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The Legendre family of elliptic curves has the remarkable property that both
its periods and its supersingular locus have descriptions in terms of the hyper-
geometric function ; F) ( 1/2 1{2 | z). In this work we study elliptic curves and
elliptic integrals with respect to the hypergeometric functions , F; ( 173 2{3 | z)
and , F} ( 125/ 112 | z), and prove that the supersingular A-invariant locus of certain
families of elliptic curves are given by these functions.

1. Introduction and statement of results

Let p be a prime and [F a field of characteristic p. An elliptic curve E /T is a curve
of the form
E y2+a1xy +azy =x3 —I—a2x2 +asx +ae

where a; € F and the points in E are elements of F x F. This curve must be
nonsingular in that it has no multiple roots. A point at infinity must also be included
on the curve to make it projective.

There is an important invariant defined for any isomorphism class of elliptic
curves (two curves are isomorphic if they have the same defining equation up to
some change of coordinate system). Using the notation of an elliptic curve as
before, the j-invariant j(E) and discriminant A(E) are defined to be

3

C

(E) = 4

J(E) =~
and s
AE) =426
1728

where ¢4 = b3 — 24by, cg = —b3 + 36brby — 216a3 — 864ag, by = a} + 4as, and
by = ajasz +2ay.
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It is well-known that the points on the curve E with coordinates in F form the
group E (F) (see [Washington 2003] for an explanation of the group structure). The
curve E is called supersingular if and only if the group E(F) has no p-torsion. In
this paper, we will determine when certain infinite families of elliptic curves are
supersingular for any prime.

One well-known and widely studied family of elliptic curves is the Legendre
family, which we denote by

Ei(1): y=x(x—1(x—2)
for A # 0, 1. We define its supersingular locus by

S,i0:= []  G-20.

ro eF p
supersingularE | (A9)
2

The locus S .k (1) and the periods of E 1 (1) have beautiful and simple descrip-
tions in terms of the hypergeometric function

ab (a)n(b)nz
2F1< C‘Z)—Z ©n 1l

n=0

Herea,b,z€C,ce C\Zfo, (x)=1,and (x), =x)(x+1)---(x+n—1)is the
Pochhammer symbol. For any prime p, define

p—1
(@ (b} 2"
F —_— mod p).
“( ‘) %(c)n ot (o4 P)

It is natural to study hypergeometric functions related to elliptic integrals. An
elliptic integral of the first kind is written as

3 dé
K (k)= )
0 /1—kZsin*6)
From [Borwein and Borwein 1987] we have the following identities for appropriate
ranges of k:

1 1
_T 22
K(k)—zzFl( 1

kZ), (1-1a)

2 [ 1-%n2 12 2
2 _7'[_ 9 3 3 2 _
K (k) == ‘/—1 Yy (ZFI( AL )) : (1-1b)
T k)t (1] @R _
K (k) == (1= (2kk')") 2Fl( 1| GreE —1 (1-1¢)
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1 5
K (k) :%(1 —(kk)?)T 2F1<12 E J—1>. (1-1d)
4(2kk")2 — 1)
Here k' =+/1 —k2, J = “( ) ) and £ is the smaller of the two solutions
of 27(2kk’)—2
9—8n%)°
64hh?

For the locus S b it is a classical result (see [Husemoller 2004] and [Silverman
1986]) that

11
_ 272
S,,,%()»)= 2F1( 1

A) (mod p).
p

In [El-Guindy and Ono 2012], EI-Guindy and Ono studied the family of curves
defined by
Ei(h): yr=(x—D2+2).

They proved a result analogous to the classical case, namely

13
I1 (k—/\o)zzE(“‘i

)\.OGFI)
supersingular E | (Lo)
i

— A) (mod p).
p

Here we prove two other cases of this phenomenon that cover the other hy-
pergeometric functions related to elliptic integrals listed in (1-1). We define the
following families of elliptic curves:

E%(/\):y2+xyx+x2y=x3, (1-2)
Ei(): y? =4x® —27)x — 271 (1-3)

We note that E 1 (A) is singular for A € {0, 27}, and that E 1 (1) is singular for
A € {0, 1}. ‘

We also define, for each i € {1, 1. 5} and all primes p > 5,
Spimy= J] =20
)»()Eﬁp

supersingular E; (Ag)
Generalizing the results above, we prove the following for E 1 (A) and E L ).

Theorem 1.1. For any prime p > 5, we have

12
—l3 33
Sp’;()»)_)LLSJzFl( b

2—7) (mod p).
p

Theorem 1.2. For any prime p > 5, we have the following:
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() Ifp=1,5 (mod 12), then

1 5 1
— A
Sp L) =¢p Lt 2Fl<12 li ‘I_X)p (mod p),
) if p=7, 11 (mod 12), then
1, L] L i 1
Sp L) =cpAtn 2Fl<12 1% ‘1_X)p (mod p),

6|%|+d

where ¢, = ( LlfiJ p), andd, =0,2,2,4 for p=1,5,7,11 (mod 12).
12

Remark. The j-invariant of E ! (A) 1s A(A — 24)3/ (A —27) and the j-invariant of

E% (A) is 17281 /(A — 1). Notice that E% (A) is singular when A = 0 and j = 0.

Also, E 1 (A) is singular when its j-invariant is 0 and undefined when j = 1728.

In addition to the stated result, the proof of Theorem 1.2 yields some fascinating
combinatorial identities as well. The following is one such identity obtained for
a specific class of p modulo 12. Similar results also hold for primes in the other
congruence classes, but are omitted for brevity.

Corollary 1.3. Let p > 5 be a prime congruent to 1 modulo 12, and let m = pl—;l
Then forall0 <n <m,

af 3m—n 6m 6m\ nm m\ (Sm)\ [6m
4 (3m—3n>(3m—n><m>=27 ;(J( t )(3m) (mod p).

In particular, when n = m,

6m\ [(6m Sm\ [6m
4’”( ) ( ) = 27’"( ) ( ) (mod p).
2m m m 3m

2. Preliminaries

Throughout, let p > 5 be prime.

Definition 2.1. The Hasse invariant of an elliptic curve defined by f(w, x, y) =0

is the coefficient of (wxy)?~!in f(w, x, y)?~!. Likewise, the Hasse invariant of
-1

a curve defined by y*> = f(x) is the coefficient of x”~! in f(x)pT.

Remark. The projective completions of E 1 (A) and E L (A) are
u)y2 + Awxy -I—AZy —x’=0
and

wy? —4x3 4+ 270w’x + 272w’ = 0.



ON SUPERSINGULAR ELLIPTIC CURVES AND HYPERGEOMETRIC FUNCTIONS 103

Here is a well-known characterization of supersingular elliptic curves.

Lemma 2.2 [Husemoller 2004, Definition 3.1 of Chapter 13]. An elliptic curve E
is supersingular if and only if its Hasse invariant is 0.

It is well-known that two elliptic curves defined over Fp are isomorphic if and
only if they have the same j-invariant. Recall the following formula for the number
of isomorphism classes of supersingular elliptic curves over [, (see [Washington
2003]). We write p —1 =12m, + 6¢€, +46,, where €, 5, € {O, 1}.

Lemma 2.3. Up to isomorphism, there are exactly
mp+ep+dp
supersingular elliptic curves in characteristic p.

Remark. It is known that §, = 1 only when p = 2 (mod 3) (i.e., when 0 is a
supersingular j-invariant) and €, = 1 only when p = 3 (mod 4) (when 1728 is a
supersingular j-invariant). Also, in all cases m, = L%J

3. Proof of main results
We first prove several preliminary lemmas.

Lemma 3.1. There are exactly L J distinct values of A for which E 1 (X) is super-
singular over [F

Proof. To calculate the degree of S, ! (1), we must consider how many different
values for A yield a curve E 1 (A) with a given supersingular j-invariant. From
[Lennon 2010] we have that
(G = 2022 (3-1)
3 A =27
and that the discriminant A(E 1 (A)) = A8(L —27). Hence there are usually four A-
invariants for a given j-invariant, but there are certain exceptions. Since the only
roots of A in this case are 0 and 27, we know that these and 1728 are the only
possible j-invariants for which there are less than four corresponding A-invariants.
However, there are four distinct values of A for which j (E 1 (L)) =27. Also, only
% = 18 4 6+/3 gives a value of 1728 for j, so the correspondence is 2-to-1 in this
case. As mentioned previously, the curve is singular for A =0, so the only value of
A that will give a j-invariant of 0 is A = 24. The correspondence is thus one-to-one
for j =0.
Using the ideas of Lemma 2.3, we have that each of the m, supersingular j-
invariants is obtained from four supersingular A-invariants, §, can come from at
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most one A-invariant, and €, comes from two, if any, A-invariants. Thus the total
number of A-invariants, and the degree of S p.k (A), is

Am,+8,+2¢, =4 L%J +8,+2€,.
It is easily verified that this equals |_§J for every prime p, and so we are done. [

Lemma 3.2. There are exactly L%J distinct values of A for which E L (X) is super-
singular over [,

Proof. The j-invariant of E L (A) is

(E ()»))—@ (3-2)
HESWI =51 )

This is a one-to-one correspondence from A-invariants to j-invariants for j = 1728.
Also, the special cases j = 0 and j = 1728 do not apply here, for the curve is
singular for these respective j-invariants. Thus by Lemma 2.3 there are exactly
I_I—‘;J values of A for which E L (1) is supersingular. U

Proof of Theorem 1.1. The curve E 1 (1) can be defined as
flw,x,y)= wy2 + Awxy + )»szy —x¥=0.

To compute its Hasse invariant, we consider a general term in the expansion of
(wy? 4+ Awxy + A2w?y — x3)P~1 It has the form

(wyH* Awxy)? APw?y)(—x*)?,

where a +b+c+d = p — 1. In order for this to be a constant multiple of a power
of wxy, we must have a =c =d.
Thus the terms that we are concerned with are of the form

(wy?)" (Pw?y)" (=) Qwxy) =7 = (=P way)? T
For a given n, there are
p—1\(p—n—-1\/p—2n—1
n n n
ways to choose which of the f (w), x, y) factors we obtain each of the wy?, Aw?y,
and —x? terms from. Summing over all possible values of n, we determine the
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Hasse invariant to be

L5
S e
s n n n
L5 el
NPT p-D(p—=2)---(p—n)
_n:0 n!
(p—n—1)---(p—2n)
' n!
.(p—2n—1’)1'--~(p—3n) (mod p)
L5
= (3n3) AP~ (mod p).
n=0 n!

By definition, we have

1
2F1<3

However, if n > L%J, then p will appear in the numerator of either (%)n or (%)n,
making those terms congruent to 0 modulo p, so

— N

p=l(1 2 n
) X

A n!?
n=0

23/n 33 npgny p=n=1 (mod p)

. 3n=23n-1
33 271 (mod 12)

(3n)'

AP7"=1 (mod p).

12
Thus A?~! L F} (3 i 2A—7) is congruent modulo p to the Hasse invariant of
p 12
El (1). So by Lemma 2.2, A is a root of A?~! 1 F (3 i 2—7> =0 (mod p) if and
p

only if E ! () is supersingular, i.e., if and only if A is a root of S, (x)
12
is — |_ J Hence AP35 F, (3 i ?)p

%/) , with the exception of 0, which is not
p

1 2
The least power of A in » F ( L ﬂ)

il
has the same roots as A1, F) (

— )

a A-invariant as shown in Lemma 3.1, and thus is not a root of S

W=
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— 2N

1
The degree of A L5) L F <3

%)p is exactly |_§J Since the degree of S, 1 (r)
27\ —
T)p =< SI’%()L)

12

is also | £ | by Lemma 3.1, it follows that PY Ry o} (3 i

%) is monic: we are done. [
p

12

(mod p). However, c is 1 since aL5] 2 Fi <§ ?

Proof of Theorem 1.2. Assume p = 1,5 (mod 12). The function

Z)
satisfies the second order differential equation

d’f 3\ df 5
l—g)—L 4 (1-Zz )L - —r—o.
z1=2) dz? < ZZ> dz 144f 0

1 5

f@)= 2171(ﬁ l_i

1 5
Substitutingz=1—%,we see that g(x) = 2F1(12 1% 1—%) satisfies
d*g 3 1\dg 5
2
S i P (R i A}
¥ )dx2+x<2x 2) dx  144°
p—1 l i
Hence, h(A) =A% L F; (12 ﬁ 1— %) satisfies
d*h p p dh
PRI s (2—— A2 (——1)x)—
( )d)»2+ ( 2) + 2 di
2 2
p-—4p+3 p 1
— A +——+—]1h=0. (33
(PR e rag) =0 0

The function A(}) is a Laurent series in % with p-integral rational coefficients.
However, its reduction modulo p yields a polynomial in A. This polynomial must

_ 1 5
satisfy the reduction of (3-3) modulo p, so F(L) = A 2 F <12 li 1-— %)
P
satisfies
d’F dF 3 1
B2 =4+ =)—+( =1+ —) F=0 (mod p).
( )dk2+( )dk+<16 +36> (mod p)

71

- 1
A similar calculation shows that F (L) = P 2 F (12 1%

1-— %) also satisfies
p

the same differential equation when p =7, 11 (mod 12).
Now, to compute the Hasse invariant, we consider a general x”~! term in the

expansion of (4x3 —27xx — 27)»)%. This is of the form

4x3) (=27ax) P31 (—270) 2
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[)71 )2 . . .
where 5= <n < L3 J For a given n in this range, there are exactly

—1 -1
5\ ( 5
n p—3n—1
ways to choose which of the 4x3 —27Ax — 27A factors the 4x> terms and —27Ax
terms came from. Summing over all n yields the Hasse invariant to be

i p=1 il
=217 2 2 ,
n p—3n—1

— . 71
into which we can substitute n = pTl —k, and using the fact that 47 =1 (mod p),
we obtain

15

—_pP=
n="7

p—1

> (D6 )

=54

We show the Hasse invariant satisfies the differential equation by showing that
for any ¢, the A’ term in the resulting expansion is congruent to 0 mod p. Let

w=(-) (7))
4 k )\3k—21)

Then the A term has coefficient

@ oL 21— e+ et =1+ Loy
—c(t—1)— —c —c(t—1)— —c —c(t— —c(1),
dt? dt? dt dt 16 36

which we expand to obtain

27\ (25 t ) g )
() ()6 ) (re-n-ree)
A ! D= 21— 1)+
(%) <r—1)(3r—3—”7‘1) (0-Du-2+20-0+ 7).

This is congruent to O modulo p if and only if

pL t 27 3 p1 r—1 3
2 _t2__ 2 t2—t —
(;><3t—1’7“><4 6) T\ 21 3t—3- 271 6
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is also congruent to 0. We now expand the first binomials to obtain
1 (p—1 p—1 t 27, 3
[y RS R jr——— 1 — = —
t!( 2 ) ( 2 +)<z—f’7“)<4 16)
1 p—1 p—1 t—1 ) 3
— =142 F—t+—,
+(t—1!)< 2 ) ( 2 * )(3z—3—”7“>( +16)

which is congruent to 0 modulo p if and only if

1
~—1 t 27 3 t—1 3
2 2 2
= ?—t+—)=0 (mod
P <3z——1’21)<4 16>+<3t—3——1’21)< +16> (mod p)

as well. Using a similar cancellation method on the remaining binomials shows
that it is sufficient to prove

| p—1 p—1 27, 3
PR | A, P ) Y (E A MRS N (i
<2 )(2 +)(2 +>(4 16)
p—1 p—1 p—1 5 3
P P P o) (-2 =
—|—<3t 5 )(3t 7 )(SI 7 )(t t—|—16 0 (mod p),

which is easily verified.
Thus the Hasse invariant satisfies the same second order differential equation

_ 1 5 _ 71
as both 1'% 2F1<12 li 1—%) and %7 2F1(12 1% 1—%) . For p > 5,
P P

notice that both the Hasse invariant and the truncated hypergeometric functions
have no term with a degree less than 2. For each case, this implies that the truncated
polynomials are congruent modulo p to the Hasse invariant up to multiplication by

15
a constant. For the case p =25, it is easy to compute that A » F; (12 1% 1— %) =,
5
and the Hasse invariant is 4, so this property still holds.
Therefore, we know that the two truncated hypergeometric functions have the
same roots modulo p as the Hasse invariant, so by Lemma 2.2, A is a root of

the hypergeometric functions if and only if E 1 (A) is supersingular. Notice that

, L3 . » AN
)»I-EJ 2F1(]2 1% 1—x> and )\.I-EJ 2F1(12 1%
p

1-— %) have the same roots
p

as A multiplied by the respective truncated functions with the exception of 0,
which is as desired since E 1 (0) is singular. Also, when p = 1,5 (mod 12) the

1 35
degree of AL1z] ,F (12 li

1-— %) 18 I_I—”ZJ, so by Lemma 3.2, there exists a
p

constant ¢, such that

15

_ 2
Sp*1]7 =Cp 1)L|—12J 2F1(12 li

1
1— X)I, (mod p).
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Similarly for primes p =7, 11 (mod 12),

» A H 1
S 1=c, AR (T2 2112 (mod p).
1 AJp

P17

Finally, we explicitly compute the constant ¢,. Notice that S, . is monic, so

, the same

cp is the coefficient of the leading term in PARCAY 2 <12 12

12
1
A
(

1 5 p
; 2 12 |1_ 1 3
as the constant term in » F ( 1 1 )L)p For n > |_12J one of T )n (12)

will be congruent to 0 modulo p. Hence, the constant term of

L&) (1 5
L1 = (1), (%) 1"
12 12 - _ 12/n \12/n _ -
(1), = X (1)
18
P
& (), (),
—~ n!2
For p =1 (mod 12), we have
1 plp=13 (el 4 p—1
5 2 12 2 Aty
(”,)"s<—1)" <, )<modp)_( 1)"( 2)(modp>.
n! n! n

Also, (& )" =(— 1)"(5'7 S) mod p). Therefore,

+ 2) (mod p).

. _(6l5]+2 _

A similar method can be used to compute ¢, = L » J (mod p) when p =
L4+ o

7 (mod 12) and L » J when p =11 (mod 12), which completes the proof.

12 O

Proof of Corollary 1.3. Recall from the proof of Theorem 1.2 that since the Hasse

_ 1 5
invariant of E1 (1) and the polynomial AT LR (12 li 1- %) both satisfied
P

the same second order differential equation, they are congruent up to multiplication
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by a constant, which we will denote b,. The same argument and notation apply to
_ 1
2E LR (12 1% 1- %) when p=7,11 mod 12).
P

Assume that p =1 mod 12, and define m = L%J Also, define n = 3m — k.
We computed the Hasse invariant of E L (A) to be

(5 (D) ) =S () W)

k=2m

By definition,

—_

p—1 L
Y 12

As before,

We expand each of the (1 - %)k terms and rearrange to obtain

1 _3m X ” m\ [(5m t
==X 2 ()0 Galy) e

t=3m—k

m m 5
EmE)(5)) e
n=0

t=n

. 15
Ao 2F1<12 li

Since this polynomial is congruent to the Hasse invariant via multiplication by
by, we have, forall 0 <n <m,

(%%)3'"—" (33;1 _ 3nn> <3,:ni n) 5> (":) (5;") (2) (mod p).

t=n

When n = 0, this becomes

() ()5 0E) () o

and thus
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Substituting this back into our identity, we have that for all 0 <n < m,
4\" (3m—n 6m 6m 6m\ w— (m\ (5m\ ('t
— = dp).
(3) Groa) G ) G =G 2 () CT) () e

In the case n = m, we obtain the simpler identity

3m
(3) GG = Ga) () e .
4 m 3m 2m /) \ m
4. Examples

In this section we provide two examples to illustrate our main theorems.

Example of Theorem 1.1. Consider p = 19. The supersingular j-invariants mod
19 are known to be 18 (corresponding to 1728) and 7. From formula (3-1) we find
that the values of A where j = 18 (mod 19) are —1 +i V6 only. The values of A
for which j =7 (mod 19) are —6 +3+/2 and 4 & 114/13. Thus

S19,1 (M) = 0. = (=1 +iV6))(h = (=1 =iV6)) (1 — (=6 +3v2)
(= (=6 —3v2))(h — (4 + 11V/13)) (A — (4 — 114/13))
= A0 4647 4 140* +81% + 1312 4+ 51 4+ 12 (mod 19)
=W 4+24+ A2+ 1A+ 1D (A2 4+ 121+ 18) (mod 19).
)18

The Hasse invariant is the coefficient of (wxy)'® in the expansion of

(wy2 + Awxy + kzwzy —xH8,
This is
HO)=2"8460"7 4142104805 413214 5083 412212 =212 S10,1(A) (mod 19).
In addition,

F %% 27 —1+6+14+8+13+5+12—15 (A) (mod 19)
AT T AT R T T T s T sty Amee
Example of Theorem 1.2. Consider p =59, which is 11 modulo 12. The supersin-
gular j-invariants mod 59 are known to be 0, 17 (corresponding to 1728), 48, 47,
28, and 15. From formula (3-2), we find the A-invariants corresponding to 48, 47,

28, and 15 are 32, 35, 24, and 22, respectively. We do not include the cases j =0
or j = 1728 since in these cases E L () is singular. Thus

Ss,1, () = 0. +2T) (A +24) (0. +35) (A +37)
=2 +523 41022+ 111 +3 (mod 59).
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The Hasse invariant is the coefficient of x°8 in (4x3 — 27 x —271)%°. This is
H() =201 4+ 10015 420012 +22011 4+ 611% = 211985 1 (3) (mod 59).

In addition,

=2+ 1 (A) (mod 59) (mod 59).

e tataT e

1) 10 20 22 6

Also, cso = (%) =2 (mod 59).

5. Conclusion

We have described the supersingular loci of two infinite families of elliptic curves
in terms of truncated hypergeometric functions. For the family E 1 (A), the super-

12

singular locus was a power of A times the , F) <§ i >

a similar result for the family E L (1). This gives a very simple method for de-

2—7) function. We found
)4

termining exactly which values of A yield supersingular curves for these infinite
families. Over any given field [, these A-invariants are simply the roots of these
hypergeometric functions truncated modulo p.

Our results also yield interesting insights into combinatorics. We have the very
nice identity given in Corollary 1.3, and analogous results can be obtained by
similar methods. For example, assume that p is any prime that is congruent to
1 modulo 12 and that 12m + 1 = p. If one could prove that the constant b, from
the proof of Corollary 1.3 is congruent to 1 modulo p for all such p, then the
following identity is implied from Corollary 1.3:

()= (F) () o

The truth of this statement has been verified for all m up to 10000. This is a
fascinating identity regarding the “central” binomial coefficients modulo p, and it
illustrates the types of insights one can gain into combinatorics through the study
of elliptic curves and hypergeometric functions.

It is our hope that these results will be used to further understand the deep
connections between elliptic curves and hypergeometric functions.
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