isomorphisms, we can start dealing not only with
birational morphisms but also with fibering morphisms between varieties of different dimen-
sions. This seems to give us more freedom to seek some inductional structure. Actually we
expect that the powerful inductive method of [Bierstone-Milman] for the canonical resolution
of singularities, proceeding from the hypersurface case with only one defining equation to the
general case with several defining equations through the ingeneous use of invariants, should
be modified to be applied to our toroidalization problem, proceeding similarly from the case
dim Y = 1 to the general case dimY > 1.

This intérpretation not only generalizes the statement of the classical factorization prob-
lem but also gives the following approach to it:

EXPECTATION 0.3 (A Conjectural Approach to the Strong Factorization Problem via
Toroidalization). Given a birational morphism f : X — Y between nonsingular complete
varieties,

(I) make it “toroidal” f' : X' — Y’ modifying X and Y into X' and Y’ by blowing up
along smooth centers via some Bierstone-Milman type argument, and then

(I) factor the toroidal birational morphism f' : X' — Y’ into (equivariant) smooth
blowups and blowdowns by applying the toroidal version of the method of [Morellil,2] (or
[Wtodarczyk11).

The toroidalization conjecture and the strong factorization of toroidal birational mor-
phisms would imply the strong factorization of general birational maps between nonsingular
complete varieties.

This line of ideas came up in our conversation as a day-dreaming inspired by [De-Jong],
only to find out later that an almost identical approach was already presented in [King1] and
has been pursued by him in reality, who has (privately) announced the affirmative solution to
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the toroidalization conjecture in the case dim X = 3. Actually our formulation above follows
his presentation in [King1]. He has also read [Morellil] carefully and his correspondence with
Morelli himself was kindly communicated to us by Bierstone. We thank both professors for
their generosity sharing their ideas with us and our indebtedness to them is both explicitly and
implicitly clear as well as to the original papers [Morellil,2] and [Wlodarczyk1]. Another big
inspiration for the factorization problem comes from the recent result of [Cutkosky1], which
affirmatively solves the local factorization problem in dimension 3 using valuation theory.
We thank Professor Cutkosky for kindly teaching us his method using valuation theory via
preprints and private conversations. In response, we communicated to him our idea above for
the global factorization, which turns out to be very similar to the idea of [Christensen] toward
the local factorization problem:

(I) First “monomialize” the given local birational morphism via valuation theory
([Cutkosky?2] uses the word “monomialization”, which is nothing but “toroidalization” in the
local case.), then

(II) factor the local monomial birational morphism (which is a toroidal birational mor-
phism).

[Cutkosky2,3] achieves the local factorization in arbitrary dimension along this line of
ideas, extending his method using valuation theory.®

We remark that [Reid3] gives factorization of toric birational maps into extremal divi-
sorial contractions and flips by establishing the Minimal Model Program for toric varieties
in arbitrary dimension. The Minimal Model Program in general, also known as the Mori
Program, is only established in dimension 3 (cf. [Moril,2, Kawamatal,2,3, Kolldr, Reidl,2,
Shokurov]). We also remark that recently a new algorithm called the Sarkisov Program has
emerged (cf. [Sarkisov, Reid4]) to factor birational maps among uniruled varieties. Though
it is only established in dimension 3 in general (cf. [Corti]), the toric case is rather straight-
forward in arbitrary dimension (cf. [Matsuki]). We do not know of a way to solve the clas-
sical factorization problem into smooth blowups and blowdowns using such factorizations as
above.

Our organization, as being a note to [Morellil,2], follows exactly the structure of the
original paper [Morellil,2] with one last section on the toroidal case added. The content of
each section is outlined at the end of Section 1, where we explain the main ideas of Morelli.

Our hearty thanks go to Professor Oda for giving us invaluable suggestions at many
critical points of the paper. We thank the referee for a very careful reading of the first draft of
the paper and for providing us with meticulous and constructive comments.

1. Basicideas. The purpose of this section is to present the basic ideas of the brilliant
solution of [Morellil,2] (see also [Wtodarczyk1]) to the following conjecture of Miyake and

6 After monomializing a birational map in (I), which is the most subtle and difficult part, [Cutkosky?2] refers to
the results of Morelli in (II). The first version of [Cutkosky3] factors the monomialized map in his own algorithm in
(II) avoiding the use of results of Morelli, which were found to contain discrepancies at the time. The second version
of [Cutkosky3], upon our communication, uses the strong factorization theorem of this paper by Morelli in (II) and
hence provides the strong factorization theorem in the local case.



FACTORIZATION THEOREM OF TORIC BIRATIONAL MAPS 493

Oda (cf. [Odal]). We follow the usual notation and terminology concerning the toric varieties
X 4 and their corresponding fans A, as presented in [Danilov, Fulton, Oda2].

CONJECTURE 1.1 (Weak and Strong Factorization of Toric Birational Maps by Miyake
and Oda). Every proper and equivariant birational map f : Xa --+ X (“proper” in the
sense of [litakal) between two nonsingular toric varieties can be factored into a sequence of
blowups and blowdowns with smooth centers which are the closures of orbits.

If we allow the sequence to consist of blowups and blowdowns in any order, then the
factorization is called weak.

If we insist on the sequence to consist only of blowups immediately followed by blow-
downs, then the factorization is called strong.

In short, a toric birational map admits not only a weak factorization but also a strong
factorization.

As the toric varieties X 4 correspond to the fans A in Ng = N ® Q, where N is the lattice
of one-parameter subgroups of the torus, and blowups to the smooth star subdivisions of A,
we can reformulate the above conjecture in the following purely combinatorial language:

CONJECTURE 1.2 (=Conjecture 1.1 in terms of Fans). Let A and A’ be two nonsingu-
lar fans in Ng with the same support. Then there is a sequence of smooth star subdivisions
and inverse operations called smooth star assemblings starting from A and ending with A'.

If we allow the sequence to consist of smooth star subdivisions and smooth star assem-
blings in any order, then the factorization is called weak.

If we insist on the sequence to consist only of smooth star subdivisions immediately
followed by smooth star assemblings, then the factorization is called strong.

In order to understand Morelli’s strategy toward the solution of Conjecture 1.1, we look
at the following simple example.

EXAMPLE 1.3. We take two fans A and A’ to consist of the maximal cones in Ng =
Z’®0
A = {y123, Y124}
A" = {y134, V234}
where Yijk = (vi, vj, v ) with
v =(1,0,0), v2=(0,1,0), v3=(0,0,1), wvs=(1,1,-1).
Then we observe that by taking the common refinement A of A and A’, subdivided by
the vector
v +v2 =v3 + 4,

the transformation from A to A’ can be factored into a smooth star subdivision immediately
followed by a smooth star assembling

A—A— A

as asserted by Conjecture 1.2.
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Morelli’s great idea is to incorporate all the information of this factorization into a
“cobordism” X, a fan in the vector space Né“ = Ngp @ Q of one dimension higher, with
its lower face d_ X being A and its upper face 3.+ X being A’. Namely, we take

XY = {o and its proper faces} C NE =Ng®Q

where o = (p1, p2, p3, p4) With

pr= (1,0, p2=(2,0, p3=(s1, pa(vs,1)
and where the projection is denoted by

n:Né:NQEBQ—» Ng.
The lower face
0- % = {(p1, p2, P3), (P1, P2, Pa)}

maps isomorphically onto A by the projection 7 and so does the upper face

3+ X = {(p1, p3, pa), (P2, P3, p4)}
isomorphically onto A’.

Moreover, since o does not map isomorphically onto its image by m, i.e., since o is
mw-dependent, we have the linear relation, unique up to scalar multiple, among the primitive
vectors v; of the projections of the generators p; of o

vi+uvy—v3—v4=0.
From this linear relation, we can read off the point
v +v2=v3+ 14
by which we have to subdivide A and A’ to reach the common refinement A.
In short, we can realize the factorization from constructing the cobordism.

We can summarize Morelli’s idea, demonstrated by the above example, in the following.

BAsIC IDEA 1.4 (Morelli’s Idea for Factorization). Let A and A’ be two nonsingular
fans in Ng with the same support. Then we can realize the (weak) factorization by construct-
ing a cobordism X, a simplicial fan consisting of w-strongly convex cones (See Section 3 for
the precise definition.) in Na = Ng ©® Q such that

(1.4.1) the lower face 0— X and upepr face 3+ X of X map isomorphically onto A and
A’ by the projection

T -5 A, m:0,E — A,

(1.4.2) X is m-nonsingular (See Section 3 for the precise definition),
(1.4.3) X is collapsible (See Section 4 for the precise definition.).

In fact, let o be a minimal simplex in X' which is -dependent. (We call such simplex o
acircuit.) If o is generated by the extremal rays p;

o ={(p1,02, - Pk)>
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then we have the linear relation among the primitive vectors v; of the projections of the gen-
erators p;

Z:I _

Now by the m-nonsingularity of ¥ and minimality of o, it follows that we may assume that
all the coefficients r; are either 41 or —1 after rescaling (cf. Theorem 3.2). Thus after renum-
bering the v;, we may assume that the linear relation is given by

vi+v+-ctuy—uvg—-oo—y=0.
We then observe that by taking the common refinement subdivided by the vector
vi+wmt-octuy=vp+o-+ v

the transformation from d_o to 0,0 can be factored into a smooth star subdivision of 9_o
immediately followed by a smooth star assembling into 0.

Or more generally, we obtain the factorization between the lower face a-§t—ar(—a) and
upper face 94 Star(o) of the closed star Star(o) of o, where

Star(o) = {¢ € ¥;¢{ C n D o forsomecone n € X}.

The m-nonsingularity also guarantees that the w-projections of all the lower and upper faces
and the common refinement obtained through the star subdivisions are nonsingular and the
star subdivisions are smooth.

This achieves the (weak) factorization for Star(o’) for one circuit o of ¥. In order to
achieve the (weak) factorization for the entire ¥ = | Star(o'), where the union is taken over
all the circuits o in X', we have to coordinate the way we take the (weak) factorizations for all
the circuits. This is done by requiring the collapsibility of the cobordism X

In Section 2, we construct a cobordism X between two simplicial fans A and A’ with
the same support. The simplicial cobordism constructed in this section only satisfies the con-
dition (1.4.1) above of Morelli’s idea. The construction is done via a slick use of Sumihiro’s
equivariant completion theorem [Sumihirol,2].

In Section 3, we discuss the (weak) factorization between the lower face d_Star(o) and
upper face 94 Star(o), which we call the bistellar operation, more in detail assuming the 7-
nonsingularity.

In Section 4, we achieve the condition (1.4.3), the collapsibility for the simplicial cobor-
dism ¥. By star subdividing X further to obtain ¥, we can make ¥ projective via the use
of toric version of Moishezon’s theorem. PrOJect1v1ty 1mplles collapsibility, achieving a col-
lapsible and simplicial cobordism Y between d_% and 8, . We can exphcltly construct a
collapsible and simplicial cobordism X'; (resp. X2) between A and 9_ b3 (resp. between 94 X
and A’), as the latter is obtained through star subdivisions (resp. star assemblings) from the
former. Now we only have to take the composite X'; o ¥ o X, to be the one providing a new
collapsible and simplicial cobordism between A and A’'.
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Section 5 is the most sutble and difficult part of the proof, achieving the condition (1.4.2),
i.e., the -nonsingularity of the cobordism X. We introduce the invariant “m-multiplicity
profile” of a simplicial cobordism, which measures how far X' is from being 7 -nonsingular,
and observe that it strictly drops after some appropriate star subdivisions. By the descending
chain condition on the set of the 7-multiplicity profiles, we acquire the 7 -nonsingularity after
finitely many star subdivisions.

The arguments in Sections 2 through 5 put together provide the weak factorization, solv-
ing the weak form of Conjecture 1.1 affirmatively. The results are summarized in Section
6.

We should emphasize that the weak form of Conjecture 1.1 is also solved by [Wtodarczyk1]
along a similar line of ideas but in a more combinatorial language.

In Section 7, we finally show the strong factorization, based upon the weak factorization
achieved in the previous sections. We obtain ¥ by further star subdividing the cobordism ¥
corresponding to the weak factorization between A and A’, without affecting the lower face
of X but possibly smooth star subdividing the upper face of X, so that the bistellar operations
of the circuits in X only provide blowups starting from the lower face. We achieve the strong
factorization

A=) T =0_2 3,3 >0, 2=A,
the first left arrow representing a sequence of smooth star subdivisions and the second right
arrow representing a sequence of smooth star assemblings immediately after.

Section 7 discusses the generalization to the toroidal case. All the arguments above
for the toric case can be lifted immediately to the toroidal case, except for the existence
of a cobordism and m-collapsibility, where we used the global results like Sumihiro’s and
Moishezon’s theorems only valid in the toric case. We circumvent these difficulties by a trick
embedding a toroidal conical complex into a usual toric fan after barycentric star subdivisions.

2. Cobordism. We follow the usual notation and terminology concerning the toric
varieties X 4 and their corresponding fans A, as presented in [Danilov, Fulton, Oda2].

We recall the notion of star subdivisions of a fan A, the key operation repeatedly used in
this note.

DEFINITION 2.1. Lett € Abeaconeinafan A. Let p be aray passing in the relative
interior of 7. (Note that such t € A containing p in its relative interior is uniquely determined
once the ray p is fixed.) Then we define the star subdivision p - A of A with respect to p to be

0-A=(A—Star(r)) U{p + 7’ + v; v’ a proper face of 7, v € linkx (7))}
where
Star(tr) = {¢ € A;¢ D 1}
Star(t) = {¢ € A; ¢ C n for some n € Star(7)}
links(7) = {¢ € Star(7); ¢ N T = B}

We call the inverse of a star subdivision a star assembling.
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When t = (py1,..., p1) is generated by extremal rays p; with the primitive vectors
v; = n(p;) and the ray p is generated by the vector vy + - - - 4 vy, the star subdivision is called
the barycentric star subdivision with respect to 7.

When A is nonsingular, the barycentric star subdivision with respect to a face 7 is called
a smooth star subdivision and its inverse a smooth star assembling.

The notion of a cobordism as defined below sits in the center of Morelli’s idea.

DEFINITION 2.2. Let A and A’ be two fans in N9 = N ® Q with the same support,
where N is the lattice of one-parameter subgroups of the torus. A cobordism X' is a fan in
Ng = (N @ Z) ® Q = Ng & Q equipped with the natural projection

n:N&:NQEBQ» Ng

such that

(2.2.1) any cone T € X is m-strongly convex, i.e.,

x,yet,x(x)=—-a(y)=>x=y=0,

(2.2.2) the projection m gives an isomorphism btween 0_X and A (resp. 0+ X and
A’) as linear complexes, i.e., there is a one-to-one correspondence between the cones o_ of
d_ X (resp. o/ of 3. %) and the cones o of A (resp. o’ of A’) such that & : 6_ — o (resp.
7 : ¢} — o) is a linear isomorphism for each o_ (resp. o}, ) and its corresponding o (resp.
o). (Note that we do NOT require the map of lattices 7 : (N ® Z) No_ — N No (resp.
T:(N®Z)N o; — N No’) to be an isomorphism.) We denote this isomorphism by

T:_X —> A(resp.w: 9.5 —> A)
where
0-Y ={reX;(x,y—¢) ¢ Supp(X)
for any (x, y) € T withx € Ng, y € Q and any sufficiently small ¢ > 0}
(resp. 3+ X ={t € X; (x,y + ¢€) ¢ Supp(¥)
for any (x, y) € T withx € Ng, y € Q and any sufficiently small ¢ > 0})

(2.2.3) the support Supp(X') of X lies between the lower face d_ X' and the upper face
0+ X, ie.,
Supp(X) = {(x,y) € Ny x € Supp(4) = Supp(4") and y* <y <y}
where (x, y*) € Supp(3_X) and (x, y}) € Supp(3; X)}.
We remark that actually we only need the condition (2.2.2) for the definition of a cobor-

dism and that the conditions (2.2.1) and (2.2.3) follow as the consequences of (2.2.2). We put
all of these conditions as parts of the definition above to clarify its basic properties.

THEOREM 2.3. Let A and A’ be two simplicial fans in N9 = N ® Q with the same
support. Then there exists a cobordism X between A and A’'. We may also require X to be
simplicial.
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PROOF. First we embed A “at the level —1” into Né‘ so that the embedding A_ maps

isomorphically back onto A by the projection . Namely, we take the fan A_ in Ng consist-
ing of the cones o_ of the form

o_ = ((, =1, (n, —1),

where the corresponding cone 0 = (p1, ..., pk) € A is generated by the extremal rays p;
with the primitive vectors v; = n(p;). Similarly we embed A" “at the level +1” into Né" S0
that the embedding A’, maps isomorphically back onto A’ by the projection 7.

We take I" to be the fan in Ng consisting of the cones in A_ and A/, and the cones ¢ of
the form

¢ ={, =1, (v, +1)),

where the v vary among all the primitive vectors for the extremal rays p, such that p, is a
generator for some o € A and some o’ € A’ simultaneously.

Now by Sumihiro’s equivariant completion theorem [Sumihiro1,2], there exists a fan X°
with Supp(X°) = Né“ and containing I" as a subfan.

We only have to take X to be

Y ={r € X° Supp(r) C S}
where the set S is described as
S ={(x,y) € Ng; x € Supp(4) = Supp(4), yX <y <y
with (x, y*) € A_, (x, y}) € A }.
The cobordism X' constructed as above may not be simplicial. We take all the cones in
X which are not simplicial, and give them the partial order according to the inclusion relation.
We take a succession of barycentric star subdivisions with respect to these cones in the order
compatible with the partial order, starting with the maximal ones. The resulting fan X' is
simplicial with the property
71:0-5=0_Y > A
b4 :3+f7=8+2 ;) Al,
providing a simplicial cobordism between A and A’. (We also refer the reader to [Oda-Park,
Park] for a more systematic treatment.)

3. Circuits and bistellar operations. In this section, we discuss how to read off the
information on the factorization from the circuits of a w-nonsingular cobordism.

DEFINITION 3.1. Let X be a simplicial fanin (N ® Z2) ® @ = NJ with the natural
projection 7 : NéL — Ng. Assume that all the cones in X are 7 -strictly convex.

A cone 0 € X is w-indepenent if ¥ : 0 — m(o) is an isomorphism. Otherwise o is
w-dependent.

A cone o € X is called a circuit if it is minimal among the 7-dependent cones, i.e., if o
is w-dependent and any proper face of o is 7w-independent.
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A cone 0 € X is m-nonsingular if the projection m(tr) of each w-independent face
T C o is nonsingular as a cone in Ng with respect to the lattice N. We say that the fan X is
sr-nonsingular if all the cones in X' are w-nonsingular.

The following theorem describes the transformation, which we call the bistellar opera-
tion, from the lower face d_o to the upper face 9,0 of a circuit o of a simplicial and -
nonsingular cobordism Y. (More generally the theorem describes the transformation from
the lower face d_Star(o) to the upper face 9 Star(o) of the closed star of a circuit ¢.) It turns
out that the bistellar operation corresponds to a smooth blowup immediately followed by a
smooth blowdown.

THEOREM 3.2. Let X be a simplicial and w-nonsingular coborbism in Né' .Leto =
{p1, ..., pk) € X be a circuit generated by the extremal rays p;. From each extremal ray p;
we take the vector of the form (v;, w;) € Ng = Ng ® Q where v; = n(t(p;)) is the primitive
vector of the projection (0;).

(3.2.1) There is a unique linear relation among the v; (up to renumbering) of the form

Zrava =v+-Fvy—v4 —--—v =0 forsome 0 <l <k
with
Zrawa=w1+--~+wl—wl+1 —o—wr > 0.
(3.2.2) All the maximal faces y; (resp. y;) of 0_c (resp. d4+0) are of the form

Vi = (Dlyoee s Bis e s Py Pty e k) 1 <i <1
(reSP-)’j=<Pl’---,Pl’Pl+l»-~-,/;/j,---»Pk> I+1<j<k).
(3.2.3) Letl, be the extremal ray in Ng generated by the vector
vttty =vg oo+ uk

The smooth star subdivision of mw(d—0) with respect to l, coincides with the smooth star
subdivision of w(0+0) with respect to l,, whose maximal faces are of the form

Vv \
(w(¥ij)lo) = (m(o1), ..., w(oi), ..., (o), w(P141)s oo s W(P))s oo, W (PK), L) -
Thus the transformation from 7w (3—-0) to m(3+.0) is a smooth star subdivision followed
immediately after by a smooth star assembling. We call the transformation a bistellar opera-
tion.
Similarly, the transformation from w(0—Star(o)) to (94 Star(o)) is a smooth star sub-
division followed immediately after by a smooth star assembling.

PROOF. (3.2.1) Since o is a circuit, it is 7w-dependent and minimal by definition.
Hence we have a linear relation

Y riv; =0 with r; #0 forall i.

Since o is simplicial, the p; are linearly independent in Né‘ and hence Y r;w; # 0. We
choose the signs of the r; so that ) r;w; > 0. We only have to prove |r1| = |r2| = -+ - = |rkl.
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Indeed, since o is w-nonsingular, we have

v v
1 =|det(vy, va, ..., )| = |det(vy, ..., Vi, ..., V)|

1
det(— (Zrava),vz,.-- ,1\)/:',--- ,Uk)
"1 \az1

which implies |rq| = |r;| for all i.
(3.2.2) Note that since o is a circuit, any maximal face y of o belongs either to d_o or
to 040, exclusively.

ri \4
r_ det(Ul, V2, ..., vk) )
1

Suppose y; = (p1, - . . ;\)/, ..., Pk) € d—o. Then since o is a circuit, for any point
p= an(va, wy) € Rellnt(y;) with ¢, > 0,
a#i
we have

p+ (0, ¢) € o for sufficiently small ¢ > 0.

By setting € = £, - Y_ rqwyq for ¢, > 0, we obtain

P+0,8) = (Ca + tera) (Vs Wa) + teri (vi, wi) € 0,
aF#i

which implies ¢, + t;ry > 0 for @ # i and t,r; > 0. Therefore, we have r; > 0. Similarly, if
vi={(p1,... ,/\;j, ..., Pk) € 340, then we have rj < 0. This proves the assertion (3.2.2).

The assertion (3.2.3) follows immediately from (3.2.1) and (3.2.2).

The assertion about the transformation from s (d—Star(o)) to 7w (9+Star(o)) is an easy
consequence of the description of the transformation from 7 (d—0o) to 7 (9+0).

This completes the proof of Theorem 3.2.

4. Collapsibility. Let X be a simplicial cobordism between simplicial fans A and A’
Noting that
> =JSr)va_x
o

where the union is taken over the circuits o, we may try to factorize the transformation from
A to A’ into smooth star subdivisions and smooth star assemblings by replacing d_Star(c’)
with a4 Star(o), if X' is w-nonsingular. If we think of the cobordism built up out of “bubbles”
Star(o), this process might be considered as a succession of “collapsing” these bubbles. The
following simple example shows that this succession of collapsing, which should correspond
to the factorization into smooth star subdivisions and smooth star assemblings, is not always
possible, unless we can arrange the way we break these bubbles in a certain order. This
possibility for the certain nice arrangement is what we call “collapsibility” in this section.

EXAMPLE 4.1. We take two sets of vectors in Ng = Z> ® Q@
fvi=(1,0,v2=0,1,v3 =(-1,0),v4 = (0, 1)}
v =1, 1,05 =(=1,1),v; = (=1, -1),v) = (1, = 1)}
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and fans A and A’ whose maximal cones consist of
Asopp= (v, 1), 023={(v2,v3), 034=(v3,v4), 041 = (v4,01)
A >0], = (V],vh), o053 =(v3,v3), o3 =(v3 0, o4 = (v 0]).
If we take the simplicial fan ¥ in Ng whose maximal cones consist of
o1a = ((v1,0), (v2,0), (vy, 1))
o1 = ((v2,0), (v3,0), (v}, 1))
o342 = ((v3,0), (v4, 0), (v3, 1))
(
(

o413 = ((v4, 0), (v1,0), (v3, 1))

o2 = (v}, 1), (v, 1), (v2,0))

orys = (v}, 1), (v3, 1), (v3,0))

o2y4 = ((v3, 1), (v3, 1), (v4, 0))

oyg = ((v3, 1), (vy, 1), (v1,0)),
then X is a simplicial -nonsingular cobordism between A and A’.

Observe, however, that we cannot “collapse” any one of the maximal cones o;j to

replace d_o;j» with d;0;;. In fact, the circuit graph attached to X' as defined below is a
directed cycle consisting of eight vertices

O124 — Oq1'2 = 0231 —> O3 —> 034y —> 034 —> 0413 —> 0341 —> 0124 -

DEFINITION 4.2. Let X be a simplicial cobordism in NE . We define a directed graph,
which we call the circuit graph of X' as follows: The vertices of the circuit graph consist of the
circuits o of X. We draw an edge from o to ¢’ if there is a point p € 9, Star(c’) N 3_Star(c”)
such that

p—(0,¢) € Star(o), p+ (0, ¢) € Star(o’) for sufficiently small € > 0.

We say X is collapsible if the circuit graph contains no directed cycle. When X' is collapsible,
the circuit graph determines a partial order among the circuits: o < o’ if there is an edge
o—a.

THEOREM 4.3. Let A and A’ be two simplicial fans in Ng with the same support.
Then there exists a simplicial and collapsible cobordism X in N('; between A and A'.

PROOF. The proof consists of several steps. The main idea of Morelli’s is to reduce the
collapsibility to the projectivity.

Step 1. Show that the projectivity induces the collapsibility.

PROPOSITION 4.4. Let X be a simplicial cobordism in Né and assume that ¥ is a
(part of a) projective fan. Then X is collapsible.

PROOF. Since X is a part of a projective fan (i.e. a part of a fan X’ whose corresponding
toric variety X y is projective), there exists a function 4 : Supp(X¥) — @ which is piecewise
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linear with respect to the fan X' and which is strictly convex, i.e., we have

%{h(v) +hW)}=>h (%{v + u})

whenever the line segment v is in Supp(X') and the strict inequality holds whenever v and u
are in two distinct maximal cones (cf. [Fulton, Oda2]).

Let o and o’ be two circuits with a directed edge, i.e., there exists a point p € 9, Star(g) N
d_Star(o”’) such that

—(0,¢) € Star(o), p—+(0,¢) € Star(o”’) for sufficiently small € > 0.

Take a maximal 7r-dependent cone p € n D o (resp. p € ' D o”) of Star(o) (resp. Star(c”’))
such that p — (0, &) € n (resp. p + (0, €) € ©).

Take also linear functions h,, hy, hg, hg
respectively.

Then by the strict convexity of the function 4, setting the coordinates of p = (x, y) we
have {h(x, y +¢&) +h(x, y —&)}/2 > h(x, y) or equivalently h,(0, 1) > h,(0, 1), and hence
hs (0, 1) > hs (0, 1). (Note that (0, 1) € spang(c) for any 7-dependent cone o)

If 01, ..., 07 are circuits determining a directed path in the circuit graph of ¥, then
the above observation shows hq, (0, 1) < -+ < h,(0, 1). Thus the path cannot be a cycle.
Therefore, X is collapsible.

h

d

, h
n

nn o’ o'’

Step 2. Show the toric version of Moishezon’s theorem.

THEOREM 4.5. Let ¥ be a fanin Ng . Then there exists a fan X obtained from X by

a sequence of star subdivisions such that X is a (part of a) projective fan.

PROOF. We may assume that Supp(X) = Nér and that X is simplicial and nonsingular
by applying some appropriate sequence of star subdivisions to the original X'

By the toric version of Chow’s Lemma (see, e.g., [Oda2], § 2.3), we have a projective
fan X’ mapping to X, i.e., we have a projective toric variety X v with an equivariant proper
birational morphism onto X 5

g: Xy > X5x.
By the toric version of Hironaka’s elimination of points of indeterminacy (cf. [DeConcini-
Procesi].) we can take a fan ¥ obtained from X by a sequence of smooth star subdivisions
such that there exists an equivariant proper birational morphism

fiXg—> Xz

Since g o f is projective as it is a sequence of smooth blowups and since g is separated, f is
also projective. Now since X’ is a projective fan, so is X.

Step 3. Composition of (collapsible) cobordisms.

Starting from a simplicial cobordism X between A and A’ constructed as in Theorem
2.3 and then applying Step 2, we obtain a simplicial cobordism X between 3_ Yand 3, %
where ¥ is a (part of a) projective fan and hence collapsible and where d_ X (resp. 94 Z‘)
is obtained from A (resp. A’) by a sequence of star subdivisions. (Or equivalently A (resp.
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A’) is obtained from 3_ % (resp. 0+ %) by a sequence of star assemblings.) We only have to
construct a collapsible and simplicial cobordism X4 between A and 3_ X and another X4/
between 3, % and A’ so that we compose them together X4 o ¥ o X4 to obtain a collpasible
and simplicial cobordism between A and A’.

PROPOSITION-DEFINITION 4.6. Let X and X be cobordisms in Ng such that
(4.6.1) XU X, isagainafanin NE,

462) X 1NX; =09+ N0_%,,

(4.6.3) foranyconeo € 043,

w(o) ¢ A{m(04+ X1 U0+X2)} and m(o) C I(m(0+22)) =0 €0+2y,
and for any cone o € 04+ X
(o) ¢ {m(-X1UI_X,)} and m(c) CI(@(O-%1)) =0 €d_2;.

Then the union X U X, which we call the composite of X\ with ¥y and denote by
X1 o X, is a cobordism.

Moreover, if both X1 and X are simplicial and collapsible, then so is the composite
Y10 X,

PROOF. By the condition (4.6.1) the composite X1 o X is a fan. The conditions (4.6.2)
and (4.6.3) guarantee 7 : d_(X; o X3) = Ng and 7 : 84+(X) o X) — Ng are isomorphisms
of linear complexes onto their images. Thus X'; o X is a cobordism. The “Moreover” part of
the assertion is also clear.

We note that in case d; ¥; = 0— X the condition (4.6.3) is automatically satisfied.

PROPOSITION 4.7. Let A be a simplicial fan in Ng obtained from another simplicial
fan Ain Ng by a sequence of star subdivisions and star assemblings. Suppose A is embedded
in Ng
§:A— NQ+
so that 7t o s is the identity of the fan.

Then there exists a simplicial and collapsible cobordism X between A and A (resp.
between A and A) such that 3_X = s(A) (resp. 0+ X = s(AQ)).

PROOF. 'We only have to prove the assertion when the sequence consists of a single star
subdivision or a star assembling.

Suppose A is obtained from A by a star subdivision with respect to a ray p passing
through the relative interior of a face T € A. Say that the ray p is generated by a primitive
vector v,. Then we only have to take by fixing some sufficiently large y, > 0

2 =s(A)U{(s(), (p,¥p)); £ €A, { Coforsomeo € Awitho 3 p}.

Suppose A is obtained from A by a star assembling, which is the inverse of a star sub-
division with respect to a ray p passing through the relative interior of a face r € A. Let
T = (p1,..., px) be generated by extremal rays p; with the primitive vectors v,, = n(p;).
We construct X, ..., X withs; : A — d+X; and X as required inductively.
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Fixing some sufficiently large y,, > 0, we take
21 =s(A)U{(s), (Vp¥p)); L €A, ¢ Coforsomeo € Awitho 3 pr}.

Obviously 94 X is isomorphic to A via the projection &, and we set the inverse s; : A S
a4+ X.

Suppose we have already constructed X'y, ... , X;_1 with a sequence of positive numbers
0 < yp, < +++ < yp;_, Where each positive number is sufficiently larger than the previous
one, and with the isomorphisms s, ... ,s;—; from A to 9+ X, ..., d4+X;_1, respectively.
Then by fixing some positive number y,, which is sufficiently larger than y,,_,, we take

X=X 1 U{(s5i1(C), (g, ¥p)); £ € A, £ Co forsomeo € Awitho 3 p;}.
Again clearly 9 2; is isomorphic to A via the projection 7, and we set the inverse s; : A >

04+ %;.
Thus we have constructed X'y, ... , X%. We only have to set

2= ZUs(o1), - 5 sk(o0)) U (s (01)s -, sk(0k), 5k (0)) -
This completes the proof of Proposition 4.7.

Thus we complete Step 3 and hence the proof of Theorem 4.5.

In Section 5, starting from a collapsible and simplicial cobordism between two non-
singular fans A and A’ (which we constructed in this section), we try to construct another
cobordism which is not only collapsible and simplicial but also 7-nonsingular, by further star
subdividing the original cobordism. It is worthwhile to note that the collapsibility is preserved
under star subdivisions.

LEMMA 4.8. Let X be a simplicial cobordism in Ng , which is collapsible. Then any

simplicial cobordism X obtained from X by a star subdivision, with respect to a ray p, is
again collapsible.

PROOF. Note first that if X' consists of the closed star of a single circuit, then p - ¥ =
p - Star(o) is easily seen to be collapsible.

In general, number the circuits oy, 02, ... , 0, of X so that o; is minimal among o;,
Oi+1, - .. , Om according to the order given by the circuit graph. Then setting

»=| |Sar) v, x,

m
i=1
we have
m ————
p-Z=|Jp Sarl)Up-, %
i=1
and

p-X ={p-Star(o1)} o---o{p - Star(om)} o {p - 9+ T}
is collapsible by the first observation and by Proposition-Definition 4.6.
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5. m-Desingularization. The purpose of this section, which is technically the most
subtle, is to show the following theorem of “w-desingularization”.

THEOREM 5.1. Let X be a simplicial cobordism in Na . Then there exists a simpli-

cial cobordism X obtained from X by a sequence of star subdivisions such that X is -
nonsingular. Moreover, the sequence can be taken so that any m-independent and already
mw-nonsingular face of X remains unaffected during the process.

Naively, just LIKE the case of the usual desingularization of toric fans, we would like to
subdivide any 7 -independent face with -multiplicity bigger than 1 so that its 7 -multiplicity
drops. However, UNLIKE the case of the usual desingularization, we might introduce a new
mr-independent face of uncontrollably high -multiplicity if we subdivide blindly, though we
may succeed in decreasing the s -multiplicity of the m-independent face that we picked orig-
inally. This is where the difficulty lies! We outline Morelli’s ingeneous strategy to subdivide
carefully to avoid introducing new 7 -independent faces with high -multiplicity and achieve
m-desingularization. It consists of the following four steps:

Step 1: Introduce the invariant “w-multiplicity profile” 7-m.p.(X¥) of a simplicial co-
bordism ¥, which measures how far X' is from being 7 -nonsingular.

Step 2: Observe that the star subdivision n’ = Mid(z, ;) - n of a simplex 1 by an
interior point of a face T does not increase the w-multiplicity profile, i.e.,

m-m.p.(n") < w-m.p.(n)
if
(i) t is “codefinite” with respect to n, and
(ii) the interior point corresponds to the midray Mid(z, /;), where the ray [/, is gener-
ated by a lattice point g € par(w(7)).
Moreover, if 7 is contained in a maximal -independent face y of n with the maximum
m-multiplicity Ay, i.e., if

T Cy and w-mult(y) = h, = max{m-mult(¢); { C n},
then the m-multiplicity profile strictly drops
m-m.p.(n) < m-m.p.(n) .

Step 3: Let t be a w-independent face in the closed star Star(c) of a circuit o in ¥.
Introduce the notion of the star subdivision by the negative or positive center point of o. We
can find X° such that

(i) X° is obtained by a succession of appropriate star subdivisions by negative or posi-
tive center points of circuits inside of o,

(ii) the w-multiplicity profile does not increase, i.e.,

7-m.p.(X°) < r-m.p.(X),

(iii) 7 is a face of X° such that t is codefinite with respect to every cone n € X°
containing 7.
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Step 4: Combine Step 2 and Step 3 to find X obtained from X by a succession of star
subdivisions such that the -multiplicity profile strictly drops

n-m.p.(f)) < mw-m.p.(Y).

As the set of the w-multiplicity profiles satisfies the descending chain condition, we reach a
s -nonsingular cobordism after finitely many star subdivisions as required.

In fact, by Step 3 we can find a -independent face T of a maximal cone ' C X° such
that

(i) m-m.p.(n’) is maximum among the 7 -multiplicity profiles of all the maximal cones
of X°,

(ii) 7 is contained in a maximal 7-independent face y of n’ with the maximum -
multiplicity 7-mult(y) = h,y,

(ili) 7 is codefinite with respect to n’ and with respect to all the other maximal cones
containing 7,

(iv) we can find a lattice point g € par(z(7)).

We only have to set ¥ = Mid(r, lg) - X° to observe by Step 2 that n-mp.(X) <
T-m.p.(X).

This completes the process of 7 -desingularization.

Now we discuss the details of each step.

Step 1.

DEFINITION 5.2. Let y be a simplicial cone in NéL . If y is w-independent, then we
define the w-multiplicity of y to be

m-mult(y) = | det(vy, ..., v)|,

where the v; = n(r(p;)) are the primitive vectors of the projections of the extremal rays p;
generating y = (p1, ... , o). If y is m-dependent, then we set w-mult(y) = 0 by definition.
Let n be a simplicial and m-strictly convex cone in Nér with

hy, = max{m-mult(y); y is a w-independent face of n},
k; = dim o where o is the unique circuit contained in 7,
rp = the number of the maximal 7 -independent faces of 1

having the maximum r-multiplicity A, .
We define the w-multiplicity profile 7-m.p.(n) of 1 to be the ordered quadruple of numbers

-m.p.(n) = (ar]» bn, Cn» dn)
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where

ap = hy,

b — 0 ifr, <1

O ifr,>1,
0 ifb,=0

=) ky it by =1,

d = 0 ifcy;=0

" ry if ¢y > 0.

We order the set of the 7 -multiplicity profiles of all the simplicial and m-strictly convex
cones in Ng lexicographically.
We define the 7 -multiplicity profile 7-m.p.(X') of a simplicial cobordism X' in Ng to be

m-m.p.(¥) = [gz; 5]
where
gy = max{mw-m.p.(n); n is a maximal simplicial cone of X'}

and where s is the number of the maximal simplicial cones of X having the maximum -
multiplicity profile gx.

When a simplicial cobordism X consists of only one maximal simplicial and 7 -strictly
convex cone 7 (and its faces), we understand as a convention

w-m.p.(¥) = [r-m.p.(n); 1] = w-m.p.(n) .

The definition of the invariant 7 -multiplicity profile may look heuristic at this point. At
the end of the section, we discuss how Morelli reached this definition after a couple of false
trials in [Morellil,2]. The behavior of the m-multiplicity profile under several kinds of star
subdivisions will be the key in Step 3.

Step 2.

DEFINITION 5.3. Let n be a simplicial, 7-dependent and s -strictly convex cone in
Ng . A m-independent face t of 7 is said to be codefinite with respect to n if the set of
generators of T does not contain both positive and negative extremal rays p; of n. That is to
say, if > r;v; = 0 is the nontrivial linear relation for n among the primitive vectors v; =
n(m(p;)), then the generators for T contain only those extremal rays in the set {p;; r; < 0} or
in the set {p;; r; > 0}, exclusively.

NOTATION 5.4. Let t be a cone in a simplicial cobordism X' in Ng and / a ray in
(t). Then we define the “midray” Mid(z, /) to be the ray generated by the middle point of
the line segment t N7 -1 (n)).dfrn At (n(1)) consists of a point, then Mid(z, /) is the ray
generated by that point.)
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Lety = (o1, ... , px) be a m-independent cone in Ng generated by the extremal rays p;
with the corresponding primitive generators v; = n((p;)) € N. Then we define the set

par(w(y)) ={me N;m = Za,-v,-,o <a <l1yg.
i

PROPOSITION 5.5. Let t be a w-independent face of a simplicial, mw-dependent and r -
strictly convex cone 1 in Ng . Assume T is codefinite with respect to 1. Let n' = Mid(t, 1) - n
be the star subdivision of n by the midray Mid(z, l;) where the ray l; is generated by a
lattice point q € par(w(t)). Then the m-multiplicity profile does not increase under the star
subdivision, i.e.,

7-m.p.(n’) < w-m.p.(n) .
Moreover, if T is contained in a maximal codimension one face y of n with

m-mult(y) = hy, = max{r-mult(¢); ¢ C n},
then the m-multiplicity strictly decreases, i.e.,
m-m.p.(n) < T-m.p.(n).

PROOF. We claim first that all the NEW maximal 7 -independent faces y’ of n’ have
m-multiplicities strictly smaller than 4, i.e.,

m-mult(y’) < hyy.

Lett = (p1, ... , pn) be generated by the extremal rays p; with the corresponding prim-
itive vectors v; = n(m(p;)),i =1,...,n. Wecanwrite 0 # g = > ; a;jv; with0 < a; < 1
forall i, as g € par(m(7)).

Any new maximal 7 -independent face ¥’ in n’ has the form

y/ — p/ +7 4+v
where p’ = Mid(z, l;), ' is a proper face of t with p’ ¢ t" and where v € link, (7).

Observe that in general a maximal w-independent face of a simplicial cone in Né' has
codimension at most one and hence we may assume that in the above expression t’ has codi-
mension at most two in t.

Case: 1’ has codimension one in 7.
The face t’ omits, say, p; among the extremal rays of . Then

m-mult(p’ + v’ +V') < aj - w-mult(r + v) < aj-hy, < hy.

Case: 7’ has codimension two in .

The face 7’ omits, say, p; and px among the extremal rays of . Observe that in this
case T + v is necessarily w-dependent. Indeed, if 7 + v is w-independent, then there exists a
codimension one face t”(D t’) of T such that we have x-independent faces

r+v3p’+t”+v2p’+r'+v,

contradicting the maximality of o’ + t/ + v.
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Let v = (on+1,-..,pm) be generated by the extremal rays p; with the correspond-
ing primitive vectors v; = n(m(p;)), i = n+ 1,...,m as before. Then, since T + v is
m-dependent, we have a nontrivial linear dependence relation ) ;- rjv; = 0. In order to

compute the 7r-multiplicity, choose a basis of {spangm(t + v)} N N. Then

a-mult(o’ + v’/ + v)

\% \'
Sldet(q’vlv"’9vj""1vk!"-7vm)|
\" A\
) =}Za,~-det(v,~,v1,... s Vjy e s Uy o , Um)
i
Y \2
=laj -det(vj, V1, ..., Vj,eer , Vkyeur , Um)
\ 2
+ag - det(Vg, V1, .., Vjy o, Ukyeee , U

On the other hand, we have

v \
0= Zr,'-det(v,-,vl,...,vj,...,vk,...,vm)
i
Vv Vv
=|rj-det(vj,v1,...,vj,... s Ukyevon s Unm)
Vv A\
+ri - det(ug, Vi, e e Ve, Uk el Um)]

Since 7 is codefinite with respect to 7, either r; and r; have the same sign or one of them is
0. If rj = rx = 0, then 7 + v would be 7-dependent since Z#M rivi = Y ;riv; = 0.
But o’ + t’/ + v, containing t’ + v, is w-independent, a contradiction!) In the former case,
det(vj, vy, ... ,1)3,... ,1)2,... , Um) and det(vg, vy, ... ,1)/1-, ,l)i,... , Um) have opposite
signs and hence continuing the formula (&) we have

\ \
< max{a; - |det(vj, vi,... ,Vj, ..., Uky. .., Um)l,

Vv Vv
ag - | det(Ug, V1, ... s Vjyeen s Vky o vn, Um)l)

< max{a; - hy, ax - hy} < hy.

In the latter case (say, r; = 0 while ry # 0), we have

v v
det(vk,vl,...,vj,... s Uky oo s Up) =0

and hence continuing the formula (<) we obtain
Vv Vv
= |aj - det(vj, v1, ..., Vj,.ee s Vs ... s Um)| S @ ~hy < hy.

This completes the proof of the claim.
Observe that n = (01, ... » Pn, Putls--- » Pm) and that a maximal cone ¢’ of n’ has the
form

A\ .
=, p1,...,pj,...,pm) forsome j=1,...,m.
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The only possible and old maximal -independent face of ¢’ is (o, ..., ;\)/ jy .-+ s Pm) and
hence the above claim implies 7-m.p.(¢") < (hy, 0, 0, 0). Note that 7-m.p.(n) > (hy, 0, 0, 0)
and that if the equality holds then there is only one maximal 7-independent face y C n with
m-mult(y) = h, and hence we have possibly only one maximal cone ¢’ of ’, namely the
one containing y, having the 7 -multiplicity profile equal to (k,, 0, 0, 0). Therefore, we have
either

”'mp(n) = (hn’ 19 *a *) = [(hﬂv 1’ *» *)9 1] > [(hﬂv 0’ 09 0)’ S] Z ”'m-p~(77/)
or
m-m.p.(n) = (hy, 0,0,0) = [(hy,0,0,0); 1] > 7-m.p.(n) .

If 7 is contained in a maximal codimension one face y of n with 7-mult(y) = h,, then in the
latter case we have the strict inequality.
This completes the proof of Proposition 5.5.

As shown above, the star subdivision by a 7 -independent face behaves well (choosing an
appropriate division point in the interior) if it is codefinite with respect to a 7 -dependent cone
containing it, i.e., if it is codefinite with respect to a circuit in its closed star. In the following,
we study how to make a given 7 -independent face codefinite with respect to all the circuits in
its closed star, after some specific star subdivisions.

Step 3. Leto = (pi,..., k) be a simplicial and 7-strictly convex cone which is a
circuit of dimension k in N}, where the extremal rays p; of o are generated by (v;, w;) €
Né‘ = Ng®Q with v; = n((p;)),i = 1,... , k, being the primitive vectors in N. Let  be a
codimension one face of o with the maximum 7 -multiplicity s, among all the 7 -independent
faces of 0. Say,

\4
T=Ty =(Ply-vrPas---sPk)-
We have the unique linear dependence relation

k
(5)] Zr,-v,- = 0 with the conditions |ry| = 1 and ryw; + - - - + rrwg > 0.
i=1
We note that 0 < |r;| < 1fori =1,...,k where |r;| = 1 if and only if 7-mult(z;) = h, for
\"
T = (plv"- ’pi»-'- 7pk)
The first inequality 0 < |r;| comes from the fact that o is a circuit and the second
inequality and the assertion about the equality comes from the easy observation

Vv
ﬂ‘mult(fi) =n'mUIt(<pl$--« s Piseen 9pk))
\"2
= det(vl,... s Vi evn s —FoUy =ervj,... ,vk)
JFa
\
= Iril.ldet(v17"' ’vi7"‘ ’vai“‘ ?vk)'

= |ri| - m-mult(t) < w-mult(z).
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Thus we conclude that the relation (1) is independent of the choice of a codimension one
n-independent face t of o as long as t has the maximum s -multiplicity A, .

DEFINITION 5.6. Leto be a circuit of N; as above. Then the negative (resp. positive)
center point Ctr_ (o) (resp. Ctry (0)) of o is defined to be

Ctr_(o) = Z v; (resp. Ctry(o) = Z v,—) .
ri<0 ri>0
LEMMA 5.7. Leto be a circuit of N;. Then
Ctr_(0), Ctr4 (o) € Rellnt(x (o)) .

PROOF. We observe

k
Ctr_(o) = Z v = Z v + Z"ivi = Zrivi + Z(l +ri)v;
ri<0 ri<0 i=1 ri>0 ri<0
=(1—e){2v,~}+£[Zr,~v,~+2(l+ri)v,~ for0<e <1
ri<0 ri>0 ri<0

k
=) e,
i=1

where
=¢r; whenr; >0
Cc; =
! =1—¢+4+e(l+ri)whenr; <0
Since r; # 0 and r; > —1 for all i, we see

¢i>0 foralli=1,... k.

Thus we conclude
Ctr_(o) € Rellnt( (0)) .
The argument for the statement Ctry (o) € Rellnt(;r (o)) is identical.

LEMMA 5.8. Leto beacircuitin Nér as above with the negative center point Ctr_ (o)
(resp. the positive center point Ctr,(c)). Let I_ (resp. 1) be the ray generated by Ctr_(o)
(resp. Ctry-(0)) and ¢’ = Mid(o, 1) - o (resp. ' = Mid(o, L) - o) be the subdivision of o
by the midray Mid(o, ) (resp. Mid(o, l+)). Then every codimension one face ¢ of o with
the maximum 7-multiplicity hy (Which stays unchanged through the subdivision and hence
can be considered a face { € o) is codefinite with respect to the (unique) maximal cone in
the closed star of ¢ ino’.

PROOF. We use the same notation as above. We only prove the statement for the nega-
tive center as the proof is identical for the positive center.
Observe fist that we have

Mid(o, [-) € Rellnt(o),
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since Ctr_ (o) € Rellnt(zz (o)) by Lemma 5.7. Therefore, the star subdivision with respect to
Mid(o, [_) does not affect ¢, i.e., { € o’.
Observe secondly (say, { = ¢; = (p1, ... ,pvj, ..., px)) that
¢; has maximal -multiplicity <= |r;j| = 1.

Case: rj=1.
In this case, since Ctr_(0') = )_,. _( v; and since the maximal cone o;; containing ¢; in

o’ is of the form o; = (Mid(o,1-), p1, ..., ,3/] ..., Pk), the linear relation for o; is given by
Cr_(0) = » v =0.
ri<0

As ¢; contains only the extremal rays corresponding to the v;, which have the same sign (or
0) in the linear relation, ¢; is codefinite with respect to the (unique) maximal cone o; in the
closed star of ¢; ino”.

Case: rj=-—1.

In this case, since Ctr_(0) = ), .7iVi + Y, <o(1 + ri)v; and since the maxi-

mal cone o containing ¢; is of the form o; = (Mid(o,[-), p1, ... ,3/1 ..., Px), the linear
relation for o; is given by

Ctr_(o) — Z riv; — Z (I +r)v =0.
ri>0 —1<ri<0
As ¢ contains only the extremal rays corresponding to the v;, which have the same sign (or 0)
in the linear relation, ¢; is codefinite with respect to the (unique) maximal cone in the closed
staroj of £; ino’.

This completes the proof of Lemma 5.8.

This lemma suggests that we should use the star subdivision by the negative or positive
center of a circuit to achieve codefiniteness of a face t in order to bring the situation of
Proposition 5.4 in Step 2. But the lemma only achieves the codefiniteness for a face ¢ which
is contained in a maximal 7 -independent face with the maximum s -multiplicity but does not
analyze the behavior of the w-multiplicity profile. In our process of m-desingularization, we
need to achieve codefiniteness for a face t which is not contained in a maximal 7 -independent
face with the maximum s -multiplicity and the analysis of the -multiplicity profile is crucial.
Both of these needs are fulfilled by the following proposition, which is at the technical heart
of this section.

PROPOSITION 5.9. Let o be a circuit of dimo > 2 in Ng. Then, by choosing o’ to
be either the star subdivision of o coresponding to the negative center point or the one by the
positive center point, i.e.,

o' =Mid(o,l_)-6 or Mid(o,ly) -0,

where I_ (resp. 1) is the ray generated by the negative (resp. positive) center point Ctr_ (o)
(resp. Ctr4(0)), we see o’ satisfies one of the following:
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A:  Every maximal cone §' of o’ has the w-multiplicity profile strictly smaller than that
ofo,ie.,
7-m.p.(§') < r-m.p.(o).
In particular, we have
7-m.p.(6’) < m-m.p.(o).

B: Every maximal cone 8’ of o', except for one maximal cone «’, has the -multiplicity
profile strictly smaller than that of 0, i.e.,

7-m.p.(8") < r-m.p.(o)
and the exceptional maximal cone k' has the same 7 -multiplicity profile as that of o, i.e.,
7-m.p.(k") = m-m.p.(0) .

In particular, we have
m-m.p.(c’) = m-m.p.(o) .

Moreover, there exists a maximal w-independent face y' of k' such that

(B-0) y'isalso aface of o (i.e., y' remains untouched under the subdivision),

(B-ii) y’ has the maximum 7 -multiplicity, i.e., T-mult(y’) = hy' = hy,

(B-iii) y’ is codefinite with respect to k.

PROOF. Leto = (p1, ..., pk), where the extremal rays p; are generated by (v;, w;) €
NéL with v; = n(w(p;i)),i =1, ..., k, being the primitive vectors for the projections.

Let Y riv; = 0 be the nontrivial linear relation so that > r;w; = 0 and

Vv
|ril = 1 <= w-mult(t;) = hs for i ={p1,...,0is.--, Pk)-

Note that the maximal cones o} of o’ are of the form

\
o'i,:(p(),pl,...,pi,w-vpk)

where pg is the midray Mid(o, /) or Mid(o, /) depending on the choice of the negative or
positive center point.
We compute the 7-multiplicity of the maximal faces t/ ; of o]

’ \% \%
tij-_‘(p()vpl7---api,~*~, jv"-apk)

as follows:

Case of the negative center point: pp = Mid(o, [).

We let e_ € N be the integer such that Zr,,<0 v = e— - n(mw(pg)) with n(m(pg)) being
the primitive vector.
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Subcase r; > 0:

m-mult(t}y) = w-mult(z;),

A\ Vv
det Zva,vl,...,vi,...,vj,...,vk

re<0

1
n—mult(ri'j) = —
e_

0 when r; > 0,

1
—m-mult(r;) when r; <O0.

Subcase r; < 0:

m-mult(t}y) = 7-mult(z;) ,

1 v v
ﬂ-mult(ri'j) =— det(z Uats Uy oo s Uy een s Ujy e e ,vk)
re <0

1
—r-mult(t;) when r; >0,

-1 1
— |w-mult(r;) — w-mult(z;)|] when rj < 0.
e_
\2 A\ Y A\

Note that det(v;, vi,...,v;,...,Vj,...,v) and det(vj, v1, ..., Vs or y Vjyeen, Ug)

have opposite signs, since

\%

O:det(Zrava,vl,... Vi JVUjy ey V)
\' \ \' \%
=ri(Vi, V1, .oy Uiy Uy, UR) 7V, V1, Uiy e, Uy, V) =
Symmetrically we compute the other case.
Case of the positive center point: pg = Mid(o, I4).
We let e € N be the integer such that Z,a>0 Vo = e+ - n(w(pg)) with n(n(po)) being

the primitive vector.
Subcase r; < 0:

m-mult(t/y) = w-mult(t;),

A\ \2
det Zva,vl,...,v,-,‘.. JUjy e, Uk

re <0

1
m-mult(z};) = —
€+

0 when r; <0,

1
—m-mult(r;) when r; > 0.
€+
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Subcase r; > 0:

r-mult(t; O) = m-mult(t;) ,

A\
Jt—mult(ri’j)— det(z Vs ULy o nv s Vi e vj,...,vk>
re>0
1
—m-mult(t;) when r; <0,

€+

1
— |m-mult(r;) — 7-mult(r;)| when r; > 0.
et

Using this computation, we can now easily derive the conclusion of the proposition di-
viding it into the cases according to the cardinalities of the following sets:

t={iin>0, I"={n<0, II={;n=1}, I ={i;r=-1}.

Case: 2 <l < ],‘;IlJr

In this case, we choose the negative center point and let pg = Mid(o, /).

WhenO <r; <1,wehavea,s =hy < hy = ag.

When 0 < r; =1, we have'aa; = ha; = hs = a,. If e_ > 1, then ol = 1 and
hence bgi/ =0< by, =1. Ife_ =1, then rol = g1, > 2 and hence ba‘/ =1 = b,. But
¢! = ko < kg = g, since 7 mult(r’ y=0forjelI* DI

When—l <ri<0Oande_ > 1, wehavea /_h , <h<I =a,.

When —1 =r; <Oande_ > 1, wehavea / —h / —ha =ag. Butra 1 and hence
ba,.’ =0<b, = 1.

When —1 <r; <Oande_ =1, wehave a,y = hyy = he = ag, ryr > t:III"~ > 2
and hence ba{ = 1 = b,. We also have ol = kf’.; < kg = ¢y, Since o is'a circuit. But

dy =15 =15 — I +1 <1y = dg, since ti’j =
Jel,j#i.
Thus we have

| -mult(z;) — w-mult(z;)| < hy for

m-m.p.(o/) < w-m.p.(o)
for all the maximal cones o/ of 0.

Therefore, in this case with the choice of the negative center we conclude we are in Case
A and

w-m.p.(c’) < m-m.p.(0) .

Case: 1=#I] <l

In this case, we choose the negative center point and let pg = Mid(o, ).

When 0 < r; < 1, we have a5 = h“.-’ < he = a, and hence 7-m.p.(¢}) < 7-m.p.(0).

When 0 < r; =1, wehavea, = h, = hy = ae. If I~ =#I; = lore_ > 1, then
roy = land hence by = 0 < by = 1. If g1~ > 1 and e_ = 1, then r,y > 1 and hence
bs; =1 = bs. But we have ¢,y = k,y < kg = co, since w-mul(z;;) = 0 for j € oI
Thus we have 7-m.p.(¢}) < 7-m.p.(0).
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When —1 <r; <Oande_ > 1, wehavea, = h,’ < hy = a, and hence Jr-m.p.(ai’) <
m-m.p.(0). l l

When —1 =r; <Oande_ > I, wehave a,’ = hy' = hy = a5. Butry = 1 and hence
by’ =0 < by = 1. Thus we have 7-m.p.(o]) < 7-m.p.(o).

When —1 < r; < Oande = 1, we have @,y = hy! = hg = g, 1oy = 81} 2 2

and hence b,y = 1 = b,. We also have ¢,; = k,» < ks = co, since o is a circuit. But
] 1 l

d(,‘y =Ty =Tg — gl +1 < r; = d,, since ‘L'i/j = |7-mult(r;) — 7-mult(r;)| < ho

for j € I, j # i. Thus we have 7-m.p.(0;) < m-m.p.(0’). The equality holds only when
r; = —1 with i being the sole member of /", in which case the face ti’o = 7; has the maximum
wr-multiplicity ko and it is codefinite with respect to o/ by Lemma 5.8.

Therefore, in this case with the choice of the negative center we conclude that we are in
Case A and

n-m.p.(c’) < m-m.p.(o) ife_ >1
and that we are in Case B and
m-m.p.(c’) = n-mp.(c) ife_=1.

Case: 1=gI =4I <gIt.

In this case, we choose the negative center point and let pg = Mid(o, ).

When 0 < r; < 1, we have a5 = hU{ < hy = a, and hence Jr-m.p.(ai/) < w-m.p.(0).

When0 < r; =1lande_ > 1, we have a;y = h,' = ho = ay. Butrsr = 1 and hence
b“." =0 < by = 1. Thus we have 7-m.p.(0/) < -m.p.(o).

When O < r; = 1and e_ = 1, we have a5 = ha,.' =hs =as. If 1~ =1 =1, then
ro; = land hence b,y =0 < by = 1. If {1~ > 1, thenr,/ > 1 and hence b,y = 1 = b,. But
we have ol = ka{ < ky = ¢y, since Jr—mult(ri’j) =0forjelt D I,+, Jj # i. Thus we have
m-m.p.(g]) < 7-m.p.(0).

When —1 <r; <0Oande_ > 1, we have ag! = hU{ < hg = a, and hence 7-m.p.(0]) <
m-m.p.(0).

When —1 <r; <Oande_ =1, we have a, = ha‘.’ = hs = ao. Butry = 1 and hence
byy =0 < by = 1. Thus we have 7-m.p.(0]) < 7-m.p.(0).

" When ri = —1land e_ > 1, we have ay' = hy' = hy = as. Butr, = 1 and hence
by' =0 < by = 1. Thus we have m-m.p.(o]) < w-m.p.(0).

When r; = —1 and e_ = 1, i is the sole member of I;” and we have a4y = h"." =
hy = ag, rol = 2 and hence ba‘/ = 1 = b,;. Moreover, we have Co! = k(,‘/ = ks = c5 and
dﬂ,-’ =ry = 2 =rs = ds,. Thus we have n—m.p.(ai’ ) = w-m.p.(0). The face Tilo = 1; has
the maximum 7 -multiplicity 4, and it is codefinite with respect to o] by Lemma 5.8.

Therefore, in this case with the choice of the negative center we conclude that we are in
Case A and

m-m.p.(0c) < m-m.p.(o) if e_ > 1
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and that we are in Case B and
n-m.p.(6') = n-m.p.(o) ife_=1.

Case: 0=l <2<l .

In this case, we choose the positive center point and let pg = Mid(o, I).

When —1 < r; < 0, we have a1 = hai/ < hs = a, and hence n-m.pl(ai’) < m-m.p.(0).

When 0 < r; < 1, we have a,r = h,r < hy = a, and hence ﬂ-m.p.(ai’) < m-m.p.(o).

When r; = 1, we have a5 = I;ai/ = 111(, = a,. But rol = 1 and hence ba{ =0<b,=1.
Thus we have 7-m.p.(o/) < w-m.p.(0).

Therefore, in this case with the choice of the positive center we conclude that we are in
Case A and

m-m.p.(c”) < m-m.p.(o).

Case: 0=HI <1= 1:11;r

In this case, we choose the positive center point and let pg = Mid(o, /).

When —1 < r; < 0, we have a5 = hﬂ{ < hs = a, and hence 7-m.p.(c/) < w-m.p.(o).

When 0 < r; < 1, we have a5 = hoi/ < ho = a, and hence 7-m.p.(0]) < 7-m.p.(o).

When r; = 1, i.e., i is the sole member of 11+, we have g,/ = h“/ =hs =ag, 1y = 1
and hence bff." = 0 = b,. Moreover, we have ol = kf’i' = kc,l = ¢s and da‘/ =Ty =1=
re = dy;. Thus we have 7-m.p.(c{) = m-m.p.(c). The face ‘l.'ilo = 7; has the maximum
m-multiplicity h, and it is codefinite with respect to o/ by Lemma 5.8.

Therefore, in this case with the choice of the positive center we conclude we are in Case
B and

m-m.p.(c") = 7-m.p.(0) .

Symmetrically, we also conclude:
Case: 2 < It <l

With the choice of the positive center point, we are in Case A.
Case: 1=l <1

With the choice of the positive center point, we are in Case A if e, > 1 and in Case B if
ey = 1.
Case: 1=4I" =4I <4~

With the choice of the positive center point, we are in Case A if e, > 1 and in Case B if
€4 = 1.
Case: 0=l <2<l

With the choice of the negative center point, we are in Case A.
Case: 0=l <1=tgI]

With the choice of the negative center point, we are in Case B.

Since the above cases exhaust all the possibilities, we complete the proof for Proposition
5.9.

The next lemma shows that the 7 -multiplicity of a cone can be computed easily from
that of the unique circuit contained in it.
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LEMMA 5.10. Let o be a circuit in a simplicial cobordism X' in Né‘ and 1 be a max-

imal cone in Star(c). Then any maximal 7 -independent face y of 1 is of the form
y=1+v

where T = y N o is a maximal 7 -independent face of o and v is the unique maximal cone of
link, (o).

Moreover, there exists e € N such that for any y as above (once 1 is fixed) we have the
Sformula

m-mult(y) = 7-mult(t) - e.
In particular, we have
m-m.p.(n) = (ay, by, ¢y, dy) = (€ - a5, bo, €, dg) .
PROOF. Leto = (p1,...,0k) and n = {(p1,..., Ok» Pk+1,--- » O1) be generated

by the extremal rays p; with the corresponding primitive vectors of the projections v; =
n(m(p;)) € N. Then a maximal w-independent face y of  is of the form

Vv
)’=<P1»--~’ij--apk’Pk+1,---’Pl)=T+U

\% . . .
where T = (p1,...,pj,..., k) =y No and v = (oky1,..., o) is the unique maximal
cone of link; (o). This proves the first assertion.

For “Moreover” part, we have the exact sequence

0O>L->N,—>0-0

where L = spang(w (o)) NN, Ny = spang( (7)) NN and Q is the cokernel, which is torsion
free and hence a free Z-module. Take a Z-basis {u1, ... , ug—1, Ug41, ... , w1} of Ny so that
{ur, ..., ux—1}1is a Z-basis of L and {ugy1, ... ,u;} maps to a Z-basis of Q. With respect to
this basis of Ny, the w-multiplicity of y can be computed

A B
0 E

v A B
(vl,...,vj,...,vk)z(()) and (uk.,.l,...,ul)——-(E).

This completes the proof of the lemma.

m-mult(y) = det( ) =detA - -detE = w-mult(t) - e,

where

Now it is easy to see the following main consequence of Step 3.

COROLLARY 5.11. Let T be a w-independent face contained in the closed star Star(o)
of a circuit o. Then there exists {Star(c)}° obtained by a succession of star subdivisions by
the negative or positive center points of the circuits (of the intermediate subdivisions) inside
of o such that

(5.11.1) the m-multiplicity profile does not increase, i.e.,

m-m.p.({Star(0)}°) < 7-m.p.(Star(o)),
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(5.11.2) v is a face of {Star(c)}° and t is codefinite with respect to every cone v €
{Star(0)}° containing t.

PROOF. We prove the assertion by induction on the 7 -multiplicity profile of o.

If m-m.p.(c) = (1, *, *, %), then by taking {Star(c)}° to be the star subdivision corre-
sponding to the negative or positive point of o, we see easily that the condition (5.11.1) is
satisfied, while the condition (5.11.2) is a consequence of Lemma 5.8.

We assume that the assertion holds for the case with the w-multiplicity profile smaller
than 7-m.p.(o). If dimo = 2, then 7 is already codefinite with respect to o and there is
nothing more to prove. So we may assume dimo > 2. We take the star subdivision by the
negative or positive center of o, according to Proposition 5.9, so that either the case A or the
case B holds and hence the s -multiplicity does not increase.

If the case A holds, noting that the circuits of all the maximal cones of the star subdivision
are contained in o we see the assertion holds immediately by the induction hypothesis, since
all the maximal cones have the -multiplicity profile strictly smaller than 7w -m.p.(o).

Suppose the case B holds. If z N o is contained in «’, then T N o is necessarily contained
in y’ and hence codefinite with respect to «’. The other maximal cones have the 7 -multiplicity
profile strictly smaller than 7-m.p.(c) and the assertion again holds by the induction hypoth-
esis.

This completes the proof of Corollary 5.11 and Step 3.

Now we discuss Step 4.

Step 4. We start from a simplicial cobordism X

If ¥ is w-nonsingular, then we are done.

So we may assume X is not w-nonsingular and hence m-m.p.(¥) = (gx; s) with g» >
(1, *, %, x). We only have to construct ¥ obtained from ¥ by a succession of star subdivisions
such that n—m.p.(f)) < m-m.p.(X).

Let n be a maximal cone of X such that 7-m.p.(n) = gy with o being the unique circuit
contained in 7.

If dimo < 2, then we let y be a maximal 7 -independent face of n with w-mult(y) = h;,.
We let 7 be a minimal r-singular (i.e. not 7-nonsingular) face of y so that we can pick a point
q € par(n(1)).

If dimo > 2, then we take the star subdivision X’ of X with respect to the negative
or positive center point of o so that either the case A or the case B occurs according to
Proposition 5.9.

If the case A occurs, then 7-m.p.(X’) < 7-m.p.(X) and we simply have to set X° = X’.

If the case B occurs, then we take the exceptional cone «’ of o’ with 7-m.p.(x’) =
-m.p.(co) as described in Proposition 5.9 and take the maximal 7 -independent face y of n
such that y N o’ = y’, where y’ is a face of k' satisfying the conditions (B-0), (B-i) and
(B-ii) in Proposition 5.9. Observe that by Lemma 5.10 there is a maximal cone n’ of X’
such that n” N o’ = «/, x-m.p.(n") = gs» = gz, v is a face of n’ as well as that of 7,
m-mult(y) = h,y = h, and that y is codefinite with respect to n’".
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We also take t to be a minimal 7 -singular (i.e. not w-nonsingular) face of y so that we
can pick a point g € par(w (7)).

Now we consider the situation where dim o < 2 and the situation where dimo > 2 with
the case B together.

Take all the circuits 6’ (except for the one contained in «’) of X’ such that T C Star(’).
By Corollary 5.11 of Step 3 for each 6’ we can find {Star(6’)}° obtained by a succession of
star subdivisions by the negative or positive center points of the circuits (of the intermediate
subdivisions) inside of 6’ such that the 7 -multiplicity profile does not increase, i.e.,

7-m.p.({Star(6)}°) < m-m.p.(Star(9)),

and that 7 is a face of {Star(6’)}° and t is codefinite with respect to every cone v € {Star(6)}°
containing t.

Note that these star subdivisions can be carried out simultaneously without affecting each
other and that hence we obtain a simplicial cobordism X° obtained from X by a successive
star subdivisions such that

(o) the w-multiplicity profile does not increase, i.e.,

m-m.p.(X°) < wr-m.p.(X),
(i) 71’ (¢ = ninthe case dimo = 2) is a maximal cone in X° with
n-mp(r)') =gz° = ¢y = gy,
(ii) Tt is contained in a maximal 7-independent face y of n’ with the maximum -
multiplicity wmult(y) = h,y,
(iii) 7 is codefinite with respect to n’ and with respect to all the other maximal cones
containing 7,

(iv) we can find a lattice point g € par(z(7)).
We only have to set ¥ = Mid(z, lg) - X° to observe by Proposition 5.5 in Step 2 that

n—m.p‘(i) < m-m.p.(¥).

By the descending chain condition of the set of the 7 -multiplicity profiles, this completes
the process of w-desingularization. Remark that by construction the process leaves any -
independent and already m-nonsingular face of X unaffected.

REMARK 5.12. We discuss the comparison of our arguments with the original papers
[Morellil,2].

(5.12.1) (Definition of the negative or positive center point.)

The definition of the negative or positive center point Ctr_(o), Ctry (o) as presented
here and in [Morelli2] is different from the original definition of the center point Ctr(o, 7) in
[Morellil]. In spite of the assertions in [Morellil], Ctr(o, ) is not always in Rellnt(x (7)),
as one can see in some easy examples. This causes a problem in the original argument in
[Morellil], as the subdivision corresponding to the center point may affect not only the cones
in the closed star Star(c') but also possibly some other cones, which we do not have any control
over. This is the first problematic point in the argument of [Morellil] noticed by [King2].
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(5.12.2) (Definition of the -multiplicity profile.)
In [Morellil], the w-multiplicity profile w-m.p.(n) of a simplicial cone n was defined to
be
w-m.p.(n) = (7-mult(yy), ..., v-mult(y;))
where y1, ... , y are the maximal -independent faces of n with

mw-mult(y;) > r-mult(yn) > --- > w-mult(y;) .

Proposition 5.5 holds with this definition, while Proposition 5.9 fails to hold, as [King2]
noticed.
(With the slightly coarser definition of the 7 -multiplicity profile

Tl"mP(T)) = (hnv rﬂ) ’

Proposition 5.5 holds, while Proposition 5.9 fails to hold in a similar way.)

In [Morelli2], the 7-multiplicity profile w-m.p.(n) of a simplicial cone n was changed

and defined to be
a-m.p.(n) = (hy, ky, rp) .

Proposition 5.9 holds with this definition, while now in turn Proposition 5.5 fails to hold.

The current and correct definition of the w-multiplicity profile, as presented here, was
suggested to us by Morelli after we discussed the dilemma as above through e-mail.

(5.12.3) (How to choose t with g € par(x (7)) and make it codefinite.)

[Morellil] could be read (by a naive reader like us) in such a way that it suggests that
for a maximal w-independent face y with the maximum x-multiplicity 7-mult(y) = h > 1
we could take g € par( (y)), which is clearly false in the case dim Ng > 3. The subdivision
with respect to g € par((y)) would only affect the cones in the star Star(y) and we would
only have to analyze those circuits o such that y C Star(c). Then the face { = y N o has
the maximum m -multiplicity 4, and only Lemma 5.8 would suffice to achieve codefiniteness
after the subdivision by the negative or positive center point.

But in general it is only a subface T C y which contains a point g € par((t)). Now we
have to analyze those circuits o such that ¢ C Star(o) but maybe y ¢ Star(o). Lemma 5.8 is
not sufficient any more to achieve the codefiniteness for t. This is another problematic point
in the argument of [Morellil] noticed by [King2].

[Morelli2] tries to fix this problem via the use of Proposition 5.9 and what Morelli calls
the trivial subdivision of a circuit o.

Our argument here to achieve Corollary 5.11 solves the problem by induction on 7-
multiplicity profile based upon Proposition 5.9 and does not use the trivial subdivision.

6. The weak factorization theorem. In this section, we harvest the fruit “Weak Fac-
torization Theorem” grown upon the tree of the results of the previous sections.

PROPOSITION 6.1. We have the weak factorization of a proper equivariant birational
map between two nonsingular toric varieties X o and X x' if and only if there exists a simpli-
cial, collapsible and m-nonsingular cobordism X between the fans A and A'.
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PROOF. Suppose we have the weak factorization of a proper equivariant birational map
between two nonsingular toric varieties X o and X o/. Then the fan A’ is obtained from A by
a sequence of smooth star subdivisions and smooth star assemblings (in arbitrary order). By
Proposition 4.7 there exists a simplicial and collapsible cobordism X between A and A,
which is also 7 -nonsingular by construction (cf. the proof of Proposition 4.7).

Conversely, suppose there exists a simplicial, collapsible and 7 -nonsingular cobordism
X between the fans A and A’. Write

> = U Star(0) Ud_X

where the union is taken over all the circuits o. By the collapsibility of X', we can order
the circuits oy, ... , oy, so that each o; is minimal among the circuits o;, 0j+1, ... , O, With
respect to the partial order given by the circuit graph of X'. Accordingly, we have a sequence
of fans

k
A=Ay=n(d_2Z)=nm (a_ {U Star(o;) U a+):})

i=1

k
Al =7 (a_ U Star(o;) U a+):})

i=2

k
A,:n(a_{ U Star(cr,')U8+2]>

i=j+1

A =0, = A

Note that the fan A;; is obtained from A; by replacing d_Star(o;) with 9, Star(o;),
which is the bistellar operation analyzed in Section 3 and corresponds to a smooth star subdi-
vision followed by a smooth star assembling. Therefore, we conclude X 4’ is obtained from
X 4 by a sequence of equivariant smooth blowups and smooth blowdowns.

THEOREM 6.2 (The Weak Factorization Theorem). We have the weak factorization for
every proper and equivariant birational map between two nonsingular toric varieties X A and
X A, i.e., Conjecture 1.1 holds in the weak from.

PROOF. Let A and A’ be the corresponding nonsingular fans in Ng with the same
support. Then by Theorem 4.3 there exists a simplicial and collapsible cobordism X' in NéL

between A and A’. Theorem 5.1 implies there is a simplicial fan X obtained from X by a
sequence of star subdivisions such that ¥ is 77-nonsingular and that the process leaves all the
n-independent and 7-nonsingular cones of ¥ unaffected. By Lemma 4.8 we see that ¥ is
also collapsible as well as simplicial and -nonsingular and that the lower face and upper face
of X are unaffected and hence isomorphic to A and A’, respectively. Thus X is a simplicial,
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collapsible and 7 -nonsingular cobordism between A and A’. By Proposition 6.1, we have the
weak factorization between X 4 and X 4. This completes the proof of Theorem 6.2.

7. The strong factorization theorem. The purpose of this section is to show the
strong factorization therem, i.e., a proper and equivariant birational map X --+ X4’ be-
tween smooth toric varieties can be factored into a sequence of smooth equivariant blowups
X4 <« X followed immediately by smooth equivariant blowdowns X 4» — X 4/, based
upon the weak factorization theorem (of Section 6 or [Wlodarczykl]). The main difference
between the weak and strong factorization theorems is that the former allows the sequence to
consist of blowups and blowdowns in any order for the factorization, while the latter allows
the sequence to consist only of blowups first and immediately followed by blowdowns. We
should emphasize that this section uses only the statement of the weak factorization theorem
and hence is independent of the methods of the previous sections and that the reader, if he
wishes, can use [Wtodarczyk1]’s result as the starting point for this section (though we con-
tinue to phrase the statements in Morelli’s terminology that we have been using up to Section
6).

Our strategy goes as follows. We start with a simplicial, collapsible and 7 -nonsingular
cobordism X between A and A’, whose existence is guaranteed by Theorem 6.2. We con-
struct a new cobordism ¥ from ¥ applying an appropriate sequence of star subdivisions
such that 9_ ¥ = 9_ X is unaffected through the process of the star subdivisions and that the
cobordism X represents, via the bistellar operations (cf. Theorem 3.2), a sequence consisting
only of smooth star subdivisions starting from A = 7(3_%) = 7 (d_%) and ending with
7(3;%). Observing that 77 (9, %) is obtained from (84 X) = A’ by a sequence consisting
only of smooth star subdivisions, or equivalently A’ = 7 (3, X) is obtained from 7 (3, X) by
a sequence consisting only of smooth star assemblings, we achieve the strong factorization

A=10_2)=n0-%) <« 1(0.2) > 7(0+ %) = A".

First we identify the condition for the bistellar operation to consist of a single smooth
star subdivision.

DEFINITION 7.1. A m-nonsingular simplicial circuit
o = (i, w1), (v, w2), -+, (vk, wk)) C Np @ Q = NJ

is called pointing up (resp. pointing down) if it has exactly one positive (resp. negative) ex-
tremal ray, i.e., we have the linear relation among the primitive vectors v; = n(w(p;)) of the
projections of the extremal rays p; for o (after re-numbering)

vp—vy—-— =0 withwy—wy—--—wg >0
(resp. —vi+va+---+v =0 with —wj+wr+---+wg>0).
LEMMA 7.2. Let X be a simplicial and m-nonsingular cobordism in Ng ando € ¥
a circuit which is pointing up. Let

o = ((v1, 1), (2, w2), -+~ , (k, wk)) C Ng ®Q = Ny
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with the linear relation among the primitive vectors v; = n(mw(p;)) of the projections of the
extremal rays p; for o
vi—vy—--—v =0 withw —wy—---—wg>0.
Then the bistellar operation going from 7 (3—Star(o)) to 7w (9 Star(o)) is a smooth star sub-
division with respect to the ray generated by
V=V + -+ U
If o is pointing down with the linear relation
—vit+uvt-+u=0 with —wi+wy+---+wg >0,

then the bistellar operation going from w(d_Star(o)) to m(9+Star(o)) is a smooth star as-
sembling, the inverse of a smooth star subdivision going from 7 (3 Star(o)) to m(d_Star(o))
with respect to the ray generated by

vp=v2+ -+ k.

The proof is immediate from Theorem 3.2.
LEMMA 7.3. Let X be a simplicial and m-nonsingular cobordism. Let

T = ((vli wl)’ ) (vh wl))
be a m-independent cone of X with the v; = n(mw(p;)) being the primitive vectors of the
projections of the extremal rays p; for T. Let p; be the midray Mid(z, l,(r)), wherer(t) € N
is the vector r(t) = v +- - -+ vy, called the “m-barycenter” of t. If T is codefinie with respect
to all the circuits 0 € X with t € Star(o), then p; - X stays m-nonsingular.

PROOF. Note that though in the statement of Proposition 5.5 the point g was assumed
to be taken from par(s ()), we only need the description

q=) av; with0<a <1

(allowing the equality a; = 1) to conclude that the maximum of the s-multiplicities of the
n-independent cones does not increase. Thus we can apply the argument in the proof of
Proposition 5.5 with

‘ g=r(t)=v1+---+y
to conclude that the maximum of the -multiplicities of the w-independent cones does not
increase and in particular p; - ¥ = Mid(z, I;) - X stays w-nonsingular.

DEFINITION 7.4. Let I be a subset, consisting only of 7 -independent cones, of a sim-
plicial cobordism X'. Assume [ is join closed, i.e.,

r,7/el=t+7v €l (providedr+17 € X).
We denote
1‘Z=Pr,,"‘pr| %
where o, is the midray Mid(z;, I,(5;)) with r(t;) being the 7 -barycenter of t;, as described

in Lemma 7.3, and where the 7; are cones in / so ordered that dimz; > dimt;; for all
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i. (Observe that, as [ is join closed, I - ¥ is independent of the choice of the order and is
well-defined.)
The following simple observation of Morelli is the basis of our method in this section.

LEMMA 7.5. Leto be a circuit in a simplicial and w-nonsingular cobordism X. Let

o= {1, w1), -, Vm Wn), Wnt1, Wmt1), -+ (VkWk))

where V1, ..., Um, Un+l1, - - . , Uk are the primitive vectors in N of the projections of the ex-
tremal rays for o, having the unique linear relation

Vit Uy — Vg1 — o — =0 withwi+- -+ Wy — Wyg1 —---—wg >0.
Let

o+ = ((vl’wl)i"' 7(UM7 wm)) and o_ = ((Um-Ha wm+1)"“ ’(vk, wk))

(7.5.1) Thefan ps, -Star(c), where po, is the midray Mid(o 4., Iy (o)) with r (o) being
the w-barycenter of o4, is w-nonsingular and the closed star of a w-nonsingular pointing up
circuit o’.

(71.5.2) If o is pointing up and I is a join closed subset of o—, then I - Star(c) is 7-
nonsingular and the closed star of a mw-nonsingular pointing up circuit.

PROOF. (7.5.1) First note that, since o is ;-strongly convex and hence does not con-
tain a nonzero vector 0 # (0, w) € Ng = Ng @ Q, itis impossible to have all the coefficients
in the linear relation to be +1 or all to be —1.

Let n € Star(o) be a simplicial cone of the form

n= ((ul’ wll)’ ) (ul9 w;)’ (vla wl)’ T (vka wk)) .

Then the maximal cones of p,, - 1 are of the form

\
<(ulvw/])a"‘ ,(uls w;)v (ul’wl)"" a(viq wi)"" a(vm’ wm),

(Um-Ha wm-{-l)» R (Uk, wk)’ <r(a+), Z wl))

i=1

omitting one of (v;, w;), 1 <i < m, from the generators of o,.. Therefore,
m

0/ = <<r(0+)9 Zwl)a (Um—{—l’ wm+1)1 Tty (vk’ wk)>
i=1

is the unique circuit in p,, - Star(o) and

Po,. - Star(o) = Star(c”) .

As po, is generated by the vector (r (o), Y re; wi) = Q= Vi, Y_;=; w;), the unique linear
relation for o’ is

n(@(po,)) — Vnt1 — - — v =0,
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where n(7 (ps,)) = > ;= vi with O_[Z; wi) — Wm41 — - - - — w > 0. Therefore, the circuit
o’ is pointing up. We note that 7-nonsingularity is preserved as o is obviously codefinite
with respect to the circuit o.

(7.5.2) We use the same notation as in (7.5.1) with o = ((v;, w)) being the only
positive extremal ray of the pointing up circuit o. Let ¢ be the maximal cone in /. Then the
maximal cones 7’ of p¢ - 0, Where p; is the midray Mid(¢, I,(;)), are of the form

<(M], w/])i ) (ul’ w;)’ (U], w1)5

V141, W141), -+ ,(vj,ij),--- , (Vk, wi), (r({), Z wi>>, (vj,wj) €.

(vi,wj)€g
Therefore,
o; =<(v1,w1), all the (vi, wi) ¢ ¢, (r(s“), > wi>>
(vi,wi)€g
is the unique circuit in p; - Star(o'), which is pointing up with the unique linear relation
vi— Y v—n((e) =0,
(vi,w;) ¢S

where n(w(p;)) = Z(v,-,w,-)e;’ v; with w; — Z(vi,w’,)ﬂ w; — (Z(vi,wi)eg‘ w;) > 0. With
n € Star(o’) being arbitrary, we also have

o¢ - Star(o') = Star(oy) .

Moreover, every cone in the complement I’ of ¢ in I (i.e., I’ consists of the proper subfaces
of ¢) is disjoint from o . Therefore, oy is still the unique circuit, which is pointing up, in

1 -Star(o) = 1" - p; - Star(o)

and

I - Star(o) = Star(oy) .
This completes the proof of Lemma 7.5.
The following is an easy consequence of Lemma 7.5.

LEMMA 7.6. Let X be a simplicial, collapsible and m-nonsingular cobordism whose
circuits are all pointing up and let I C 0_X be a join closed subset. Assume the condition
(*):

(*x) INStar(c) C{r € X;t Co_}=0-0 foranycircuito € X.

Then X' = I - X is again a simplicial, collapsible and m-nonsingular cobordism con-

taining only pointing up circuits.

PROOF. By Lemma 4.8 and Lemma 7.3 the cobordism X’ is gain simplicial, collapsible
and m-nonsingular. We only have to check that 7 - Star(o) = (I N Star(o)) - Star(o’) contains
only pointing up circuits for any circuit o € X', which follows immediately from the condition
(») and (7.5.2) in Lemma 7.5.
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REMARK 7.7. Lemma 7.6 is a modification of Lemma 9.7 in [Morellil] (together
with the notion of “neatly founded”), which unfortunately has a counter-example as below.
We observe that the notion of “neatly founded” is used only in the form of the condition (x) in
the argument of [Morellil] and we carry out our argument here all through with the condition
() instead of the notion of “neatly founded”.

Below we recall the definition of “neatly founded” and Lemma 9.7 in [Morellil] and
then present a counter-example.

[Morellil] defines that X is “neatly founded” if for each down definite face 1 € X (A
face t € X is down definite if T € 9_X but t ¢ 04 2X.), there is a circuit o € X such that
T=o0_.

LEMMA 9.7 in [Morellil]. Let X' be a neatly founded, simplicial, collapsible and -
nonsingular cobordism whose circuits are all pointing up, and let I C 0_X be join closed.
Then X' = I - X is again a simplicial, collapsible and w-nonsingular cobordism containing
only pointing up circuits.

A counter-example to Lemma 9.7 in [Morellil]:

We take
o1 = (v1,0)
02 = (v2,0)
03 = (v3,0)

ps= (1 +uv2+v3,1)
ps = (v1 +v2 + 203, 2)
in NQ‘L = (N®Z)® 0 = Ng ® Q with dim Ng = 3 where vy, v2, v3 form a Z-basis for N.
We set X to be
(p1, P2, 3, p4) and its faces,
X = { (p2, p3, P4, p5) and its faces,
(01, 03, P4, ps) and its faces
The fan ¥ is by construction a simplicial, collapsible and 7 -nonsingular cobordism be-
tween A =9_Y and A’ =9, X.
The cobordism X' is neatly founded as (p1, p2, p3) is the only down definite face and
there is a circuit (o1, p2, 03, p4) such that

(o1, P2, p3) = (p1, P2, P3, P4)— .
All circuits (o1, 02, p3, p4) and {p3, pa, p5) are pointing up.
Take
I = {{p2, p3) and its faces} .
Now X and I satisfy all the conditions of Lemma 9.7. On the other hand, £/ = [ - ¥
contains a circuit
(02, M, pa, ps) where M = (v2 + v3,0),
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which is NOT pointing up!
We resume our proof of the implication the “weak” factorization=>the “strong” factor-
ization.

PROPOSITION 7.8. Let X' be a simplicial, collapsible and m-nonsingular cobordism
containing only pointing up circuits. Then there is a simplicial, collapsible and w-nonsingular
cobordism X' such that

(7.8.1) X' contains only pointing up circuits,

(7.8.2) X' satisfies the condition (x) for any join closed subset I C 3_ %',

(7.8.3) X' is obtained from X by a sequence of star subdivisions, none of which involve
d- X, of the m-independent faces which are codefinite with respect to all the circuits.

PROOF. Express the collapsible X' as

Y = Star(oy,) o Star(o,,,—1) o - - - o Star(o7) 0 0+ X

for the circuits oy, opm—1, ... ,01 € X so that o; is minimal among o;, 0;_1, ... , o] accord-
ing to the partial order given by the circuit graph. We prove the lemma by induction on m.

Case m = 1: This case is the building block of the construction in the induction step and
we state it in the form of a lemma as below.

LEMMA 7.9. Let X be a simplicial, collapsible and m-nonsingular cobordism con-
taining only pointing up circuits. Let Star(o’) be the closed star of a circuit o € X. Let

J ={{o4+,v); v elinkx(o)}.

Then

(7.9.1) J - Star(o) contains only pointing up circuits,

(7.9.2) J - Star(o) satisfies the condition (x) for any join closed subset J C 0_{J -
Star(o)}, and

(7.9.3) J -Star(o) is obtained from Star(c) by a sequence of star subdivisions, none of
which involve d_Star(o), of the m-independent faces which are codefinite with respect to all
the circuits.

PROOF. Let
o = ((vi, wi), (v2, w2), ... , (Vk, W)
where vy, v, ... , U are primitive vectors in N satisfying the unique linear relation
vp—vp—--— v =0 withwy—wy—---—wg>0.

Let n € Star(o) be a simplicial cone of the form
n= (1, w), ..., @, wp), W, wi), ..., Uk, w)).
Then the circuits of J - n = {J N n} - n are the cones of the form

oy = <(r((o‘+, V), wy + Z w}), (v2, w2), ..., (vk, wy), all the (u;, w') € v>

(uj.w})ev
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for v € link; (o) (including o = oy = ((r(04), wy) = (v1, w1), (V2, wp), ..., (g, wg)) for
v = @) satisfying the unique linear relation

<v1+ Z uj)—-vz—--.—vk—- Z uj =20

(uj.w;-)ev (uj,w;)eu
. ’ /
W1th(w1+ Z wj)—wz—-~-—wk— Z wj>0.
(uj,w;)eu (uj,w})ev

Thus J - n contains only pointing up circuits. Since n € Star(o) is arbitrary, we conclude
J - Star(o) contains only pointing up circuits, proving (7.9.1).
We also observe that the maximal cones of Star(o,) are of the form

. /
(o, Mid((v1, v, @ p(1ys Wi (1)) -+ 5 pis)s Wi(s)))s LrMid((o1,0, 0 pctys )y v ot sy O
s=1,... ,l'=l—ﬁ{(uj,w})e v})
where
(W p(1)> Why)s Up@)s Wheay)s -+ 5 Up@rys Whipry)
are the (u;j, w;.)’s NOT belonging to v, ordered in the specified way by a permutation p.

Therefore, any cone in the lower face d_Star(o,), if not included in o,, is also in the upper
face but not in the lower face of the closed star of some other circuit of J - Star(c). Therefore,
we conclude that for any join closed subset I C d_{J - Star(o)} we have

I N Star(o,) = 0_{J - Star(o)} N {t € J - Star(o); T C 0y}
C{r e J-Star(o); T C (0y)_} = 0-0, .
Since n € Star(o) is arbitrary, this proves (7.9.2).
The condition (7.9.3) is obvious from the construction.
This completes the proof of Lemma 7.9.

We go back to the proof of Proposition 7.8 resuming the induction.
Suppose m > 1. Set

Ym—1 = Star(oy,—1) o--- o Star(oy) 0 04+ X

and apply the induction hypothesis to X, | to obtain X, _, satisfying the conditions (7.8.1),
(7.8.2) and (7.8.3). Then Star(o,,) o E,’n_l is the result of a sequence of star subdivisions,
none of which involve 9_ X, of the w-independent faces which are codefinite with respect to
all the circuits. Let
J = {{(om)+,v); v € linkg (o)} .

We show that J - (Star(o,,) o E,/n_l) satisfies the conditions (7.8.1), (7.8.2) and (7.8.3).

Since E,’n_l satisfies the condition (7.8.1) and J C 9_ Z‘,’n_l is join closed, the condition
() for J with Lemma 7.6 implies that J - £ _, is a simplicial, collapsible and 7 -nonsingular
cobordism containing only pointing up circuits. Lemma 7.9 implies that J - Star(c,,) is also
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a simplicial, collapsible and m-nonsingular cobordism containing only pointing up circuits.
Therefore,

X' =17 (Star(om) 0 Z,,_;) = (J - Star(om)) o (J - Z,,_;)
is a simplicial, collapsible and 7 -nonsingular cobordism satisfying the condition (7.8.1).
Observe that
9_-X' = d_Star(o,,) U (0-Z;,_, — Rellnt(J)) .

Thus by construction we have the condition (7.8.2).
Let I be any join closed subset of 9_X’. Let o’ € X’ be a circuit. If ¢’ € J - Star(o,),
then by Lemma 7.9 we have

I1NStar(e’) = (I N J - Star(o,)) N Star(e”) C d_0o” .

Ifo'eJ- X ,ando’ ¢ ¥ ,,then there exists a circuit 0 = ((vi, wy), ..., (vk, wx)) €
X7 _, such that

o' =o0; = <(v1, wy), all the (vi, w;) i ¢ ¢, (r(;), > wi)}
(vi, wi)€g
where ¢ is the maximal cone in J N{t € Z‘,’n_l; T C o}, using the same notation as in Lemma

7.5. Observe that for any maximal cone " € Star(c’) if a face T C n” contains a new ray
used for the subdividing operation “J-” as one of the generators then t ¢ I. Therefore, by
looking at the description of n’ in Lemma 7.5 and n” obtained from n’ by the star subdivision
of some faces of ¢, we conclude

INfrc¥;rcy}=UdN{reX;tcao'Pni_oc’ ca_o’.
Ifo'eJ-X/  andalsoo’ € X/ ,, then the condition (x) for ¥} _, implies
1N Star(c’) C 30’
Thus we have the condition (x) for X’ proving the condition (7.8.2).

This completes the proof of Proposition 7.8.

THEOREM 7.10. Any simplicial, collapsible and i -nonsingular cobordism X between
A and A’ can be made into a simplicial, collapsible and t-nonsingular cobordism X' between
A and A" by a sequence of star subdivisions such that X’ contains only pointing up circuits
and that A" is obtained from A’ by a sequence of smooth star subdivisions.

PROOF. Express

X = Star(oy,) o Star(oy,—1) o - - - o Star(oy) 0 94+ X

for the circuits oy, 0/ —1, ... ,01 € X so that o; is minimal among o}, 0;—1, ... , 01 accord-
ing to the partial order given by the circuit graph.
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Define a sequence of cobordisms Z~‘k, i‘,ﬁ inductively as follows: Let
Z~‘0 = 2'6 =0+X
S = pyr - (Star(ox) o £y _y)

where ¥ ,2_1 for k > 2 is obtained from fik_l by the procedure described in Proposition 7.8
to satisfy the conditions (7.8.1), (7.8.2) and (7.8.3). We remark that

d_%y = 83, = 3_(Star(oy) o Star(og—_1) o - - - o Star(o7) 0 8+ %) .

Note then that inductively by Lemma 7.5, Lemma 7.6 and Proposition 7.8 X is a simplicial,
collapsible and w-nonsingular cobordism containing only pointing up circuits. Finally > =
%, is a simplicial, collapsible and 7-nonsingular cobordism containing only pointing up
circuits between A = 7(3_%) = 7(d_ %) and A” = (3, X), which is obtained from A’ by
a sequence of smooth star subdivisions.

This completes the proof of Theorem 7.10.

COROLLARY 7.11 (The Strong Factorization Theorem). We have the strong factoriza-
tion for every proper and equivariant birational map between two nonsingular toric varieties
X and X p, i.e., Conjecture 1.1 holds in the strong form. In particular, if both X 5 and X o/
are projective, then the factorization can be chosen so that all the intermediate toric varieties
are also projective.

PROOF. Let A and A’ be the corresponding two nonsingular fans in Ng with the same
support. Then by Proposition 6.1 and Theorem 6.2 there exists a simplicial, collapsible and
sr-nonsingular cobordism X between A and A’. By Theorem 7.10 we can make X into a
simplicial, collapsible and 7 -nonsingular cobordism X with only pointing up circuits between
A and a fan A” such that A” is obtained from A’ by a sequence of smooth star subdivisions.
By Lemma 7.2 A” = m(d4 %) is also obtained from 7(3_ X) = A by a sequence of smooth
star subdivisions. Thus we have the factorization

A=1(0-2)=n(@_-2) <« n(@:2) > (3, 2) = 4,
which corresponds to the strong factorization

Xpa < Xpr—> Xp.

8. The toroidal case. The purpose of this section is to generalize the main theorem
of the previous sections, namely the strong factorization of a proper and equivariant birational
map between two nonsingular toric varieties, to the one in the toroidal case.

First we recall several definitions about the toroidal embeddings (cf. [Kempf-Knudsen-
Mumford-SaintDonat]) and the notion of a “toroidal” morphism as in [Abramovich-Karu].

DEFINITION 8.1 (Toroidal Embeddings). Given a normal variety X and an open subset
Ux C X, the embedding Uy C X is called toroidal if for every closed point x € X there
exist an affine toric variety X,, a closed point s € X, and an isomorphism of complete local
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algebras

Ox.x = Ox,,
so that the ideal in @X, x generated by the ideal of X — Uy corresponds under this isomorphism
to the ideal in @xm generated by the ideal of X, — T, where T is the torus. The affine toric
variety X, is called a local model of X at x.

We will always assume that the irreducible components of | J;.; Ei = X — Uy are
normal, i.e., Uy C X is a toroidal embedding without self-intersection. (In fact, in most
of the cases X is nonsingular and | J;.; E; C X is a divisor with normal crossings whose
irreducible components are all nonsingular.)

The irreducible components of (;; E; for J C I, together with Uy, define a stratifica-
tion of X. (These components and X are the closures of the strata. The closures of the strata
formally correspond to the closures of the orbits in local models.)

Let S be a stratum in X, which is by definition an open set in an irreducible component
of (;; Ei for some J C 1. The star Star(S) is the union of those strata containing S in their
closure (each of them corresponds to some K C J C I). To the stratum S one associates the
following data:

MS: the group of Cartier divisors in Star(S) supported in Star(S) — Uy

N* := Hom(M5, Z)

M ;E C MS: effective Cartier divisors

oS C Ng: the dual of M.

If (X4, s) is a local model at x € X in the stratum S, then

MS = MU/O'J", NS =N, N span(o) and oS=o.
The cones glue together to form a conical complex
Ax = (14x], (0"}, (N°)),
where |[Ax| = (g oS is the support of Ay and the lattices N form an integral structure on
Ax with o5 < Nj.
DEFINITION 8.2 (Toroidal Morphisms). A dominant morphism
f:UxCcX)— (UycCY)

of toroidal embeddings is called toroidal if for every closed point x € X there exist local
models (X4, s) at x and X, ; at y = f(x) and a toric morphism g : X, — X, such that the
following diagram commutes

@X,x = OX K

(o8]
T Tor
Oy,y g OX“’ .
Now we can state our main result of this section.

THEOREM 8.3. Let
f:Ux CX)— (UyCY)
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be a proper birational and toroidal morphism between toroidal embeddings, where X and Y
are nonsingular and | J;c; Ei = X — Ux and Ujej F; =Y — Uy are divisors with normal
crossings whose irreducible components are all nonsingular. Then there exist a toroidal em-
bedding (Uy, V) and sequences of blowups, with centers being smooth closed strata, which
factor f
Ux, X) «< Uy, V) > Uy,Y).
LEMMA 8.4. Let
f:Ux CX)—> Uy CY)

be a toroidal morphism between two toroidal embeddings.

(8.4.1) finduces a morphism fa : Ax — Ay of complexes such that each oS € Ay
maps to some o5 € Ay linearly fa : 05 — o5 with the map of lattices of the integral
structures Nos — N_g .

(8.4.2) Iff is proper and birational, then each 5 € Ay maps injectively into some
o5 e Ay linearly fa : 05 — o5 and the lattice Ngs is a saturated sublattice of N s . In
short, Ax is a refinement of Ay with |Ax| = |Ay| preserving the integral structure. More-
over, once we fix the toroidal embedding (Uy C Y), there is a one-to-one correspondence
between the set of refinements fp : Ax — Ay preserving the integral structures and the set
of toroidal embeddings mapping proper birationally onto (Uy C Y) by toroidal morphisms
f:(UxCX)— (UycCY).

PROOF. For a proof, we refer the reader to [Kempf-Knudsen-Mumford-SaintDonat]
and [Abramovich-Karu]. We only note that a proper birational toroidal morphism between
toroidal embeddings without self-intersection is always allowable in the sense of [Kempf-
Knudsen-Mumford-SaintDonat].

We can reformulate via the lemma our main theorem of this section in terms of the
conical complexes (which are always assumed to be finite in this section).

THEOREM 8.5. Let fa : A" — A be a map between two nonsingular conical com-
Dlexes, which represents a refinement preserving the integral structure. Then there exist a
nonsingular conical complex A" obtained both from A’ and from A by some sequences of
smooth star subdivisions which factor fa

A~ A > A.

Given a conical complex A, we consider the space N @ Z, for each NS = N,s associ-
ated to the cone 0 € A, which can be glued together naturally via the glueing of NS to form
the integral structure. We denote this space N @ Z. By considering the space (NS ® Z) ® Q
and glueing them together, we obtain the space

(Na)g = (Na®Z)®Q=(Na)g®Q

with the lattices NS @ Z also glued together to form the integral structure Ny & Z.
If fo : A’ - A is arefinement of A preserving the integral structures, then we can
identify (N A')E with (N, A)“QL having the same integral structure Ny @ Z = N @ Z.
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Observe that as in the case of toric fans we can define a cobordism X' in the space (Ny )5
between A’ and A as well as the notions of collapsibility, 7 -nonsingularity, pointing up, etc.

Once this is understood, we can carry out the same strategy as the one presented in
Section 1 through 7 by Morelli to factor a proper birational toroidal morphism and we only
have to prove:

THEOREM 8.6. Let fao : A’ — A be a map between two nonsingular conical com-
plexes, which represents a refinement preserving the integral structure. Then there exists a
simplicial, collapsible and m-nonsingular cobordism X in (N A)Z between conical complexes
A" and A such that A" is obtained from A’ by a sequence of smooth star subdivisions and that
X consists only of pointing up circuits and hence A" is also obtained from A by a sequence
of smooth star subdivisions.

PROOF. We follow exactly the line of argument developed in the previous sections.

First we claim that there exists a simplicial and collapsible cobordism X' between A and
A’. Recall that in order to construct a cobordism and make it collapsible in the argument for
the toric case we have utilized such global theorems as Sumihiro’s and Moishezon’s, which
are no longer applicable in the toroidal case. This calamity can be avoided by using the
following simple lemma.

LEMMA 8.7. Let A be a simplicial conical complex. Then we can embed the barycen-
tric star subdivision Ap (cf. Definition 2.1) into a toric fan Ag in some vector space Ny, i.e.,
there is a bijective map i : |Ap| — |A£ | such that it restricts to a linear isomorphism to each
conei:o — ol . (Note that we do NOT require i to preserve the integral structure.)

PROOF. We prove by induction on the dimension d of A and the number of the cones
of the maximal dimension d.

Whend = 1, i.e., A is a finite number of lines, the assertion is obvious.

Suppose the assertion is proved already for a simplicial conical complex of either dimen-
sion < d or dimension d with k — 1 number of the cones of the maximal dimension d. Take
a simplicial conical complex A of dimension d with k number of the cones of the maximal
dimension d. Choose one cone o of dimension d and let A, = A — {o}. By the induction
hypothesis, we can embed the barycentric star subdivision (A, )p into a toric fan (Aa)g in
some vector space Né

i" 1 1(40)8] — 1(40)}1 -
We take Ng = N/QGBQ and regard N’Q = Né@{O} C Ng. We only have to take the embedding
i:Agp > Ag to be the one such that
il(Aa)B =i": |(As)Bl = (Al C Né CNg and i(r(0))=(0,1)€ N/Q ®0,

where r (o) is the barycenter of o (in the sense of Definition 2.1 and hence corresponding to
the sum of the primitive vectors of the extremal rays for o) and the map i on the cones in Ap
containing r (o) is defined in the obvious way.

We resume the proof of Theorem 8.6.
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Take the barycentric star subdivisions A’ and Ap of the conical complexes A" and A,
respectively, and let Ap be a simplicial common refinement of A% and Ap. By Lemma 8.7
we can embed A’y into a toric fan A’ ,T, in some vector space Né. As Ap is a refinement of
Alg, it can also be embedded as a toric fan A E in the same space N’Q by the extension of the

same map. We can take A°L, obtained by a sequence of star subdivisions from A’ 2 such
that it is a refinement of A% (cf. [DeConcini-Procesi]). By replacing the original Ap with
the pull-back of A°T we may assume that A B is a refinement of Ag and A’B and that A B is
obtained from A’y by a sequence of star subdivisions.

By Lemma 8.7 we can embed Ap into a toric fan AIT, in some vector space Ng. As
Ap is a refinement of A, it can also be embedded as a toric fan A£ in the same space by
the extension of the same map. Now we can apply the arguments in Section 3 and Section 4

to conclude there is a simplicial and collapsible cobordism in NQ between (A ) and (A ),

/\

where (A ) is obtained from AT by a sequence of star subdivisions and (A ) is obtained
from Ag by another sequence of star subdivisions. We can pull back this cobordism to obtain

a simplicial and collapsible cobordism ¥ in (N 4)5 between @ and (A B), Where (TAT;)
is obtained from A by a sequence of star subdivisions (via the barycentric star subdivision

—

Ap) and (Ap) is obtained from A’ by a sequence of star subdivisions (via the barycentric
star subdivision A’ and Ag). Now we apply Proposition 4.8, which is also valid in the
toroidal case, to the lower face 8_ X and to the upper face 3. X to extend it to a simplicial and
collapsible cobordism X between A and A’

Now apply the process of w-desingularization described in Section 5, which is word for
word valid also in the toroidal case to make X' a simplicial, collapsible and 7 -nonsingular
cobordism between A and A’.

Finally apply the process described in Section 7, which is again word for word valid in
the toroidal case, to the cobordism above to obtain the desired simplicial, collapsible and -
nonsingular cobordism X between A” and A such that A” is obtained from A’ by a sequence
of smooth star subdivisions and that X consists only of pointing up circuits and hence A” is
also obtained from A by a sequence of smooth star subdivisions.

This completes the proof of Theorem 8.6 and the verification of the strong factorization
theorem for proper birational toroidal morphisms.
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